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Ðàññìàòðèâàþòñÿ íåëèíåéíûå èçãèáíûå âîëíû â áåñêîíå÷íîì ïðÿìîëè-
íåéíîì ñòåðæíå, ìàòåðèàë êîòîðîãî ïîä÷èíÿåòñÿ çàêîíó óïðî÷íåíèÿ Õîëëî-
ìîíà − Ëþäâèêà. Èçãèá ñòåðæíÿ ðàññìàòðèâàëñÿ â ðàìêàõ ìîäåëè Áåðíóëëè −
Ýéëåðà. Óðàâíåíèÿ äèíàìèêè ñòåðæíÿ ïîëó÷åíû ñ ïîìîùüþ ïðèíöèïà Ãàìèëü-
òîíà − Îñòðîãðàäñêîãî íà îñíîâå âûðàæåíèé äëÿ ïîòåíöèàëüíîé è êèíåòè÷åñ-
êîé ýíåðãèé ýëåìåíòàðíîãî îòðåçêà. Ïðîâåäåí ïîèñê ðåøåíèé óðàâíåíèÿ äè-
íàìèêè â âèäå áåãóùèõ ñòàöèîíàðíûõ âîëí, ÷òî ïîçâîëÿåò ñâåñòè óðàâíåíèå â
÷àñòíûõ ïðîèçâîäíûõ ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ.
Èññëåäîâàíèå ôàçîâûõ ïîðòðåòîâ ïîñëåäíåãî ïðîèçâîäèëîñü ñ ïîìîùüþ ïðî-
ãðàììû MAPLE. Óñòàíîâëåíà âîçìîæíîñòü âîçíèêíîâåíèÿ â ñòåðæíå íå-
ëèíåéíûõ áåãóùèõ ñòàöèîíàðíûõ âîëí, ðàñïðîñòðàíÿþùèõñÿ ñ ïîñòîÿííîé
ñêîðîñòüþ è íå èçìåíÿþùèõ ñâîþ ôîðìó. Îïðåäåëåí õàðàêòåð çàâèñèìîñòåé
äëèíû ñòàöèîíàðíîé âîëíû îò åå àìïëèòóäû, ïîêàçàòåëÿ è ìîäóëÿ óïðî÷íå-
íèÿ.

Êëþ÷åâûå ñëîâà: èçãèáíûå âîëíû, íåëèíåéíîñòü, óïðî÷íåíèå, ïðèíöèï
Ãàìèëüòîíà − Îñòðîãðàäñêîãî, ôàçîâûå ïîðòðåòû.

Ââåäåíèå

Îäíîé èç îñîáåííîñòåé ïðîòåêàíèÿ âîëíîâûõ ïðîöåññîâ â íåëèíåéíûõ ñðåäàõ
ÿâëÿåòñÿ âîçìîæíîñòü âîçíèêíîâåíèÿ ñòàöèîíàðíûõ âîëí (êàê ïåðèîäè÷åñêèõ, òàê
è óåäèíåííûõ) ïðè îäíîâðåìåííîì äåéñòâèè äâóõ óðàâíîâåøèâàþùèõ äðóã äðóãà
ýôôåêòîâ − íåëèíåéíîñòè, âûçûâàþùåé çàðîæäåíèå â âîëíå íîâûõ ãàðìîíèê, ÷òî
ïðèâîäèò ê óâåëè÷åíèþ êðóòèçíû ôðîíòà âîëíû, è äèñïåðñèè, ñãëàæèâàþùåé ïå-
ðåïàäû ïðîôèëÿ âîëíû èç-çà ðàçëè÷èÿ ôàçîâûõ ñêîðîñòåé åå ãàðìîíè÷åñêèõ ñî-
ñòàâëÿþùèõ. Èññëåäîâàíèþ íåëèíåéíûõ âîëíîâûõ ïðîöåññîâ â óïðóãèõ ñðåäàõ
ïîñâÿùåí çíà÷èòåëüíûé îáúåì ëèòåðàòóðû [1−8]. Ïðèâëå÷åíèå ðåîëîãè÷åñêèõ ìî-
äåëåé, ó÷èòûâàþùèõ âëèÿíèå ñêîðîñòè äåôîðìèðîâàíèÿ, óïðî÷íåíèå è äðóãèå ýô-
ôåêòû, äëÿ îïèñàíèÿ ïîâåäåíèÿ ìàòåðèàëà ïðè äåôîðìèðîâàíèè ïðèâîäèò ê óñëîæ-
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íåíèþ óðàâíåíèé äèíàìèêè ñðåäû è íåâîçìîæíîñòè ïîëó÷åíèÿ ðåøåíèÿ àíàëèòè-
÷åñêèì ïóòåì [9−16]. Çíà÷èòåëüíàÿ ÷àñòü ðàññìàòðèâàåìûõ çàäà÷ ðåøàåòñÿ ñ ïîìî-
ùüþ ÷èñëåííûõ ìåòîäîâ, íàïðèìåð çàäà÷è ðàñïðîñòðàíåíèÿ âîëí â ñòåðæíåâûõ
ýëåìåíòàõ, êîòîðûå âõîäÿò â ñîñòàâ ìíîãèõ êîíñòðóêöèé, ðàáîòàþùèõ ïðè âîçäåé-
ñòâèè âûñîêîñêîðîñòíûõ èëè êðàòêîâðåìåííûõ íàãðóçîê (ëîïàñòè âåðòîëåòíûõ âèí-
òîâ, íàáîð êðûëà ñàìîëåòà, îðóäèéíûå ñòâîëû, áîðòîâûå àíòåííû êîñìè÷åñêèõ àï-
ïàðàòîâ è äð.).

Â ñòàòüå [17] ðàññìàòðèâàåòñÿ ðàñïðîñòðàíåíèå ïðîäîëüíûõ âîëí â ñòåðæíå,
íàõîäÿùåìñÿ â ñòàäèè äåôîðìàöèîííîãî ðàçóïðî÷íåíèÿ. Íàéäåíû òî÷íûå àíàëè-
òè÷åñêèå ðåøåíèÿ çàäà÷è Êîøè â âèäå íåñòàöèîíàðíûõ óåäèíåííûõ âîëí, ýâîëþ-
öèÿ êîòîðûõ îïèñûâàåò ëîêàëèçàöèþ äåôîðìàöèè, âîçíèêàþùóþ èç ãëàäêîãî íà-
÷àëüíîãî âîçìóùåíèÿ è çàêàí÷èâàþùóþñÿ êîëëàïñîì. Â [18] ïîêàçàíî, ÷òî â ñòåðæ-
íå èç óïðî÷íÿþùåãîñÿ ìàòåðèàëà ìîãóò ôîðìèðîâàòüñÿ ïðîäîëüíûå íåëèíåéíûå
ñòàöèîíàðíûå âîëíû. Âîëíû ìîãóò áûòü êàê ïåðèîäè÷åñêèìè, òàê è óåäèíåííûìè,
÷òî îïðåäåëÿåòñÿ ïîêàçàòåëåì äåôîðìàöèîííîãî óïðî÷íåíèÿ.

Çàäà÷àì î ðàñïðîñòðàíåíèè íåëèíåéíûõ èçãèáíûõ âîëí â ñòåðæíÿõ ïîñâÿùåí
ìåíüøèé îáúåì ëèòåðàòóðû, ÷åì çàäà÷àì î ðàñïðîñòðàíåíèè ïðîäîëüíûõ âîëí. Ýòî
ñâÿçàíî ñ òðóäíîñòÿìè îïèñàíèÿ ïîâåäåíèÿ èçãèáíûõ âîëí è èõ äèñïåðñèîííûõ
ñâîéñòâ [12]. Òåì íå ìåíåå, èñïîëüçîâàíèå óïðîùåííûõ ìîäåëåé äèíàìèêè ñòåðæ-
íÿ ïîçâîëÿåò ñäåëàòü íåêîòîðûå âûâîäû îòíîñèòåëüíî îñíîâíûõ ïàðàìåòðîâ âîëí.

1. Îïèñàíèå ìîäåëè

Ðàññìîòðèì èçãèáíûå êîëåáàíèÿ ïðÿìîëèíåéíîãî ñòåðæíÿ â ðàìêàõ òåîðèè Áåð-
íóëëè − Ýéëåðà. Ìàòåðèàë ñòåðæíÿ ïîä÷èíÿåòñÿ çàêîíó óïðî÷íåíèÿ Õîëëîìîíà −
Ëþäâèêà [13] âèäà:
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Çäåñü E − ìîäóëü Þíãà; σ − íàïðÿæåíèå; ε > 0 − äåôîðìàöèÿ; σs − ïðåäåë òåêó÷åñòè
ìàòåðèàëà; εs − âåëè÷èíà äåôîðìàöèè, ñîîòâåòñòâóþùàÿ íàïðÿæåíèþ òåêó÷åñòè;
K − ìîäóëü óïðî÷íåíèÿ; n − ïîêàçàòåëü óïðî÷íåíèÿ, n ∈ [0; 1], äëÿ áîëüøèíñòâà
êîíñòðóêöèîííûõ ìàòåðèàëîâ n ∈ [0,1; 0,5] [19]. Ñ÷èòàåì, ÷òî ïðè ñæàòèè è ðàñòÿ-
æåíèè ìàòåðèàë âåäåò ñåáÿ îäèíàêîâî. Ñëó÷àé n = 0 ñîîòâåòñòâóåò èäåàëüíî ïëàñ-
òè÷åñêîìó ìàòåðèàëó, ñëó÷àé n = 1 − ìàòåðèàëó ñ ëèíåéíûì óïðî÷íåíèåì. Ãðàôèê
êà÷åñòâåííîé çàâèñèìîñòè íàïðÿæåíèé îò äåôîðìàöèé ïðèâåäåí íà ðèñ. 1.

Ðèñ. 1. Ãðàôèê çàâèñèìîñòè ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè
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Â ðàìêàõ òåîðèè Áåðíóëëè − Ýéëåðà äåéñòâóþò ñëåäóþùèå ïðåäïîëîæåíèÿ:
− ïîïåðå÷íûå ñå÷åíèÿ, ïëîñêèå è ïåðïåíäèêóëÿðíûå îñè ñòåðæíÿ äî äåôîðìè-

ðîâàíèÿ, îñòàþòñÿ òàêîâûìè ïðè äåôîðìèðîâàíèè;
− ïðîäîëüíûå ñå÷åíèÿ íå îêàçûâàþò äàâëåíèÿ äðóã íà äðóãà, òî åñòü íîðìàëü-

íûå íàïðÿæåíèÿ íà ïëîùàäêàõ, ïàðàëëåëüíûõ îñè ñòåðæíÿ, ïðåíåáðåæèìî ìàëû;
− èíåðöèåé âðàùåíèÿ ýëåìåíòà ïðè èçãèáå ïðåíåáðåãàåòñÿ.
Ðàññìîòðèì èçãèá ñòåðæíÿ ïðÿìîóãîëüíîãî ïîïåðå÷íîãî ñå÷åíèÿ âûñîòîé 2h è

øèðèíîé b. Äëÿ âû÷èñëåíèÿ ïîòåíöèàëüíîé ýíåðãèè èçãèáà ýëåìåíòàðíîãî îòðåçêà
ñòåðæíÿ äëèíîé dx (ðèñ. 2) íåîáõîäèìî íàéòè ðàáîòó èçãèáàþùåãî ìîìåíòà íà ýëå-
ìåíòàðíîì óãëå ïîâîðîòà dθ.

2. Âûâîä óðàâíåíèÿ äèíàìèêè ñòåðæíÿ

Ïðè èçãèáå ýëåìåíòà dx äëèíà âîëîêíà, íàõîäÿùåãîñÿ íà ðàññòîÿíèè y îò íåéò-
ðàëüíîé îñè, ðàâíà

,)( xddyR ′=θ+

R − ðàäèóñ êðèâèçíû ýëåìåíòà.
Äåôîðìàöèÿ ýòîãî âîëîêíà
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Ïðè èçãèáå ÷àñòü ñå÷åíèÿ áóäåò íàõîäèòüñÿ â ñîñòîÿíèè óïðóãîãî äåôîðìèðîâàíèÿ,
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Ðèñ. 2. Èñõîäíàÿ è äåôîðìèðîâàííàÿ ôîðìà ýëåìåíòàðíîãî îòðåçêà ñòåðæíÿ
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Ââåäåì îáîçíà÷åíèÿ
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Ðàñïèøåì ïîñëåäíåå ñëàãàåìîå â âûðàæåíèè (2):
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Èíòåãðèðóÿ, áóäåì èìåòü
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Òàêèì îáðàçîì, âûðàæåíèå äëÿ ïîòåíöèàëüíîé ýíåðãèè ïðèìåò âèä
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òîíà − Îñòðîãðàäñêîãî[ 3], áóäåò èìåòü âèä
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Ëèíåéíûå èçãèáíûå âîëíû â ñòåðæíå îáëàäàþò äèñïåðñèåé ôàçîâîé ñêîðîñòè
[3]. Ñëåäîâàòåëüíî, íà ðàñïðîñòðàíåíèå èçãèáíûõ âîëí, îïèñûâàåìûõ óðàâíåíèåì
(3), áóäóò âëèÿòü äâà ôàêòîðà: äèñïåðñèÿ è íåëèíåéíîñòü. Íåëèíåéíîñòü ïðèâîäèò
ê çàðîæäåíèþ â ñïåêòðå âîëíû íîâûõ ãàðìîíèê, ÷òî ñïîñîáñòâóåò ïîÿâëåíèþ â äâè-
æóùåìñÿ ïðîôèëå âîëíû ðåçêèõ ïåðåïàäîâ. Äèñïåðñèÿ, íàîáîðîò, ñãëàæèâàåò ïåðå-
ïàäû èç-çà ðàçëè÷èÿ â ôàçîâûõ ñêîðîñòÿõ ãàðìîíè÷åñêèõ ñîñòàâëÿþùèõ âîëíû.
Ñîâìåñòíîå äåéñòâèå ýòèõ ôàêòîðîâ ìîæåò ïðèâåñòè ê ôîðìèðîâàíèþ ñòàöèîíàð-
íûõ âîëí, êîòîðûå ðàñïðîñòðàíÿþòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ áåç èçìåíåíèÿ ôîðìû.

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (3) â ôîðìå áåãóùèõ ñòàöèîíàðíûõ âîëí. Ââå-
äåì ïåðåìåííóþ ξ = x − Vt. Çäåñü V − ñêîðîñòü ñòàöèîíàðíîé âîëíû (çàðàíåå íå-
èçâåñòíàÿ). Óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ (3) ñâåäåòñÿ â ýòîì ñëó÷àå ê îáûêíî-
âåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ
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Ââåäåì ïåðåìåííóþ U = w′, òîãäà ïîñëåäíåå óðàâíåíèå áóäåò èìåòü âèä:
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Ïîëîæèì êîíñòàíòó èíòåãðèðîâàíèÿ ðàâíîé íóëþ. Îêîí÷àòåëüíî óðàâíåíèå ìîæíî
ïðèâåñòè ê âèäó
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Äëÿ óäîáñòâà èññëåäîâàíèÿ óðàâíåíèå (4) ìîæíî çàïèñàòü â âèäå ñèñòåìû:
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Ïîëó÷åíèå àíàëèòè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (4) çàòðóäíèòåëüíî. Èññëåäîâà-
íèå ôàçîâûõ ïîðòðåòîâ (5) áûëî ïðîâåäåíî ñ ïîìîùüþ ïðîãðàììû MAPLE.

3. Ïîñòðîåíèå ôàçîâîãî ïîðòðåòà
è èññëåäîâàíèå ñâîéñòâ ñòàöèîíàðíûõ âîëí

Ôàçîâûé ïîðòðåò äëÿ ñèñòåìû (5) ïðèâåäåí íà ðèñ. 3. Ïðè ïîñòðîåíèè áûëî
ïðèíÿòî, ÷òî a = c = 1.
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 Ñòàöèîíàðíûì âîëíàì îòâå÷àþò çàìêíóòûå ôàçîâûå òðàåêòîðèè. Çàâèñèìîñòü
U îò ξ ïðåäñòàâëåíà íà ðèñ. 4.

Íà ðèñ. 4 îáîçíà÷åíî: 1 − U(0) = 2,1, X(0) = 0,2; 2 − U(1) = 0, X(1) = −0,2.
Áûëî ïðîâåäåíî èññëåäîâàíèå çàâèñèìîñòè äëèíû âîëíû îò çíà÷åíèé êîíñòàíò

ìàòåðèàëà è íà÷àëüíûõ óñëîâèé. Èññëåäîâàíèå ïðîâîäèëîñü äëÿ ñëåäóþùèõ çíà÷å-
íèé ïàðàìåòðîâ: E = 70 ÃÏà, K = 180 ÌÏà, n = 0,2 (ñîîòâåòñòâóåò ìàòåðèàëó
Aluminum 1100 [13]), h = 0,015 ì, b = 0,03 ì, ys = 0,0075 ì, ρ = 2750 êã/ì3, V =
= 30 ì/ñ.

Íà ðèñ. 5 ïðèâåäåíà çàâèñèìîñòü äëèíû âîëíû λ îò íà÷àëüíîé àìïëèòóäû U(0)
äëÿ ðàçëè÷íûõ ñêîðîñòåé. Ïðè ýòîì çíà÷åíèå dU/dξ|ξ = 0 ïîëàãàëîñü ðàâíûì 1.

Ðèñ. 3. Ôàçîâûé ïîðòðåò ïðè n = 0,2
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Ðèñ. 4. Çàâèñèìîñòü âåëè÷èíû U îò ξ ïðè a = 1, c = 1
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Ðèñ. 5. Çàâèñèìîñòü äëèíû âîëíû îò íà÷àëüíîé àìïëèòóäû
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Íà ðèñ. 6 ïðåäñòàâëåíà çàâèñèìîñòü äëèíû âîëíû λ îò ìîäóëÿ óïðî÷íåíèÿ K
äëÿ ðàçëè÷íûõ çíà÷åíèé n ïðè U(0) = 2, dU/dξ|ξ = 0 = 1. Õàðàêòåð çàâèñèìîñòè áëè-
çîê ê ëèíåéíîìó.

Íà ðèñ. 7 ïðèâåäåíà çàâèñèìîñòü äëèíû âîëíû λ îò ïîêàçàòåëÿ óïðî÷íåíèÿ n
äëÿ ðàçëè÷íûõ K ïðè U(0) = 2, dU/dξ|ξ = 0 = 1. Âèäíî, ÷òî ñ ðîñòîì n äëèíû âîëí
ïðèáëèæàþòñÿ ê ïîñòîÿííîìó çíà÷åíèþ.

Âûâîäû

1. Â ñòåðæíå ìîãóò ñóùåñòâîâàòü áåãóùèå íåëèíåéíûå ñòàöèîíàðíûå èçãèá-
íûå âîëíû.

2. Çàâèñèìîñòü äëèíû ñòàöèîíàðíîé âîëíû îò åå àìïëèòóäû, à òàêæå îò ìîäóëÿ
óïðî÷íåíèÿ èìååò ëèíåéíûé õàðàêòåð.

3. Ñ ðîñòîì ïîêàçàòåëÿ óïðî÷íåíèÿ äëèíû âîëí ïðèáëèæàþòñÿ ê ïîñòîÿííîìó
çíà÷åíèþ.
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NONLINEAR STATIONARY BENDING WAVES IN A ROD MADE
OF WORK HARDENING MATERIAL

Doronin A.M.1, Erofeev V.I.1,2, Kazhaev V.V.1,2

1Mechanical Engineering Research Institute of RAS, Nizhni Novgorod, Russian Federation
2Lobachevsky State University of Nizhni Novgorod, Nizhni Novgorod, Russian Federation

In this paper nonlinear bending waves in an infinite straight rod made of material whose hardening
is described by Hollomon − Ludwik power-law are considered. The process of bending is described
by Bernoulli − Euler theory. The equations of rod's dynamics were obtained using the Hamilton −
Ostrogradsky principle based on expressions of potential and kinetic energy for the elementary
portion of the rod. The search of solutions was performed in the form of travelling stationary
waves, which allowed reducing the partial differential equation to ordinary one. Investigation of
phase portraits of obtained equation was performed using the MAPLE software. Possibility of
existence of nonlinear travelling stationary waves, which propagate with constant velocity and
maintain its initial shape, were determined. Also the character of dependences between the length
of stationary wave and its amplitude, hardening index and strength index is established.

Keywords: bending waves, nonlinearity, work hardening, Hamilton − Ostrogradsky principle, phase
portraits.


