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Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ ïðîöåññ äåôîðìèðîâà-
íèÿ ìîíîëèòíîé êðåïè âåðòèêàëüíîé ãîðíîé âûðàáîòêè äëÿ ìàòåðèàëîâ ñ ïî-
ðèñòîé ñòðóêòóðîé, ñæàòûé ñêåëåò êîòîðîé îáëàäàåò îäíîâðåìåííî óïðóãèìè,
âÿçêèìè è ïëàñòè÷åñêèìè ñâîéñòâàìè. Äåôîðìèðîâàíèå ïîðèñòîé ñðåäû ïîä
äåéñòâèåì çàäàííûõ ðàâíîìåðíî ðàñïðåäåëåííûõ ñæèìàþùèõ íàãðóçîê ðàç-
äåëÿåòñÿ íà äâà âçàèìîñâÿçàííûõ ýòàïà: óïðóãîå äåôîðìèðîâàíèå ïîðèñòîé
ñðåäû è íåóïðóãîå äåôîðìèðîâàíèå ñæàòîé ìàòðèöû. Çàäà÷à íàõîæäåíèÿ íà-
ïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ êðåïè âåðòèêàëüíîé âûðàáîòêè ñ êðó-
ãîâîé ôîðìîé ïîïåðå÷íîãî ñå÷åíèÿ íà êàæäîì ýòàïå äåôîðìèðîâàíèÿ ðåøà-
åòñÿ â ðàìêàõ ïëîñêîãî äåôîðìèðîâàííîãî ñîñòîÿíèÿ. Ïðè ýòîì íå ó÷èòûâà-
þòñÿ ýôôåêòû, ñâÿçàííûå ñ òåì, ÷òî âûðàáîòêà èìååò êîíå÷íóþ ãëóáèíó. Ïî-
ëó÷åíû ñîîòíîøåíèÿ, îïðåäåëÿþùèå ïîëÿ íàïðÿæåíèé è ïåðåìåùåíèé íà ïåð-
âîì ýòàïå äåôîðìèðîâàíèÿ. Îïðåäåëåíà çàâèñèìîñòü ñæèìàþùèõ íàãðóçîê,
ïðè êîòîðûõ íà÷àëüíàÿ ïîðèñòîñòü ìàòåðèàëà âî âñåé îáëàñòè êðåïè äîñòèãà-
åò íóëåâîãî çíà÷åíèÿ. Äëÿ âòîðîãî ýòàïà ïðîöåññà äåôîðìèðîâàíèÿ âûâåäåíû
àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ïîëåé íàïðÿæåíèé è ïåðåìåùåíèé â óïðóãîé è
ïëàñòè÷åñêîé çîíàõ äåôîðìèðîâàíèÿ ñæàòîãî ñêåëåòà, ïîëó÷åíî óðàâíåíèå äëÿ
îïðåäåëåíèÿ ðàäèóñà óïðóãîïëàñòè÷åñêîé ãðàíèöû. Â êà÷åñòâå óñëîâèé ñîâ-
ìåñòíîñòè ïðèíèìàëèñü óñëîâèÿ íåïðåðûâíîñòè êîìïîíåíò íàïðÿæåíèé è
ïåðåìåùåíèé íà óïðóãîïëàñòè÷åñêîé ãðàíèöå, à òàêæå ðàâåíñòâî íóëþ ïëàñ-
òè÷åñêèõ äåôîðìàöèé íà íåé. Äàíà îöåíêà âëèÿíèÿ íà âåëè÷èíó ãðàíèöû ðàç-
äåëà ñðåä óïðóãîãî è ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ íà÷àëüíîé ïîðèñòîñòè,
óïðî÷íåíèÿ è ïðåäåëà òåêó÷åñòè ìàòåðèàëà. Ïîêàçàíî àñèìïòîòè÷åñêîå ïîâå-
äåíèå óïðóãîïëàñòè÷åñêîé ãðàíèöû âî âðåìåíè. Ïîñòðîåíû ãðàôè÷åñêèå çà-
âèñèìîñòè êîìïîíåíò íàïðÿæåíèé îò êîîðäèíàòû ïðè ðàçëè÷íûõ çíà÷åíèÿõ
âåëè÷èíû íà÷àëüíîãî ðàñòâîðà ïîð è îò äðóãèõ ôèçèêî-ìåõàíè÷åñêèõ è ãåî-
ìåòðè÷åñêèõ ïàðàìåòðîâ ìàòåðèàëà è êîíñòðóêöèè.

Êëþ÷åâûå ñëîâà: ïîðèñòûå ìàòåðèàëû, íåóïðóãàÿ ðàáîòà ñæàòîãî ñêåëåòà,
ìîíîëèòíàÿ êðåïü, âåðòèêàëüíàÿ âûðàáîòêà, íàïðÿæåííî-äåôîðìèðîâàííîå
ñîñòîÿíèå.
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Ââåäåíèå

Ñîñòîÿíèå ãîðíûõ âûðàáîòîê â çàâèñèìîñòè îò èõ íàçíà÷åíèÿ äîëæíî óäîâ-
ëåòâîðÿòü ðàçëè÷íûì òðåáîâàíèÿì, îñíîâíûì èç êîòîðûõ ÿâëÿåòñÿ îáåñïå÷åíèå
áåçîïàñíûõ óñëîâèé äëÿ ðàáîòàþùèõ ëþäåé. Â ñâÿçè ñ ýòèì âîçíèêàþò òðåáîâàíèÿ
ïî ïðîâåäåíèþ óêðåïèòåëüíûõ ðàáîò ãîðíûõ âûðàáîòîê è ïîäçåìíûõ ñîîðóæåíèé,
òî åñòü ñîçäàíèþ êðåïåæíûõ êîíñòðóêöèé − êðåïåé. Îñíîâíûì ýêîíîìè÷åñêèì ôàê-
òîðîì ïðè âîçâåäåíèè êðåïè ÿâëÿþòñÿ åå êîíñòðóêòèâíûå ðàçìåðû.

Ñóùåñòâóåò äîñòàòî÷íî áîëüøîå êîëè÷åñòâî èññëåäîâàíèé, íàïðàâëåííûõ íà
îïðåäåëåíèå îïòèìàëüíîé òîëùèíû ìîíîëèòíîé êðåïè, îáåñïå÷èâàþùåé óñòîé÷è-
âîñòü ïîäçåìíûõ êîíñòðóêöèé, íà îñíîâå àíàëèçà åå íàïðÿæåííî-äåôîðìèðîâàí-
íîãî ñîñòîÿíèÿ (ÍÄÑ). Íåêîòîðûå èññëåäîâàòåëè ýòîãî âîïðîñà (Ë.Â. Åðøîâ,
Ä.Ä. Èâëåâ, Ì.Ì. Ïðîòîäüÿêîíîâ è äð.) ðàññìàòðèâàþò êðåïü âûðàáîòîê, ïðîéäåí-
íûõ â óñòîé÷èâûõ ïîðîäàõ, òîëüêî ëèøü êàê îáîëî÷êó, çàùèùàþùóþ ñòâîë îò ðàç-
ðóøåíèÿ. Äðóãèå àâòîðû â ñëó÷àå, êîãäà ïðîõîäêà ñòâîëîâ ïðîèñõîäèò â ñëîæíûõ
ãîðíîãåîëîãè÷åñêèõ óñëîâèÿõ â ñëàáûõ, íåóñòîé÷èâûõ ïîðîäàõ, ìîäåëèðóþò êðåïü
êàê ãðóçîíåñóùóþ êîíñòðóêöèþ.

Êàê ïîêàçûâàþò èññëåäîâàíèÿ [1, 2], íàãðóçêà íà êðåïü â ïåðâóþ î÷åðåäü îïðå-
äåëÿåòñÿ ïåðåìåùåíèÿìè ãîðíîé ïîðîäû è îáðàçîâàíèåì çîíû íåóïðóãîãî äåôîð-
ìèðîâàíèÿ â ïðèêîíòóðíîé îáëàñòè ìàññèâà ãîðíûõ ïîðîä. Ñ ó÷åòîì ýòîãî â [3]
îïðåäåëåíà îïòèìàëüíàÿ òîëùèíà öèëèíäðè÷åñêîé êðåïè, êîãäà ìàòåðèàë ÷àñòè÷-
íî ïåðåøåë â ïëàñòè÷åñêîå ñîñòîÿíèå, ïðè ýòîì ðåøåíèå îïðåäåëÿëîñü â ðàìêàõ
ïëîñêîãî è òðåõìåðíîãî îñåñèììåòðè÷íîãî ïîäõîäîâ. Â [4] ðàñ÷åò êðåïåé ïðîâî-
äèëñÿ ñîâìåñòíî ñ ðàñ÷åòîì ãîðíîãî äàâëåíèÿ, ïðè ýòîì èç ðåøåíèÿ çàäà÷è î äîêðè-
òè÷åñêîì ñîñòîÿíèè íàõîäèëîñü äàâëåíèå íà êðåïü âûðàáîòêè êàê êîíòàêòíîå äàâ-
ëåíèå íà ãðàíèöå êðåïè è ìàññèâà.

Òåîðåòè÷åñêèé àíàëèç è ïðàêòèêà ýêñïëóàòàöèè ãîðíûõ âûðàáîòîê, êàê îòìå÷å-
íî â [3, 5, 6], ïîêàçûâàþò, ÷òî ïðèìåíåíèå ìîäåëè óïðóãîãî (êàê èçîòðîïíîãî, òàê è
àíèçîòðîïíîãî) òåëà â êà÷åñòâå ìîäåëåé ìàññèâà ãîðíûõ ïîðîä è ìàòåðèàëà êðåïè
íå îòðàæàåò ðåàëüíóþ êàðòèíó ïðîöåññîâ, ïðîõîäÿùèõ âáëèçè ãëóáîêèõ âûðàáî-
òîê. Â ýòèõ ïóáëèêàöèÿõ îòìå÷àåòñÿ, ÷òî íàèáîëåå äîñòîâåðíûå ðåçóëüòàòû èññëå-
äîâàíèÿ ÍÄÑ ãîðíûõ âûðàáîòîê è èõ êðåïåé ïîëó÷àþòñÿ ïðè ïðèâëå÷åíèè áîëåå
ñëîæíûõ ìîäåëåé, íàèáîëåå ïîëíî îòðàæàþùèõ ðåàëüíîå ïîâåäåíèå ãîðíûõ ïî-
ðîä. Èñïîëüçîâàíèå ìîäåëåé ñëîæíûõ ñðåä, â êîòîðûõ ó÷èòûâàþòñÿ òàêèå ñâîé-
ñòâà, êàê ïëàñòè÷íîñòü, âÿçêîñòü, óïðî÷íåíèå, ïðèñóùèå ðåàëüíûì ìàòåðèàëàì, ïðåä-
ñòàâëÿåò íàó÷íûé è ïðàêòè÷åñêèé èíòåðåñ.

Íåîáõîäèìî îòìåòèòü, ÷òî áîëüøèíñòâî òâåðäûõ òåë îáëàäàåò âíóòðåííåé (ïî-
ðèñòîé) ñòðóêòóðîé. Ïîðû ìîãóò áûòü ïóñòûìè èëè çàïîëíåííûìè íåêîòîðûì ôëþ-
èäîì − âîäîé, íåôòüþ, ãàçîì è ò.ï. Â ñëó÷àå ñóõèõ, íå çàïîëíåííûõ ôëþèäîì ïîðè-
ñòûõ è òðåùèíîâàòûõ ñðåä èõ ïîâåäåíèå èíîãäà óäàåòñÿ îïèñûâàòü ìåòîäàìè êëàñ-
ñè÷åñêîé ìåõàíèêè ñïëîøíîé îäíîêîìïîíåíòíîé ñðåäû, íå ðàññìàòðèâàÿ âíóòðåí-
íþþ ñòðóêòóðó ìàòåðèàëà, à èñïîëüçóÿ íåêîòîðûå óñðåäíåííûå èëè ýôôåêòèâíûå
õàðàêòåðèñòèêè.

Â [7] èñïîëüçóåòñÿ ïîäõîä, â êîòîðîì îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîðèñòûõ
ìàòåðèàëîâ ñòðîÿòñÿ ñ ïîìîùüþ ðåîëîãè÷åñêîé ñõåìû, âêëþ÷àþùåé â ñåáÿ ñïåöè-
àëüíûé ýëåìåíò − æåñòêèé êîíòàêò. Ïóòåì êîìáèíàöèè ýòîãî ýëåìåíòà ñ òðàäèöè-
îííûìè ýëåìåíòàìè − óïðóãîé ïðóæèíîé, âÿçêèì äåìïôåðîì è ïëàñòè÷åñêèì øàð-
íèðîì − â ìîíîãðàôèè [4] ïîëó÷åíà îðèãèíàëüíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåñ-
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ñà äåôîðìèðîâàíèÿ ïîðèñòîé ñðåäû, ó÷èòûâàþùàÿ óïðóãîâÿçêîïëàñòè÷åñêèå ñâîé-
ñòâà ñæàòîãî ñêåëåòà.

Â îòëè÷èå îò ðàáîò [8, 9], â êîòîðûõ ïðèâåäåíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ
îïðåäåëåíèÿ ÍÄÑ ñôåðè÷åñêîé îáîëî÷êè ñ ó÷åòîì íà÷àëüíîé ïîðèñòîñòè ìàòåðè-
àëà è ñëîæíîé ðåîëîãèè ñæàòîé ìàòðèöû, â íàñòîÿùåé ñòàòüå èññëåäóåòñÿ âîïðîñ
îá îïðåäåëåíèè ïîëåé íàïðÿæåíèé è ïåðåìåùåíèé ìîíîëèòíîé êðåïè âåðòèêàëü-
íîãî øàõòíîãî ñòâîëà ãëóáîêîãî çàëîæåíèÿ. Ïðè ýòîì ìàòåðèàë êðåïè ìîäåëèðóåò-
ñÿ ïîðèñòîé ñðåäîé, ñæàòûé ñêåëåò êîòîðîé îáëàäàåò îäíîâðåìåííî óïðóãèìè, âÿç-
êèìè è ïëàñòè÷åñêèìè ñâîéñòâàìè.

1. Îñíîâíûå ñîîòíîøåíèÿ, ìîäåëèðóþùèå ÍÄÑ ïîðèñòîãî òåëà
ñî ñëîæíîé ðåîëîãèåé ñæàòîãî ñêåëåòà

Äåôîðìèðîâàíèå ïîðèñòîãî ìàòåðèàëà ñ íà÷àëüíûì ðàñòâîðîì ïîð ε0 ìîæíî
ðàçäåëèòü íà äâà âçàèìîñâÿçàííûõ ýòàïà [4, 7]. Ïåðâûé − óïðóãîå äåôîðìèðîâàíèå
ñæèìàåìîé ïîðèñòîé ñðåäû, âòîðîé − íåóïðóãîå äåôîðìèðîâàíèå ñæàòîãî ñêåëåòà
ñ óïðî÷íÿþùèìèñÿ óïðóãîâÿçêîïëàñòè÷åñêèìè ñâîéñòâàìè. Ñâÿçü ìåæäó íàïðÿæå-
íèÿìè è äåôîðìàöèÿìè íà ïåðâîì ýòàïå îïèñûâàåòñÿ çàêîíîì Ãóêà äëÿ ñæèìàåìî-
ãî òåëà
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óïðóãèõ äåôîðìàöèé, âû÷èñëåííûå íà ìîìåíò ïîëíîãî ñæàòèÿ ïîð, òî åñòü ïðè
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 μ0 + μ1 − ìîäóëü ñäâèãà íåñæèìàåìîãî òåëà.
Â çîíå ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ ñæàòîãî ñêåëåòà áóäåì èñïîëüçîâàòü

ìîäåëü íåñæèìàåìîãî óïðî÷íÿþùåãîñÿ óïðóãîâÿçêîïëàñòè÷åñêîãî òåëà [10] ñ ïî-
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÷åñêèõ äåôîðìàöèé ñîîòâåòñòâåííî, c − êîýôôèöèåíò óïðî÷íåíèÿ, η − êîýôôèöè-
åíò âÿçêîñòè, k − ïðåäåë òåêó÷åñòè ìàòåðèàëà.
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Ïîëíàÿ äåôîðìàöèÿ â ïëàñòè÷åñêîé çîíå ñêëàäûâàåòñÿ èç óïðóãîé è ïëàñòè÷åñ-
êîé ñîñòàâëÿþùèõ

,
p

j

e

jj
βββ ε+ε=ε (4)

ïðè÷åì ïëàñòè÷åñêàÿ è óïðóãàÿ ñîñòàâëÿþùèå îáúåìíîé äåôîðìàöèè ñîîòâåòñòâåí-
íî óäîâëåòâîðÿþò óñëîâèÿì íåñæèìàåìîñòè

.,0 0ε−=ε=ε
e

nn

p

nn (5)

Â (1)−(5) è äàëåå èíäåêñû å è p ââåðõó âåëè÷èí îáîçíà÷àþò èõ ïðèíàäëåæíîñòü
ñîîòâåòñòâåííî ê óïðóãîé è ïëàñòè÷åñêîé çîíàì äåôîðìèðîâàíèÿ ñæàòîãî ñêåëåòà.

2. Ìàòåìàòè÷åñêàÿ ìîäåëü ÍÄÑ êðåïè
âåðòèêàëüíîé ãîðíîé âûðàáîòêè

Ðàññìîòðèì çàäà÷ó îïðåäåëåíèÿ ÍÄÑ öèëèíäðè÷åñêîãî òåëà, ÿâëÿþùåãîñÿ êðå-
ïüþ âåðòèêàëüíîé âûðàáîòêè. Îáîçíà÷èì ÷åðåç b è a ñîîòâåòñòâåííî âíåøíèé è
âíóòðåííèé ðàäèóñû êðåïè. Äåéñòâèå ìàññèâà ãîðíûõ ïîðîä íà êðåïü çàìåíèì ñæè-
ìàþùåé íàãðóçêîé èíòåíñèâíîñòüþ qb, ðàâíîìåðíî ðàñïðåäåëåííîé ïî âíåøíåé
ïîâåðõíîñòè. Ñæèìàþùàÿ íàãðóçêà èíòåíñèâíîñòüþ qa , ðàâíîìåðíî ðàñïðåäåëåí-
íàÿ ïî âíóòðåííåé ïîâåðõíîñòè, ìîäåëèðóåò ñîáîé äàâëåíèå æèäêîñòè èëè ãàçà íà
êðåïü.

Äëÿ òàêîãî ðîäà çàäà÷ ìîæíî ïðåäïîëîæèòü [5, 6], ÷òî ïðè îïðåäåëåíèè ÍÄÑ íå
ó÷èòûâàþòñÿ ýôôåêòû, ñâÿçàííûå ñ òåì, ÷òî âûðàáîòêà èìååò êîíå÷íóþ ãëóáèíó, òî
åñòü äëÿ ñå÷åíèé, óäàëåííûõ îò óñòüÿ è çàáîÿ ñòâîëà, çàäà÷ó ìîæíî ïðèáëèæåííî
ðàññìàòðèâàòü êàê ïëîñêóþ.

ÍÄÑ ìîíîëèòíîé êðåïè âåðòèêàëüíîé ãîðíîé âûðàáîòêè â ðàìêàõ ïëîñêîãî
äåôîðìèðîâàííîãî ñîñòîÿíèÿ â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò (r, θ, z) áóäåì
ìîäåëèðîâàòü ñîîòíîøåíèÿìè ãåîìåòðè÷åñêè ëèíåéíîé òåîðèè:

− óðàâíåíèåì ðàâíîâåñèÿ

;0=
σ−σ

+
σ θ

rdr
d rr (6)

− ñîîòíîøåíèÿìè Êîøè

,,
r
u

dr
du

r =ε=ε θ (7)

ãäå u − ðàäèàëüíàÿ ñîñòàâëÿþùàÿ âåêòîðà ïåðåìåùåíèé;
− ãðàíè÷íûìè óñëîâèÿìè â íàïðÿæåíèÿõ

).0,0(, >>−=σ−=σ
== baaarrbbrr qqqq (8)

Ñâÿçü ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè ïðè óïðóãîì äåôîðìèðîâàíèè ïî-
ðèñòîé ñðåäû çàïèøåì â âèäå ñîîòíîøåíèé (1), êîòîðûå ïðè ïðèíÿòûõ äîïóùåíèÿõ
áóäóò èìåòü âèä:

).(,)2(,)2( 1111111 θθθθ ε+ελ=σεμ+λ+ελ=σελ+εμ+λ=σ rzrrr (9)

Óïðóãèå äåôîðìàöèè ñæàòîãî ñêåëåòà ñâÿçàíû ñ íàïðÿæåíèÿìè ñîîòíîøåíèÿ-
ìè (2), êîòîðûå â ýòîì ñëó÷àå ïðèìóò âèä:
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,
3
22)(2 010010 εμ+εμ−εμ+μ= rrrs

.
3
2,

3
22)(2 01010010 εμ=εμ+εμ−εμ+μ= θθθ zss (10)

Â (10) è äàëåå íèæíèé èíäåêñ 0 ó êîìïîíåíò äåôîðìàöèé, íàïðÿæåíèé è ïåðå-
ìåùåíèé îáîçíà÷àåò, ÷òî îíè âû÷èñëåíû íà ìîìåíò ïîëíîãî ñæàòèÿ ïîð.

Ôóíêöèÿ íàãðóæåíèÿ (3), ñîîòíîøåíèÿ äëÿ ïîëíûõ äåôîðìàöèé â ïëàñòè÷åñ-
êîé çîíå ñæàòîãî ñêåëåòà (4), óñëîâèÿ íåñæèìàåìîñòè (5) â ñëó÷àå ïëîñêîãî äåôîð-
ìèðîâàííîãî ñîñòîÿíèÿ ïåðåïèøóòñÿ ñîîòâåòñòâåííî:

,2 2222 )()( kscscs z
ppp

r
p
rr =+εη−ε−+εη−ε− θθθ && (11)

,, pep
r

e
rr θθθ ε+ε=εε+ε=ε (12)

.0,0 =ε+εε−=ε+ε θθ
pp

r
ee

r (13)
Íà ãðàíèöå γ ðàçäåëà ñðåä óïðóãîãî è ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ ñæàòîãî

ñêåëåòà äîëæíû âûïîëíÿòüñÿ óñëîâèÿ íåïðåðûâíîñòè ïåðåìåùåíèé è íàïðÿæåíèé

.0][,0][ =σ=
γ=γ= rrru (14)

Â (14) êâàäðàòíûå ñêîáêè îáîçíà÷àþò ðàçíîñòü çíà÷åíèé âûðàæåíèé, ñîîòâåò-
ñòâóþùèõ óïðóãîé è ïëàñòè÷åñêîé îáëàñòÿì, íà ãðàíèöå r = γ.

Ñîîòíîøåíèÿ (6)−(14) ïðåäñòàâëÿþò ñîáîé ìàòåìàòè÷åñêèå ìîäåëè, îïèñûâà-
þùèå ÍÄÑ ìîíîëèòíîé êðåïè âåðòèêàëüíîãî øàõòíîãî ñòâîëà íà ýòàïàõ óïðóãîãî
äåôîðìèðîâàíèÿ ïîðèñòîé ñðåäû è íåóïðóãîãî äåôîðìèðîâàíèÿ ñæàòîãî ñêåëåòà.

ÍÄÑ ìîíîëèòíîé êðåïè íà ïåðâîì ýòàïå, òî åñòü ïðè íàëè÷èè íåñõëîïíóòûõ
ïîð, ñîãëàñíî (6)−(9), îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè:
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(15)

.
)1)(1()1)(1( 2
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a
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λ
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Â (15) è äàëåå âñå ñîîòíîøåíèÿ çàïèñàíû â áåçðàçìåðíîì âèäå, ïðè ýòîì âñå
âåëè÷èíû, èìåþùèå ðàçìåðíîñòü íàïðÿæåíèé, îòíåñåíû ê âåëè÷èíå μ1, à èìåþ-
ùèå ðàçìåðíîñòü äëèíû − ê ðàäèóñó b.

Èç (15) ñëåäóåò, ÷òî îáúåìíàÿ äåôîðìàöèÿ ïðè óïðóãîì ñæàòèè ïîð îïðåäåëÿåò-
ñÿ â âèäå

.
11( ))( 2

1

2

−+λ

−
=ε+ε=ε θ

α
α a

aqq ab
r (16)

Ñëåäîâàòåëüíî, äîñòèæåíèå âåëè÷èíîé íà÷àëüíîãî ðàñòâîðà ïîð íóëåâîãî çíà-
÷åíèÿ (èíà÷å − äîñòèæåíèå îáúåìíîé äåôîðìàöèåé âåëè÷èíû −ε0) ïðè óïðóãîì äå-
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ôîðìèðîâàíèè ìàòåðèàëà ïðîèñõîäèò îäíîâðåìåííî âî âñåé êðåïè ïîä äåéñòâèåì
íàãðóçîê, óäîâëåòâîðÿþùèõ óñëîâèþ

,)(11 2
0

2
10 ))(( afqaq ab ε+−+λε= (17)

ãäå
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=ε
≠ε

=ε
.00,
,0,1

)(
0

0
0 åñëè

åñëè
f

Ñ ó÷åòîì (17) èç ôîðìóë (15) ïîëó÷èì, ÷òî ÍÄÑ íà ìîìåíò ïîëíîãî çàêðûòèÿ
ïîð ïåðåïèøåòñÿ â âèäå
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−+λε−=σ (18)

,)1()()1( 2

2
100

100
)(

r
afqa +λε−ε

++λε−=σθ

.010 ελ−=σz

Òàêèì îáðàçîì, åñëè qb < ε0(λ1 + 1)(1 − a2) + qa f (ε0)a2, òî ïîëíîãî çàêðûòèÿ
ïîð íå ïðîèñõîäèò è ìàòåðèàë âåäåò ñåáÿ êàê ñæèìàåìàÿ óïðóãàÿ ñðåäà ñ ïàðàìåòðà-
ìè λ1, μ1 = 1, ε0. Åñëè æå qb = ε0(λ1 + 1)(1 − a2) + qa f (ε0)a2, òî âî âñåé êðåïè
ïðîèñõîäèò ïîëíîå ñæàòèå ïîð. À ïðè óñëîâèè qb > ε0(λ1 + 1)(1 − a2) + qa f (ε0)a2

âîçíèêíåò è áóäåò ðàñòè îêîëî âíóòðåííåé ïîâåðõíîñòè êðåïè ïëàñòè÷åñêàÿ çîíà,
ïðåïÿòñòâîâàòü ðàçâèòèþ êîòîðîé áóäóò óïðî÷íåíèå c è âÿçêîñòü η ìàòåðèàëà, òî
åñòü ñæàòûé ñêåëåò áóäåò äåôîðìèðîâàòüñÿ êàê óïðî÷íÿþùàÿñÿ íåñæèìàåìàÿ óïðó-
ãîïëàñòè÷åñêàÿ ñðåäà ñ ïàðàìåòðàìè μ = 1 + μ0, k, c, η.

Â ýòîì ñëó÷àå ñïëîøíàÿ ñðåäà ðàçäåëÿåòñÿ íà äâå çîíû − óïðóãóþ è ïëàñòè÷åñ-
êóþ, â êàæäîé èç êîòîðûõ çíà÷åíèÿ ïåðåìåùåíèé, äåôîðìàöèé è íàïðÿæåíèé â òî÷-
êàõ ñðåäû ðàñêëàäûâàþòñÿ íà êîìïîíåíòû óïðóãîãî ñæàòèÿ, îïðåäåëÿåìûå ñîîòíî-
øåíèÿìè (18), è óïðóãîïëàñòè÷åñêîãî ñæàòèÿ, îïðåäåëÿåìûå ðåøåíèåì óïðóãîïëà-
ñòè÷åñêîé çàäà÷è.

ÍÄÑ ñæàòîãî ñêåëåòà ìîíîëèòíîé êðåïè âåðòèêàëüíîãî øàõòíîãî ñòâîëà, ñî-
ãëàñíî (6)−(14), (18), îïðåäåëÿåòñÿ â âèäå:

− â óïðóãîé îáëàñòè (γ < r < 1)
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(19)

− â ïëàñòè÷åñêîé îáëàñòè (a < r < γ)
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Â (19), (20) è äàëåå χ = sign (qa − qb).
Ðàäèóñ ðàçäåëà çîí óïðóãîãî è ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ γ îïðåäåëÿåòñÿ
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3. Ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà

Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ïðåäñòàâëåíû íà ðèñ. 1 è ðèñ. 2.

Ðèñ. 1
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Íà ðèñ. 1à, á ïðåäñòàâëåíû çàâèñèìîñòè âåëè÷èíû ðàäèóñà óïðóãîïëàñòè÷å-
ñêîé ãðàíèöû γ îò íà÷àëüíîãî ðàñòâîðà ïîð ε0 ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïðåäåëà
òåêó÷åñòè k è êîýôôèöèåíòà óïðî÷íåíèÿ ñ ìàòåðèàëà ñæàòîé ìàòðèöû. Ïðè ýòîì íà
ðèñ. 1à êðèâàÿ 1 ñîîòâåòñòâóåò k = 0,038, êðèâàÿ 2 − k = 0,039, êðèâàÿ 3 − k = 0,04;
íà ðèñ. 1á êðèâàÿ 1 ñîîòâåòñòâóåò c = 10−5, êðèâàÿ 2 − c = 5⋅10−3, êðèâàÿ 3 − c = 10−2.
Íà ðèñ. 1â ïîêàçàíà çàâèñèìîñòü îò âðåìåíè ðàäèóñà γ óïðóãîïëàñòè÷åñêîé ãðàíè-
öû ìàòåðèàëà êðåïè ñ ïîëíîñòüþ ñæàòîé ìàòðèöåé.

Íà ðèñ. 2 ïðåäñòàâëåíû çàâèñèìîñòè ðàäèàëüíîé σr è òàíãåíöèàëüíîé σθ êîì-
ïîíåíò íàïðÿæåíèé îò òåêóùåãî ðàäèóñà ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïðåäåëà òåêó÷å-
ñòè k ìàòåðèàëà ñæàòîé ìàòðèöû (ðèñ. 2à, á) è ïðè ðàçëè÷íûõ çíà÷åíèÿõ íà÷àëüíîãî
ðàñòâîðà ïîð ε0 ìàòåðèàëà êðåïè (ðèñ. 2â, ã). Ïðè ýòîì íà îáîèõ ðèñ. 2à, á êðèâûå 1
ñîîòâåòñòâóþò k = 0,038, êðèâûå 2 − k = 0,039, êðèâûå 3 − k = 0,04, à íà ðèñ. 2â, ã
êðèâûå 1 ñîîòâåòñòâóþò ε0 = 0,02048, êðèâûå 2 − ε0 = 0,022, êðèâûå 3 − ε0 = 0,03.

Áåçðàçìåðíûå âåëè÷èíû äðóãèõ ôèçèêî-ìåõàíè÷åñêèõ è ãåîìåòðè÷åñêèõ ïàðà-
ìåòðîâ èìåëè ñëåäóþùèå çíà÷åíèÿ: a = 0,1, b = 1, qa = 10−5, qb  = 0,16384, c = 10−5,
λ1 = 3, μ1 = 1, k = 0,04096, ε0 = 0,02048, μ = 2.

Îòìåòèì, ÷òî, ñîãëàñíî [11], ïðèâåäåííûå â ðàñ÷åòàõ áåçðàçìåðíûå õàðàêòå-
ðèñòèêè ìàòåðèàëîâ ñîîòâåòñòâóþò äîïóñòèìûì äèàïàçîíàì çíà÷åíèé äëÿ ðàçëè÷-
íûõ ìàðîê áåòîíà è ðàñòâîðîâ, èñïîëüçóåìûõ äëÿ ïîäçåìíîãî øàõòíîãî ñòðîèòåëü-
ñòâà.
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Çàêëþ÷åíèå

Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ îïèñàíèÿ ÍÄÑ ñïëîøíîé ñðåäû, ó÷èòû-
âàþùàÿ ïîðèñòóþ ñòðóêòóðó ìàòåðèàëà è óïðóãîâÿçêîïëàñòè÷åñêèå ñâîéñòâà ñæà-
òîãî ñêåëåòà. Â ðàìêàõ ïðåäëîæåííîãî ïîäõîäà íà îñíîâå ñîîòíîøåíèé ãåîìåòðè-
÷åñêè ëèíåéíîé òåîðèè ìàëûõ äåôîðìàöèé ðåøåíà çàäà÷à îá îïðåäåëåíèè ïîëåé
íàïðÿæåíèé è ïåðåìåùåíèé ìîíîëèòíîé êðåïè âåðòèêàëüíîé ãîðíîé âûðàáîòêè.
Ïîëó÷åíû àíàëèòè÷åñêèå ñîîòíîøåíèÿ, îïèñûâàþùèå ÍÄÑ íà ýòàïàõ óïðóãîãî
ñæàòèÿ ïîð è íåóïðóãîãî äåôîðìèðîâàíèÿ ïîëíîñòüþ ñæàòîãî ñêåëåòà. Âûâåäåíà
çàâèñèìîñòü ìåæäó âíåøíåé è âíóòðåííåé íàãðóçêàìè, íåîáõîäèìûìè äëÿ ïîëíîãî
ñæàòèÿ ïîð âî âñåé êðåïè. Ïðè ýòîì èç àíàëèçà ðåøåíèé ñëåäóåò, ÷òî êàê ïðè óâåëè-
÷åíèè ïðåäåëà òåêó÷åñòè, òàê è ñ ðîñòîì êîýôôèöèåíòà óïðî÷íåíèÿ ñæàòîé ìàòðè-
öû âåëè÷èíà ðàäèóñà ðàçäåëà çîí óïðóãîãî è ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ ñæà-
òîãî ñêåëåòà óìåíüøàåòñÿ. Ðîñò âåëè÷èíû íà÷àëüíîãî ðàñòâîðà ïîð ïðèâîäèò ê ðàñ-
øèðåíèþ îáëàñòè íåóïðóãèõ äåôîðìàöèé ñæàòîé ìàòðèöû. Ïðè óâåëè÷åíèè âðåìå-
íè äî îïðåäåëåííîãî çíà÷åíèÿ ïëàñòè÷åñêàÿ çîíà ðàñøèðÿåòñÿ, ïðè ýòîì äàëüíåé-
øèé ðîñò âðåìåíè ïðàêòè÷åñêè íå ïðèâîäèò ê èçìåíåíèþ ðàäèóñà óïðóãîïëàñòè-
÷åñêîé ãðàíèöû, êîòîðûé ñîîòâåòñòâóåò óïðî÷íÿþùåéñÿ óïðóãîïëàñòè÷åñêîé ìî-
äåëè [12].

Îòìåòèì, ÷òî äëÿ ïîëó÷åííûõ ðåøåíèé ñïðàâåäëèâ ïðåäåëüíûé ïåðåõîä. Åñëè
â ñîîòíîøåíèÿõ (19)−(21) ïîëîæèòü ε0 = 0, òî ïîëó÷èì ðåçóëüòàòû ðàáîòû [13], åñëè
êðîìå ýòîãî â ôîðìóëàõ (18)−(20) íå ó÷èòûâàòü óïðî÷íåíèå (ïîëîæèòü c = 0) è (èëè)
âÿçêîñòü (ïðèíÿòü η = 0) ìàòåðèàëà ñæàòîé ìàòðèöû, òî ïðèäåì ê ðåçóëüòàòàì [5].
Åñëè æå â (19)−(21) ïðèíÿòü ε0 = 0 è η = 0, à ïðè ðåøåíèè ó÷åñòü òåìïåðàòóðíûå
ýôôåêòû, òî ïîëó÷èì ðåçóëüòàòû ðàáîòû [14].
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MATHEMATICAL MODEL OF PROCESS OF DEFORMATION FIX THE VERTICAL
EXCAVATION TAKING INTO ACCOUNT INITIAL POROSITY OF MATERIAL

AND ELASTIC AND VISCO-PLASTIC OF PROPERTIES
OF THE SQUEEZED SKELETON

Gotsev D.V.1,2, Buntov A.E.2, Perunov N.S.1

1Voronezh State University, Voronezh, Russian Federation
2N.E. Zhukovsky and Yu.A. Gagarin Air Force Academy,

Voronezh, Russian Federation

The mathematical model describing process of deformation monolithic is constructed fix a vertical
excavation for materials with porous structure which squeezed skeleton possesses at the same time
elastic, viscous and plastic properties. Deformation of the porous environment under the influence
of the set evenly distributed squeezing loadings is divided into two interconnected stages: elastic
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deformation of the porous environment and inelastic deformation of the squeezed matrix. A problem
of finding of the intense deformed state fix vertical development with a circular form of cross
section at each stage of deformation decides within the flat deformed state. Thus the effects connected
by that development has final depth aren't considered. The ratios defining fields of tension and
movements at the first stage of deformation are received. Dependence of the squeezing loadings at
which initial porosity of material in all area fix is defined reaches zero value. At the second stage
of process of deformation analytical expressions for finding of fields of tension and movements in
elastic and plastic zones of deformation of the squeezed skeleton are removed, and the equation
for determination of radius of elasto-plastic border is also received. As conditions of compatibility
continuity conditions a component of tension and movements on elasto-plastic border, and also
equality to zero plastic deformations on it got out. The assessment of influence on the size of limit
of the section of environments of elastic and plastic deformation of initial porosity, hardening and
a limit of fluidity of material is given. The asymptotic behavior of elasto-plastic border is shown
over time. Graphic dependences a component of tension from coordinate are constructed at various
values of size of initial solution of a time and other physicomechanical and geometrical parameters
of material and a design.

Keywords: porous materials, during the inelastic work of the squeezed skeleton, monolithic
strengthening design, vertical development, the intense deformed state.


