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Ðàññìàòðèâàåòñÿ õàîòè÷åñêàÿ äèíàìèêà ãèáêèõ èçîòðîïíûõ áàëîê Ýé-
ëåðà − Áåðíóëëè ïðè äåéñòâèè áåñêîíå÷íîé âî âðåìåíè óäàðíîé íàãðóçêè ñ
ó÷åòîì áåëîãî øóìà. Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü, ðàçðàáîòàí àëãîðèòì
ðàñ÷åòà è ñîçäàí ïðîãðàììíûé êîìïëåêñ. Ðàññìîòðåíà êîíñåðâàòèâíàÿ ñèñòå-
ìà. Óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ñâîäèòñÿ ê çàäà÷å Êîøè. Èññëåäîâàíû
òðè òèïà êðàåâûõ óñëîâèé. Óñòàíîâëåíî, ÷òî ïðè äåéñòâèè íà áàëêó òîëüêî
áåëîãî øóìà ðàçíîé èíòåíñèâíîñòè êîëåáàíèÿ õàîòè÷åñêèå. Åñëè àìïëèòóäà
óäàðíîé íàãðóçêè ÷èñëåííî ðàâíà èëè ìåíüøå èíòåíñèâíîñòè áåëîãî øóìà, òî
êîëåáàíèÿ õàîòè÷åñêèå, à åñëè àìïëèòóäà óäàðíîé áåñêîíå÷íîé âî âðåìåíè
íàãðóçêè áîëüøå èëè ðàâíà èíòåíñèâíîñòè áåëîãî øóìà, òî ïîïåðå÷íàÿ íà-
ãðóçêà ÿâëÿåòñÿ äîìèíèðóþùåé è âîçìîæíû êëàññè÷åñêèå ñëó÷àè ïåðåõîäà
êîëåáàíèé â ñîñòîÿíèå õàîñà ïî ñöåíàðèþ Ðþýëÿ − Òàêêåíñà.

Êëþ÷åâûå ñëîâà: ãèáêèå áàëêè Ýéëåðà − Áåðíóëëè, áåëûé øóì, óäàðíàÿ
íàãðóçêà, ñöåíàðèé Ðþýëÿ − Òàêêåíñà.

Ââåäåíèå

Äîëãîå âðåìÿ â îïèñàíèå ìåõàíèçìîâ ñàìîîðãàíèçàöèè íå áûëè âêëþ÷åíû ôëóê-
òóàöèè. Çàäà÷è ðàññìàòðèâàëèñü êàê äåòåðìèíèñòè÷åñêèå, òî åñòü âíåøíèå ôëóêòó-
àöèè íå ïðèíèìàëèñü âî âíèìàíèå, à âíóòðåííèå ôëóêòóàöèè, õîòÿ îíè íåèçáåæíû,
ñ÷èòàëèñü ñëàáûìè. Íàõîäÿñü ïîä âëèÿíèåì âíóòðåííèõ ôëóêòóàöèé, ñèñòåìà ñî-
âåðøàåò ñëó÷àéíûå êîëåáàíèÿ, èìåþò ìåñòî íåêîòîðûå ðàñïðåäåëåíèÿ çíà÷åíèé
ïàðàìåòðîâ ñîñòîÿíèé, òî åñòü ñèñòåìà ÿâëÿåòñÿ âåðîÿòíîñòíîé. Â îòëè÷èå îò âíóò-
ðåííèõ ôëóêòóàöèé, êîòîðûå äëÿ ìàêðîñêîïè÷åñêèõ ñèñòåì ïðåíåáðåæèìî ìàëû,
ôëóêòóàöèè, îáóñëîâëåííûå ñëó÷àéíîñòüþ ñðåäû, âåñüìà ñóùåñòâåííû. Ïåðâûå ðå-
çóëüòàòû, îïèñûâàþùèå íåïðåíåáðåæèìî ìàëûé ýôôåêò âíåøíåãî øóìà, áûëè äàíû
â [1], ãäå ðàññìîòðåíî âëèÿíèå ìóëüòèïëèêàòèâíîãî øóìà íà ëàìïîâûé ãåíåðàòîð.

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 78, ¹ 3, 2016 ã.
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ÌÊ-5609.2016.8, ÐÔÔÈ (ãðàíòû ¹16-31-00092, ¹16-08-01108À, ¹16-01-00721À) .
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Èññëåäîâàíèÿ â ñôåðå ìîäåëèðîâàíèÿ íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì ïðè-
îáðåòàþò âñå áî′ëüøóþ çíà÷èìîñòü âî ìíîãèõ îòðàñëÿõ íàóêè. Â ìåõàíèêå, ýêîíî-
ìèêå, ôèçèêå, ýëåêòðîòåõíèêå, áèîëîãèè, èñòîðèè è äðóãèõ íàïðàâëåíèÿõ íàóêè
ïðèìåíÿåòñÿ ìîäåëèðîâàíèå ïðîöåññîâ â íåëèíåéíîé ïîñòàíîâêå. Îòäåëüíûì âî-
ïðîñîì èçó÷åíèÿ äèíàìèêè ìåõàíè÷åñêèõ ñèñòåì ÿâëÿåòñÿ ïåðåõîä ñèñòåì â ñîñòî-
ÿíèå õàîñà ïðè èçìåíåíèè óïðàâëÿþùèõ ïàðàìåòðîâ. Çíà÷èòåëüíûé âêëàä â èçó-
÷åíèå ýòîãî âîïðîñà âíåñëè Ë.Ä. Ëàíäàó [2], H. Hopf [3], M. Feigenbaum [4],
Þ.È. Íåéìàðê [5], P. Mannevile [6], J. Awrejcewicz [7, 8]. Áîëüøîå çíà÷åíèå äëÿ
ðàçâèòèÿ õàîòè÷åñêîé äèíàìèêè ðàçëè÷íûõ ìåõàíè÷åñêèõ ñèñòåì èìåëè ðàáî-
òû Â.À. Êðûñüêî, ß. Àâðåéöåâè÷à, À.Â. Êðûñüêî, Ì.Â. Æèãàëîâà, È.Â. Ïàïêîâîé,
Ò.Â. ßêîâëåâîé, Å.Þ. Êðûëîâîé [9−21], âëèÿíèå áåëîãî øóìà íà äèíàìè÷åñêèå ñè-
ñòåìû ðàññìîòðåíû â ðàáîòàõ Â.Ã. Áàæåíîâà [22, 23].

Â íàñòîÿùåé ñòàòüå èññëåäóåòñÿ âëèÿíèå áåñêîíå÷íîé âî âðåìåíè óäàðíîé íà-
ãðóçêè ñ ó÷åòîì ãàóññîâñêîãî áåëîãî øóìà íà õàîòè÷åñêóþ äèíàìèêó ãèáêèõ èçî-
òðîïíûõ áàëîê Ýéëåðà − Áåðíóëëè, êîòîðîå ðàíåå íå ðàññìàòðèâàëîñü.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ìîäåëèðîâàíèå êîëåáàíèé òîíêîé ãèáêîé áàëêè îñíîâûâàåòñÿ íà ãèïîòåçàõ
Áåðíóëëè − Ýéëåðà (ðèñ. 1). Ýòî äàåò âîçìîæíîñòü ðàññìàòðèâàòü ïîâåäåíèå òîëüêî
ñðåäèííîé ëèíèè, ñâîäÿ çàäà÷ó äèíàìèêè áàëêè ê îäíîìåðíîé çàäà÷å.

Ìàòåðèàë áàëêè óïðóãèé è èçîòðîïíûé, ãåîìåòðè÷åñêàÿ íåëèíåéíîñòü ââåäåíà
ïî ñîîòíîøåíèþ Êàðìàíà [24]. Ñîãëàñíî ïðèíöèïó Îñòðîãðàäñêîãî − Ãàìèëüòîíà
äîëæíî âûïîëíÿòüñÿ óñëîâèå:
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ãäå γ − óäåëüíûé âåñ ìàòåðèàëà, g − óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ, h − òîëùèíà
áàëêè, w(x, t) − ïðîãèá ýëåìåíòà, u(x, t) − ïåðåìåùåíèå ýëåìåíòà â ïðîäîëüíîì íà-
ïðàâëåíèè.
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Ïîòåíöèàëüíàÿ ýíåðãèÿ Ï ïðåäñòàâëÿåò ñîáîé ñóììó ýíåðãèè äåôîðìàöèè èç-
ãèáà Ïè è ýíåðãèè äåôîðìàöèè ñðåäèííîé ëèíèè Ïc, êîòîðûå îïðåäåëÿþòñÿ èç ñî-
îòíîøåíèé:

∫ ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

−=Π
l

x dx
x
wM

0
2

2

è ,
2
1

(3)

∫ ε=Π
l

xx dxN
0

ñ ,
2
1

(4)

ãäå Mx − èçãèáàþùèé ìîìåíò, Nx − íîðìàëüíîå óñèëèå ñðåäèííîé ëèíèè, εx − ïîë-
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σx, σx,è − íîðìàëüíîå è èçãèáíîå íàïðÿæåíèÿ ñîîòâåòñòâåííî, îïðåäåëÿåìûå èç çà-
êîíà Ãóêà, E − ìîäóëü Þíãà.

Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ âàðèàöèé êèíåòè÷åñêîé K è ïîòåíöèàëüíîé Ï ýíåðãèè
â óðàâíåíèå Îñòðîãðàäñêîãî − Ãàìèëüòîíà (1) è ó÷èòûâàÿ âàðèàöèè δu è δw, ðàñ-
ñìàòðèâàåìûå êàê ôóíêöèè âðåìåíè t, ïîëó÷èì ñèñòåìó óðàâíåíèé äâèæåíèÿ áàëêè:
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ãäå q = q0G(t) − âíåøíÿÿ íîðìàëüíàÿ íàãðóçêà; q0 − èíòåíñèâíîñòü íàãðóçêè, G(t) −
ôóíêöèÿ Õåâèñàéäà, äåéñòâóþùàÿ íà èíòåðâàëå âðåìåíè t > 0, qnois = qn0(2,0×
×rand( )/RAND_MAX + 1,0) − 1,0 − àääèòèâíûé íîðìàëüíûé áåëûé øóì, ãäå qn0 −
èíòåíñèâíîñòü øóìà, rand( ) − ñòàíäàðòíàÿ ôóíêöèÿ ÿçûêà C++, ïðèíèìàþùàÿ çíà-
÷åíèÿ ñëó÷àéíûõ öåëûõ ÷èñåë îò 0 äî RAND_MAX, ðàâíîãî 65535. Âûðàæåíèå
(2,0rand( )/RAND_MAX + 1,0) − 1,0 ïðèíèìàåò ïðîèçâîëüíûå äðîáíûå çíà÷åíèÿ
â äèàïàçîíå (−1, 1).

Âíåøíåå øóìîâîå ïîëå â âèäå áåëîãî øóìà âîçäåéñòâóåò òîëüêî ñ âíåøíåé ñòî-
ðîíû áàëêè. Áåëûé øóì − îáîáùåííûé ñòàöèîíàðíûé ñëó÷àéíûé ïðîöåññ Õ(t) ñ
ïîñòîÿííîé ñïåêòðàëüíîé ïëîòíîñòüþ. Òåðìèí «áåëûé» áûë ïðèñâîåí ïî àíàëîãèè
ñ áåëûì ñâåòîì, êîòîðûé â âèäèìîé ÷àñòè ñïåêòðà èìååò âåñü íàáîð ÷àñòîò. Êîððå-
ëÿöèîííàÿ ôóíêöèÿ ïðîöåññà áåëîãî øóìà èìååò âèä B(t) = σ2δ(t), ãäå σ2 − íåêîòî-
ðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, à δ(t) − äåëüòà-ôóíêöèÿ. Èíîãäà îøèáî÷íî ïðåäïî-
ëàãàåòñÿ, ÷òî ãàóññîâñêèé øóì (òî åñòü øóì ñ ãàóññîâûì ðàñïðåäåëåíèåì ïî àìïëè-
òóäå) îáÿçàòåëüíî ÿâëÿåòñÿ áåëûì øóìîì. Îäíàêî ýòè ïîíÿòèÿ íåýêâèâàëåíòíû. Ãà-
óññîâñêèé øóì ïðåäïîëàãàåò ðàñïðåäåëåíèå ñàìèõ çíà÷åíèé ñèãíàëà â âèäå íîð-
ìàëüíîãî ðàñïðåäåëåíèÿ, òîãäà êàê òåðìèí «áåëûé» èìååò îòíîøåíèå ê êîððåëÿöèè
ñèãíàëà â äâà ðàçëè÷íûõ ìîìåíòà âðåìåíè (ýòà êîððåëÿöèÿ íå çàâèñèò îò ðàñïðåäå-
ëåíèÿ àìïëèòóäû øóìà). Áåëûé øóì ìîæåò èìåòü ëþáîå ðàñïðåäåëåíèå: Ãàóññà,
Ïóàññîíà, Êîøè è ò.ä. Ãàóññîâñêèé áåëûé øóì â êà÷åñòâå ìîäåëè õîðîøî ïîäõîäèò
äëÿ ìàòåìàòè÷åñêîãî îïèñàíèÿ ìíîãèõ ïðèðîäíûõ ïðîöåññîâ.

Ñèñòåìà óðàâíåíèé äâèæåíèÿ â áåçðàçìåðíûõ ïåðåìåííûõ èìååò âèä:
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Áåçðàçìåðíûå ïåðåìåííûå è ïàðàìåòðû ââåäåíû ïî ôîðìóëàì:
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Â ñèñòåìå (7) ÷åðòî÷êè íàä íèìè îïóùåíû äëÿ ïðîñòîòû. Ïðîèçâîäíûå ïî âðå-
ìåíè îáîçíà÷åíû òî÷êîé, ïðîèçâîäíûå ïî êîîðäèíàòå x − øòðèõàìè; L1, L2, L3 −
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Äëÿ ñèñòåìû óðàâíåíèé (7) èìåþò ìåñòî îäíî èç ãðàíè÷íûõ óñëîâèé:
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è íà÷àëüíûå óñëîâèÿ:
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2. Ðåøåíèå ñèñòåìû óðàâíåíèé äâèæåíèÿ áàëêè.
Äîñòîâåðíîñòü ðåçóëüòàòîâ ìîäåëèðîâàíèÿ

Äëÿ ñâåäåíèÿ çàäà÷è â ÷àñòíûõ ïðîèçâîäíûõ ê çàäà÷å Êîøè äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ïî ïðîñòðàíñòâåííîé êîîðäèíàòå áûë èñïîëüçîâàí
ìåòîä êîíå÷íûõ ðàçíîñòåé (ÌÊÐ) âòîðîãî ïîðÿäêà òî÷íîñòè, êàê íàèáîëåå ýôôåê-
òèâíûé [25]. Äëÿ ýòîãî íà îáëàñòü áàëêè íàêëàäûâàëàñü ðàâíîìåðíàÿ ñåòêà ñ êîëè-
÷åñòâîì óçëîâ n. Ñèñòåìà óðàâíåíèé ïðåîáðàçóåòñÿ ê ñèñòåìå îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé
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ãäå ;,0 ni =  L1,h, L2,h − ðàçíîñòíûå îïåðàòîðû.
Ìåòîäîì çàìåíû ïåðåìåííûõ ñèñòåìà (12) ñâîäèòñÿ ê çàäà÷å Êîøè îòíîñèòåëü-

íî ýâîëþöèîííîé ïåðåìåííîé. Ðåøåíèå çàäà÷è ïðîèçâîäèòñÿ ìåòîäîì Ðóíãå − Êóò-
òû 4-ãî ïîðÿäêà.

Êîëè÷åñòâî ðàçáèåíèé â ìåòîäå êîíå÷íûõ ðàçíîñòåé n = 80, êîýôôèöèåíò Ïóàñ-
ñîíà ðàâåí 0,3, êîëåáàíèÿ áàëêè èññëåäîâàëèñü íà âðåìåííîì èíòåðâàëå t ∈ [0; 2048],
ðàññìàòðèâàëèñü àìïëèòóäû øóìà qn0 = 100 è qn0 = 10000, àìïëèòóäà óäàðíîé
íàãðóçêè èçìåíÿëàñü ñ øàãîì 50 â ïðåäåëàõ èíòåðâàëà q0 ∈ [0; 500]. Ñòðîèëèñü
ôàçîâûå ïîðòðåòû, ñèãíàëû, ñå÷åíèÿ Ïóàíêàðå, ñïåêòðû Ôóðüå, âåéâëåò-ñïåêòðû.
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Â êà÷åñòâå ìàòåðèíñêîãî âåéâëåòà áûë âûáðàí âåéâëåò íà îñíîâå 32-é ïðîèçâîäíîé
Ãàóññà (Gauss32), îí äàåò ëó÷øåå ðàçðåøåíèå êàê ïî âðåìåíè, òàê è ïî ÷àñòîòå â
ñðàâíåíèè ñ âåéâëåòîì Ìîðëå.

3. Êà÷åñòâåííûå èññëåäîâàíèÿ ñèñòåì

Â ÷èñëåííîì ýêñïåðèìåíòå ñ ãðàíè÷íûìè óñëîâèÿìè æåñòêîé çàäåëêè íà îáîèõ
êîíöàõ ïðè îòñóòñòâèè íàãðóçêè ïîä âëèÿíèåì áåëîãî øóìà èíòåíñèâíîñòüþ qn0 =
= 100 êîëåáàíèÿ áûëè õàîòè÷åñêèìè. Óâåëè÷åíèå èíòåíñèâíîñòè íàãðóçêè äî q0 =
= 100 ïðèâîäèëî ê ïîÿâëåíèþ íà ñïåêòðå îäíîé äîìèíèðóþùåé ÷àñòîòû ω = 0,25,
êîòîðàÿ ÿâëÿåòñÿ ñîáñòâåííîé ÷àñòîòîé êîëåáàíèé è çíà÷åíèå êîòîðîé óâåëè÷èâà-
åòñÿ ñ ðîñòîì àìïëèòóäû óäàðíîé íàãðóçêè. Ïðè óäàðíîé íàãðóçêå ñ q0 = 500 íà
ñïåêòðå ïðåäñòàâëåíû òðè ÷àñòîòû: ω1, ω2, ω, äëÿ êîòîðûõ âûïîëíÿåòñÿ ñîîòíîøå-
íèå ω − ω1 = ω2. Äàííûå âû÷èñëåíèé ïðèâîäÿòñÿ â òàáëèöå 1. Â íåé ïðèâåäåíû
ñèãíàëû, ïîñòðîåííûå äëÿ öåíòðàëüíîé òî÷êè ñðåäèííîé ëèíèè áàëêè, äëÿ äâóõ
çíà÷åíèé èíòåíñèâíîñòè óäàðíîé íàãðóçêè â ñëó÷àå èíòåíñèâíîñòè øóìîâîãî ïîëÿ
qn0 = 100.

Òàáëèöà 1
Ãðàíè÷íûå óñëîâèÿ −−−−− æåñòêàÿ çàäåëêà

q
0 Ñèãíàë Ôàçîâûé ïîðòðåò Ñïåêòð ìîùíîñòè Âåéâëåò-ñïåêòð

Ôóðüå Ãàóññ32

Â òàáëèöå 2 ïðèâåäåíû ðåçóëüòàòû ïðè ãðàíè÷íûõ óñëîâèÿõ âèäà øàðíèðíî
íåïîäâèæíîãî îïèðàíèÿ íà îáîèõ êîíöàõ áàëêè ïðè îòñóòñòâèè íàãðóçêè è ïîä äåé-
ñòâèåì òîëüêî áåëîãî øóìà èíòåíñèâíîñòüþ qn0 = 100, êîëåáàíèÿ áûëè õàîòè÷åñêè-
ìè. Ïðè èçìåíåíèè èíòåíñèâíîñòè íàãðóçêè äî q0 = 100 íà ñïåêòðå ïîÿâëÿåòñÿ îäíà
äîìèíèðóþùàÿ ÷àñòîòà ω = 0,25, àíàëîãè÷íàÿ ÷àñòîòå, ïîëó÷åííîé â îïûòå ñ ãðà-
íè÷íûìè óñëîâèÿìè æåñòêîé çàäåëêè íà êîíöàõ, çíà÷åíèå êîòîðîé óâåëè÷èâàåòñÿ ñ
ðîñòîì àìïëèòóäû óäàðíîé íàãðóçêè. Ïðè óäàðíîé íàãðóçêå ñ q0 = 500 íà ñïåêòðå
ïðåäñòàâëåíû 5 ÷àñòîò: ω1, ω2, ω3, ω4, ω.

Â ñëó÷àå íåñèììåòðè÷íûõ ãðàíè÷íûõ óñëîâèé (æåñòêàÿ çàäåëêà è øàðíèðíîå
íåïîäâèæíîå îïèðàíèå) íàãðóçêà ñ àìïëèòóäîé 100 ïðèâåëà ê ïîÿâëåíèþ íà ñïåêò-
ðå ÷àñòîòû ω = 0,25. Äàëüíåéøèé ðîñò óïðàâëÿþùåãî ïàðàìåòðà íå ïðèâîäèë ê
âûäåëåíèþ ïàð ëèíåéíî çàâèñèìûõ ÷àñòîò. Â ýêñïåðèìåíòå óäàðíàÿ íàãðóçêà íå
âûçâàëà î÷èùåíèå ñïåêòðà îò øóìîâîé ñîñòàâëÿþùåé. Âñå ñèãíàëû áûëè ñèëüíî
çàøóìëåíû, ýòè ðåçóëüòàòû îòîáðàæåíû â òàáëèöå 3.
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Òàáëèöà 2
Ãðàíè÷íûå óñëîâèÿ −−−−− øàðíèðíî íåïîäâèæíîå îïèðàíèå

q
0 Ñèãíàë Ôàçîâûé ïîðòðåò Ñïåêòð ìîùíîñòè Âåéâëåò-ñïåêòð

Ôóðüå Ãàóññ32

Òàáëèöà 3
Íåñèììåòðè÷íûå ãðàíè÷íûå óñëîâèÿ:

æåñòêàÿ çàäåëêà è øàðíèðíîå íåïîäâèæíîå îïèðàíèå

q
0 Ñèãíàë Ôàçîâûé ïîðòðåò Ñïåêòð ìîùíîñòè Âåéâëåò-ñïåêòð

Ôóðüå Ãàóññ32

Ïðè äåéñòâèè íà áàëêó òîëüêî áåëîãî øóìà ñ ðàçëè÷íîé èíòåíñèâíîñòüþ íà-
áëþäàåì õàîòè÷åñêèå êîëåáàíèÿ áàëîê. Íà ñïåêòðå ìîùíîñòè Ôóðüå äëÿ âñåõ âàðè-
àíòîâ ïðèñóòñòâóåò ìíîãî ÷àñòîò.

Âûâîäû

Âî âñåõ òðåõ ñëó÷àÿõ, åñëè àìïëèòóäà óäàðíîé íàãðóçêè íå ïðåâûøàëà èíòåí-
ñèâíîñòè áåëîãî øóìà, áûëè ïîëó÷åíû õàîòè÷åñêèå êîëåáàíèÿ. Ïðè óñëîâèè ñîâïà-
äåíèÿ ýòèõ ïàðàìåòðîâ íà ñïåêòðå âûäåëÿëàñü äîìèíèðóþùàÿ ÷àñòîòà − ÷àñòîòà
ñîáñòâåííûõ êîëåáàíèé ω = 0,25. Â ñëó÷àå ñèììåòðè÷íûõ êðàåâûõ óñëîâèé óäàð-
íàÿ íàãðóçêà ñ àìïëèòóäîé, ñèëüíî ïðåâûøàþùåé èíòåíñèâíîñòü áåëîãî øóìà, ïðè-
âîäèëà ê ïðàêòè÷åñêè ïîëíîìó î÷èùåíèþ ñïåêòðà îò øóìîâîé ñîñòàâëÿþùåé. Íà
ñïåêòðàõ ïðèñóòñòâîâàëè ëèíåéíî çàâèñèìûå ÷àñòîòû (÷åðòû ñöåíàðèÿ Ðþýëÿ −
Òàêêåíñà). Ïðè óñëîâèè íåñèììåòðè÷íûõ êðàåâûõ óñëîâèé óäàðíàÿ íàãðóçêà íå
óìåíüøàëà àìïëèòóäû ÷àñòîò, ïîÿâëÿâøèõñÿ íà ñïåêòðå ïîä âëèÿíèåì áåëîãî øóìà.

2,0

1,5

1,0

0,5

0        500      1000    1500        t

w

0   0,5   1,0  1,5   2,0  2,5   w

w.

−0,04

−0,02

0

0,02

0     0,05  0,10  0,15  0,20  0,25 ω

2
4
6
8

10

0           500      1000      1500       t

ω
2

100

3

2

1

0

500

4

0      500       1000    1500         t

w

0        0,1     0,2      0,3     0,4    ω 0           500      1000      1500       t

ω
2

2,5

0

0,04
S, db ω

0

−1     0      1     2       3     4   w

w.

−0,20

0
0,05

−0,10
−0,15

−0,05

0,10
ω1 ω2 ω3

ω4

ωS, db

2
4
6
8

10
12

2,0

1,5

1,0

0,5

w

0    0,5   1,0   1,5    2,0   w

w.

−0,04

−0,02

0

0,02

0    0,05  0,10  0,15  0,20       ω

2
4
6
8

10

0           500      1000      1500       t

ω
2

100

3

2

1

0

500

4

0        500     1000     1500        t

w

0           500      1000      1500       t

ω
2

0 0

0      1      2       3      4    w

w.

−0,20

0
0,05

−0,10
−0,15

−0,05

0,10

−4

6

0        500     1000     1500        t

S, db ω

S, db

0        0,1      0,2       0,3     0,4 ω

0

4

8

ω



286

Ñïèñîê ëèòåðàòóðû

1. Êóçíåöîâ Ï.È., Ñòðàòîíîâè÷ Ð.Ë., Òèõîíîâ Â.È. Âîçäåéñòâèå ýëåêòðè÷åñêèõ ôëóêòóà-
öèé íà ëàìïîâûé ãåíåðàòîð. ÆÝÒÔ. 1955. Ò. 28, ¹5.  Ñ.159−162.

2. Ëàíäàó Ë.Ä. Ê ïðîáëåìå òóðáóëåíòíîñòè. ÄÀÍ ÑÑÑÐ. 1944. Ò. 44. Ñ. 339−342.
3. Hopf E.A. Mathematical example displaying the features of turbulence. Comn. Pure Appl.

Math. 1948. Vol. 1. P. 303−322.
4. Feigenbaum M.J. Quantitative universality for a class of nonlinear transformations. J. Statist.

Phys. 1977. Vol. 19, No 1. P. 25−52.
5. Íåéìàðê Þ.È., Ôóôàåâ Í.À. Äèíàìèêà íåãîëîíîìíûõ ñèñòåì. Ì.: Íàóêà, 1967. 520 ñ.
6. Brunnet L., Mannevile P., Chate H. Long-range order with local chaos in lattices of diffusively

coupled ODES. Physica D. 1994. Vol. 78, Is. 3 4. P. 141
7. Awrejcewicz J. Bifurcation and chaos in simple dynamical systems. World Scientific

Singapore, 1989. 126 p.
8. Awrejcewicz J., Krysko A.V., Papkova I.V., Krysko V.A. Routes to chaos in continuous

mechanical systems. Part 1. Mathematical models and solution methods. Chaos, Solitons & Fractals.
2012. Vol. 45. P. 687−708.

9. Awrejcewicz J., Krysko A.V., Papkova I.V., Krysko V.A. Routes to chaos in continuous
mechanical systems. Part 2. Modeling transitions from regular to chaotic dynamics. Chaos, Solitons
& Fractals. 2012. Vol. 45. P. 709−720.

10. Awrejcewicz J., Krysko A.V., Papkova I.V., Krysko V.A. Routes to chaos in continuous
mechanical systems. Part 3. The Lyapunov exponents, hyper, hyper-hyper and spatial-temporal
chaos. Chaos, Solitons & Fractals. 2012. Vol. 45. P. 721−736.

11. Awrejecewicz J., Krysko V.A., Vakakis A. Nonlinear dynamics of continuous elastic systems.
N.Y.: Springer-Verlag, 2004. 341 p.

12. Awrejcewicz J., Krysko V.A., Krysko A.V. Thermo-dynamics of plates and shells. N.Y.:
Springer-Verlag, 2007. 777 p.

13. Krysko V.A., Awrejcewicz J. Chaos in structural mechanics. N.Y.: Springer-Verlag, 2008.
400 p.

14. Awrejcewicz J., Krysko A.V., Bochkarev V.V., Babenkova T.V. et al. Chaotic vibrations of
two-layered beams and plates with geometric, physical and design nonlinearities. International
Journal of Bifurcation and Chaos. 2011. Vol. 21, No 10. P. 2837−2851.

15. Êðûñüêî Â.À., Æèãàëîâ Ì.Â., Ñàëòûêîâà Î.À., Äåñÿòîâà À.Ñ. Äèññèïàòèâíàÿ äèíà-
ìèêà ãåîìåòðè÷åñêè íåëèíåéíûõ áàëîê Áåðíóëëè − Ýéëåðà. Èçâ. ÐÀÍ. Ìåõàíèêà òâåðäîãî
òåëà. 2008. ¹6. Ñ. 128−136.

16. Êðûñüêî Â.À., Ïàïêîâà È.Â., Ñîëäàòîâ Â.Â. Àíàëèç íåëèíåéíûõ õàîòè÷åñêèõ êîëå-
áàíèé ïîëîãèõ îáîëî÷åê âðàùåíèÿ ñ ïîìîùüþ âåéâëåò-ïðåîáðàçîâàíèÿ. Èçâ. ÐÀÍ. Ìåõàíè-
êà òâåðäîãî òåëà. 2010. ¹1. Ñ. 107−117.

17. Êðûñüêî Â.À., Æèãàëîâ Ì.Â., Ñàëòûêîâà Î.À., Êðûñüêî À.Â. Îá ó÷åòå âëèÿíèÿ ïî-
ïåðå÷íûõ ñäâèãîâ íà ñëîæíûå íåëèíåéíûå êîëåáàíèÿ óïðóãèõ áàëîê. ÏÌÒÔ. 2011. Ò. 52,
¹5. Ñ. 186−193.

18. Êðûñüêî Â.À., Êî÷ Ì.È., Æèãàëîâ Ì.Â., Êðûñüêî À.Â. Ôàçîâàÿ õàîòè÷åñêàÿ ñèíõðî-
íèçàöèÿ êîëåáàíèé ìíîãîñëîéíûõ áàëî÷íûõ ñòðóêòóð. ÏÌÒÔ. 2012. Ò. 53, ¹3. Ñ. 166−175.

19. Êðûñüêî Â.À., Æèãàëîâ Ì.Â., ßêîâëåâà Ò.Â., Êðûëîâà Å.Þ., Ïàïêîâà È.Â. Ìåòîä
óñòàíîâëåíèÿ â íåëèíåéíûõ çàäà÷àõ áàëîê è ïëàñòèí ñ ó÷åòîì ëîêàëüíîñòè íàãðóæåíèÿ.
Âåñòíèê Ñàðàòîâñêîãî ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà. 2012. Ò. 2, ¹1(65).
Ñ. 7−17.

20. Êðûëîâà Å.Þ., ßêîâëåâà Ò.Â., Ïàïêîâà È.Â., Êðûñüêî Â.À. Õàîòè÷åñêàÿ äèíàìèêà
ãèáêèõ ïðÿìîóãîëüíûõ â ïëàíå ïëàñòèí ïðè äåéñòâèè ïðîäîëüíûõ íàãðóçîê. Ïðîáëåìû ïðî÷-
íîñòè è ïëàñòè÷íîñòè. 2015. Ò. 77, ¹3. Ñ. 235−243.

21. Ìèöêåâè÷ Ñ.À., Çàõàðîâà À.À., Êðûñüêî À.Â. Óñòàíîâèâøèåñÿ êîëåáàíèÿ áàëî÷íûõ
ÌÝÌÑ-ðåçîíàòîðîâ â âÿçêîé ñðåäå ïðè äåéñòâèè ëîêàëüíîé óäàðíîé íàãðóçêè. Êîìïüþòåð-
íûå íàóêè è èíôîðìàöèîííûå òåõíîëîãèè: Ìàòåð. Ìåæäóíàð. íàó÷. êîíô. 2016. Ñ. 277−280.

22. ßêîâëåâà Ò.Â., Áàæåíîâ Â.Ã., Êðûñüêî Â.À., Êðûëîâà Å.Þ. Êîíòàêòíîå âçàèìîäåé-
ñòâèå ïëàñòèíû ñ ñèñòåìîé áàëîê ïðè íàëè÷èè çàçîðîâ ñ ó÷åòîì áåëîãî øóìà. Âåñòíèê Ïåð-
ìñêîãî íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî óíèâåðñèòåòà. Ìåõàíèêà. 2015. ¹4. Ñ. 259−272.



287

23. Êðûëîâà Å.Þ., ßêîâëåâà Ò.Â., Áàæåíîâ Â.Ã. Õàîòè÷åñêàÿ äèíàìèêà ãèáêèõ ïðÿìîó-
ãîëüíûõ â ïëàíå ïàíåëåé â ïîëå áåëîãî øóìà. Âåñòíèê Ïåðìñêîãî íàöèîíàëüíîãî èññëåäîâà-
òåëüñêîãî ïîëèòåõíè÷åñêîãî óíèâåðñèòåòà. Ìåõàíèêà. 2016. ¹1. Ñ. 82−92.

24. Karman T.L. The collected works. London: Butterworths, 1956. Vol. 4. P. 107−126.
25. Êðûñüêî Â.À. Íåëèíåéíàÿ ñòàòèêà è äèíàìèêà íåîäíîðîäíûõ îáîëî÷åê. Ñàðàòîâ:

Èçä-âî ÑÃÓ, 1976. 216 ñ.

References

1. Kuznetsov P.I., Stratonovich R.L., Tikhonov V.I. Vozdeystvie elektricheskikh fluktuatsiy na
lampovyy generator. ZhETF. 1955. T. 28, ¹5.  S.159−162.

2. Landau L.D. K probleme turbulentnosti. DAN SSSR. 1944. T. 44. S. 339−342.
3. Hopf E.A. Mathematical example displaying the features of turbulence. Comn. Pure Appl.

Math. 1948. Vol. 1. P. 303−322.
4. Feigenbaum M.J. Quantitative universality for a class of nonlinear transformations. J. Statist.

Phys. 1977. Vol. 19, No 1. P. 25−52.
5. Íåéìàðê Þ.È., Ôóôàåâ Í.À. Äèíàìèêà íåãîëîíîìíûõ ñèñòåì. Ì.: Íàóêà, 1967. 520 ñ.
6. Brunnet L., Mannevile P., Chate H. Long-range order with local chaos in lattices of diffusively

coupled ODES. Physica D. 1994. Vol. 78, Is. 3 4. P. 141
7. Awrejcewicz J. Bifurcation and chaos in simple dynamical systems. World Scientific

Singapore, 1989. 126 p.
8. Awrejcewicz J., Krysko A.V., Papkova I.V., Krysko V.A. Routes to chaos in continuous

mechanical systems. Part 1. Mathematical models and solution methods. Chaos, Solitons & Fractals.
2012. Vol. 45. P. 687−708.

9. Awrejcewicz J., Krysko A.V., Papkova I.V., Krysko V.A. Routes to chaos in continuous
mechanical systems. Part 2. Modeling transitions from regular to chaotic dynamics. Chaos, Solitons
& Fractals. 2012. Vol. 45. P. 709−720.

10. Awrejcewicz J., Krysko A.V., Papkova I.V., Krysko V.A. Routes to chaos in continuous
mechanical systems. Part 3. The Lyapunov exponents, hyper, hyper-hyper and spatial-temporal
chaos. Chaos, Solitons & Fractals. 2012. Vol. 45. P. 721−736.

11. Awrejecewicz J., Krysko V.A., Vakakis A. Nonlinear dynamics of continuous elastic systems.
N.Y.: Springer-Verlag, 2004. 341 p.

12. Awrejcewicz J., Krysko V.A., Krysko A.V. Thermo-dynamics of plates and shells. N.Y.:
Springer-Verlag, 2007. 777 p.

13. Krysko V.A., Awrejcewicz J. Chaos in structural mechanics. N.Y.: Springer-Verlag, 2008.
400 p.

14. Awrejcewicz J., Krysko A.V., Bochkarev V.V., Babenkova T.V. et al. Chaotic vibrations of
two-layered beams and plates with geometric, physical and design nonlinearities. International
Journal of Bifurcation and Chaos. 2011. Vol. 21, No 10. P. 2837−2851.

15. Krysko V.A., Zhigalov M.V., Saltykova O.A., Desyatova A.S. Dissipativnaya dinamika
geometricheski nelineynykh balok Bernulli − Eylera. Izv. RAN. Mekhanika tverdogo tela. 2008.
¹6. S. 128−136.

16. Krysko V.A., Papkova I.V., Soldatov V.V. Analiz nelineynykh khaoticheskikh kolebaniy
pologikh obolochek vrashcheniya s pomoshch'yu veyvlet-preobrazovaniya. Izv. RAN. Mekhanika
tverdogo tela. 2010. ¹1. S. 107−117.

17. Krysko V.A., Zhigalov M.V., Saltykova O.A., Krysko A.V. Ob uchete vliyaniya
poperechnykh sdvigov na slozhnye nelineynye kolebaniya uprugikh balok. PMTF. 2011. T. 52,
¹5. S. 186−193.

18. Krysko V.A., Koch M.I., Zhigalov M.V., Krysko A.V. Fazovaya khaoticheskaya sinkh-
ronizatsiya kolebaniy mnogosloynykh balochnykh struktur. PMTF. 2012. T. 53, ¹3. S. 166−175.

19. Krysko V.A., Zhigalov M.V., Yakovleva T.V., Krylova E.Yu., Papkova I.V. Metod
ustanovleniya v nelineynykh zadachakh balok i plastin s uchetom lokal'nosti nagruzheniya. Vestnik
Saratovskogo gosudarstvennogo tekhnicheskogo universiteta. 2012. T. 2, ¹1(65). S. 7−17.

20. Krylova E.Yu., Yakovleva T.V., Papkova I.V., Krysko V.A. Khaoticheskaya dinamika gibkikh
pryamougol'nykh v plane plastin pri deystvii prodol'nykh nagruzok. Problemy prochnosti i plas-
tichnosti. 2015. T. 77, ¹3. S. 235−243.



288

21. Mitskevich S.A., Zakharova A.A., Krysko A.V. Ustanovivshiesya kolebaniya balochnykh
MEMS-rezonatorov v vyazkoy srede pri deystvii lokal'noy udarnoy nagruzki. Komp'yuternye nauki
i informatsionnye tekhnologii: Mater. Mezhdunar. nauch. konf. 2016. S. 277−280.

22. Yakovleva T.V., Bazhenov V.G., Krysko V.A., Krylova E.Yu. Kontaktnoe vzaimodeystvie
plastiny s sistemoy balok pri nalichii zazorov s uchetom belogo shuma. Vestnik Permskogo
natsional'nogo issledovatel'skogo universiteta. Mekhanika. 2015. ¹4. S. 259−272.

23. Krylova E.Yu., Yakovleva T.V., Bazhenov V.G. Khaoticheskaya dinamika gibkikh
pryamougol'nykh v plane paneley v pole belogo shuma. Vestnik Permskogo natsional'nogo
issledovatel'skogo politekhnicheskogo universiteta. Mekhanika. 2016. ¹1. S. 82−92.

24. Karman T.L. The collected works. London: Butterworths, 1956. Vol. 4. P. 107−126.
25. Krysko V.A. Nelineynaya statika i dinamika neodnorodnykh obolochek. Saratov: Izd-vo

SGU, 1976. 216 s.

DYNAMICS OF ELASTIC BEAMS UNDER IMPACT LOADING,
ACCOUNTING FOR WHITE NOISE

Sinichkina À.Î.1, Krylova Å.Yu.2, Mitzkevich S.À.1, Krysko V.À.1

1Yuri Gagarin State Technical University of Saratov, Saratov, Russian Federation
2Saratov State University , Saratov, Russian Federation

Chaotic dynamics of elastic isotropic Euler − Bernoulli beams under the effect of infinite in time
impact loading is considered, accounting for white noise. Based on the results of the investigation,
a mathematical model is constructed, a computational algorithm and a software complex are
developed. A conservative system is analyzed. The partial differential equation is reduced to Cauchy
problem. Three types of boundary conditions are considered. It is found that when only white
noise of various intensity acts on a beam, the oscillations are chaotic. If the impact loading amplitude
is equal to or less than the white noise intensity, the oscillations are chaotic; if the amplitude of the
infinite in time impact loading is larger than or equal to the white noise intensity, then the transversal
loading is dominant, and classical transfer of oscillations into a chaotic state following Ruelle −
Tuckens scenario is possible.

Keywords: elastic Euler − Bernoulli beams, white noise, impact loading, Ruelle − Tuckens scenario.


