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Ðàññìàòðèâàåòñÿ ïðîíèêàíèå îïòèìàëüíûõ îñåñèììåòðè÷íûõ òåë âðàùå-
íèÿ ñ çàäàííûìè äëèíîé è ðàäèóñîì ïîïåðå÷íîãî ñå÷åíèÿ ïî íîðìàëè ê ñâî-
áîäíîé ïîâåðõíîñòè â ïåñ÷àíûé ãðóíò ïðè ðàçðûâíîì çàêîíå ñèëû ñîïðîòèâ-
ëåíèÿ âíåäðåíèþ. Ðàçðûâ ñèëû ïðè êðèòè÷åñêîé ñêîðîñòè, áëèçêîé ê ñêîðîñ-
òè çâóêà, ñâÿçàí ñ ðàçëè÷íûì ïîâåäåíèåì ïðè äîçâóêîâîì è ñâåðõçâóêîâîì ðå-
æèìàõ. Âåëè÷èíà êðèòè÷åñêîé ñêîðîñòè îïðåäåëåíà ðàíåå â ýêñïåðèìåíòàõ
ïî ïðîíèêàíèþ óäàðíèêîâ êîíè÷åñêîé è ïîëóñôåðè÷åñêîé ôîðì îãîëîâêîâ.
Äëÿ îïèñàíèÿ ñèëû òðåíèÿ èñïîëüçîâàëñÿ ñìåøàííûé çàêîí, âûðàæàþùèé
îãðàíè÷åííîñòü êàñàòåëüíûõ íàïðÿæåíèé ïðè çàêðèòè÷åñêèõ ñêîðîñòÿõ.

Ðàçðàáîòàíà ÷èñëåííàÿ ìåòîäèêà è ïîëó÷åíû îïòèìàëüíûå ôîðìû òåë ñ
êóñî÷íî-ëèíåéíûì ïðåäñòàâëåíèåì îáðàçóþùåé. Ïîèñê îñóùåñòâëÿåòñÿ â êëàñ-
ñå çàòóïëåííûõ òåë ñ ïëîñêèì ïåðåäíèì òîðöîì ìîäèôèöèðîâàííûì ìåòîäîì
ëîêàëüíûõ âàðèàöèé. Â çàäà÷å îïòèìèçàöèè â êà÷åñòâå öåëåâîé ôóíêöèè ðàñ-
ñìàòðèâàåòñÿ ãëóáèíà ïðîíèêàíèÿ, äëÿ îïðåäåëåíèÿ êîòîðîé ïðèìåíåíû äâó-
÷ëåííàÿ êâàäðàòè÷íàÿ ìîäåëü ëîêàëüíîãî âçàèìîäåéñòâèÿ, âêëþ÷àþùàÿ â ñåáÿ
èíåðöèîííîå è ïðî÷íîñòíîå ñëàãàåìûå, è ñìåøàííûé çàêîí ñ ïîñòîÿííûì è
êóëîíîâñêèì òðåíèåì. Ïîëó÷åíû çàâèñèìîñòè ðàäèóñà ïðèòóïëåíèÿ îïòèìàëü-
íûõ òåë è èõ ìàêñèìàëüíûõ ãëóáèí ïðîíèêàíèÿ îò âûáîðà çàêîíà òðåíèÿ è
ïàðàìåòðîâ ìîäåëè, êîòîðûå êà÷åñòâåííî ñîîòâåòñòâóþò èçâåñòíûì ýêñïåðè-
ìåíòàëüíûì äàííûì. Óñòàíîâëåíî, ÷òî ïðè âûñîêèõ ñêîðîñòÿõ ïðîíèêàíèÿ
çàêîí òðåíèÿ Êóëîíà ïðèâîäèò ê ñóùåñòâåííî áî′ëüøèì ðàçëè÷èÿì ôîðì è
ìàêñèìàëüíûõ ãëóáèí ïðîíèêàíèÿ ïî ñðàâíåíèþ ñî ñìåøàííîé ìîäåëüþ òðå-
íèÿ.

Êëþ÷åâûå ñëîâà: ãðóíòîâàÿ ñðåäà, òåëî âðàùåíèÿ, îïòèìèçàöèÿ, ìàêñè-
ìàëüíàÿ ãëóáèíà ïðîíèêàíèÿ, ìîäåëü ëîêàëüíîãî âçàèìîäåéñòâèÿ.
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Èññëåäîâàíèå ïðîöåññîâ âçàèìîäåéñòâèÿ æåñòêèõ òåë ñ ïîòîêîì ñîïðîòèâëÿþ-
ùåéñÿ ñðåäû ïðåäñòàâëÿåò ñîáîé ñëîæíóþ çàäà÷ó, ýôôåêòèâíîå ðåøåíèå êîòîðîé
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òðåáóåò ñîâìåñòíîãî ïðèìåíåíèÿ ýêñïåðèìåíòàëüíûõ è òåîðåòè÷åñêèõ ìåòîäîâ. Â
ýêñïåðèìåíòàëüíûõ èññëåäîâàíèÿõ ïðîöåññîâ ñîóäàðåíèÿ òâåðäûõ òåë ñ ïðåãðàäà-
ìè ÷àùå âñåãî ðåãèñòðèðóþò ãëóáèíó âíåäðåíèÿ â çàâèñèìîñòè îò âðåìåíè, êîíå÷-
íóþ ãëóáèíó âíåäðåíèÿ, èçìåíåíèå ñêîðîñòè â ïðîöåññå ïðîíèêàíèÿ è óñêîðåíèå
óäàðíèêà. Õîðîøî èçâåñòíû ðàáîòû (íàïðèìåð, [1]), â êîòîðûõ èññëåäîâàëîñü ïðî-
íèêàíèå öèëèíäðè÷åñêèõ óäàðíèêîâ ñ êîíè÷åñêèìè îãîëîâêàìè â ñóõîé ïåñîê ïðè
ñêîðîñòÿõ óäàðà 700−800 ì/ñ, îïðåäåëÿëèñü ïàðàìåòðû óðàâíåíèÿ äâèæåíèÿ è çà-
âèñèìîñòè ãëóáèíû ïðîíèêàíèÿ îò ñêîðîñòè äâèæåíèÿ. Â [2] ïðîâîäèëèñü èçìåðå-
íèÿ êîíå÷íûõ ãëóáèí âíåäðåíèÿ â çàâèñèìîñòè îò ñêîðîñòè óäàðà ïðè ïðîíèêàíèè
ñòàëüíûõ øàðèêîâ â ñóõîé ïåñîê. Â ïðÿìûõ ýêñïåðèìåíòàõ [3] ðåãèñòðèðîâàëàñü
çàâèñèìîñòü ãëóáèíû ïðîíèêàíèÿ îò âðåìåíè ïðè ïðîíèêàíèè óäàðíèêîâ ñî ñôåðè-
÷åñêèì îãîëîâêîì â ñóõîé ïåñîê, îïðåäåëÿëèñü ïàðàìåòðû óðàâíåíèÿ äâèæåíèÿ,
óñòàíîâëåí êàâèòàöèîííûé õàðàêòåð îáòåêàíèÿ óäàðíèêîâ ñóõèì ïåñêîì. Âñå àâòî-
ðû óêàçàííûõ ñòàòåé âûäåëÿëè ó÷àñòîê ðåçêîãî èçìåíåíèÿ èçìåðÿåìûõ âåëè÷èí ïðè
íåêîòîðîé êðèòè÷åñêîé ñêîðîñòè (Vk ~ 100 ì/ñ), íàëè÷èå êîòîðîãî ñâÿçûâàëè ñî
ñìåíîé ðåæèìà ïðîöåññà ïðîíèêàíèÿ, ÷òî õàðàêòåðèçóåò ïåñ÷àíûé ãðóíò êàê ñëîæ-
íóþ íåëèíåéíóþ ñðåäó.

Ñðåäè òåîðåòè÷åñêèõ ìåòîäîâ èññëåäîâàíèÿ äâèæåíèÿ òåë â ãðóíòîâûõ ñðåäàõ
øèðîêîå ðàñïðîñòðàíåíèå ïîëó÷èëè ïðèáëèæåííûå ìîäåëè ëîêàëüíîãî âçàèìîäåé-
ñòâèÿ (ÌËÂ). Â [4, 5] ðàññìîòðåíà çàäà÷à îïòèìèçàöèè ïðîñòðàíñòâåííûõ òåë è
ïðåäñòàâëåíî åå ðåøåíèå íà îñíîâå ìîäåëè ëîêàëüíîãî âçàèìîäåéñòâèÿ. Ðàçâèòèå
ìîäåëåé ïðîâîäèëîñü äëÿ ðàçëè÷íûõ çàêîíîâ òðåíèÿ: ïîñòîÿííîãî, Êóëîíà è ñìå-
øàííîãî çàêîíîâ. Ìîäåëü ïîñòîÿííîãî òðåíèÿ ÷àñòî èñïîëüçóåòñÿ ïðè îïèñàíèè
âûñîêîñêîðîñòíîãî äâèæåíèÿ â ñðåäàõ ìàëîé è ñðåäíåé ïðî÷íîñòè (òèïà ãðóíòîâ),
êîãäà ïðåäïîëàãàåòñÿ, ÷òî êàñàòåëüíûå íàïðÿæåíèÿ äîñòèãëè ñâîåãî ìàêñèìàëüíî-
ãî çíà÷åíèÿ è ðàâíû ïðåäåëó òåêó÷åñòè, ïîñòîÿííîìó âäîëü âñåé ïîâåðõíîñòè òåëà.
Ýòîò ôàêò áûë ýêñïåðèìåíòàëüíî óñòàíîâëåí Þ.Ê. Áèâèíûì [6] ïðè ïðîíèêàíèè
êîíè÷åñêèõ óäàðíèêîâ ñ ðàçëè÷íûìè óãëàìè ðàñòâîðà è ñ çàêðèòè÷åñêèìè ñêîðîñ-
òÿìè â ãëèíû. Â ðàìêàõ ýòîé ìîäåëè êàñàòåëüíûå íàïðÿæåíèÿ ñ÷èòàþòñÿ ïðîïîð-
öèîíàëüíûìè äàâëåíèþ. Ñìåøàííàÿ ìîäåëü òðåíèÿ [7] ÿâëÿåòñÿ íàèáîëåå îáîñíî-
âàííûì ñ ôèçè÷åñêîé òî÷êè çðåíèÿ [5, 8] îáîáùåíèåì ìîäåëåé íà ñëó÷àé äâèæåíèÿ
òåëà â ïëîòíûõ ñðåäàõ.

Ñëåäóåò îòìåòèòü, ÷òî ïàðàìåòðû ÌËÂ, êàê ïðàâèëî, îïðåäåëÿþòñÿ ïðè ñèëüíûõ
óïðîùåíèÿõ ïîâåäåíèÿ ãðóíòà â ðàìêàõ ïðèáëèæåííûõ òåîðèé. Îòìå÷åííûå âûøå
îñîáåííîñòè ïîâåäåíèÿ ïåñ÷àíûõ ãðóíòîâ ïðè óäàðå è ïðîíèêàíèè ìîãóò äîñòàòî÷-
íî òî÷íî îïèñûâàòüñÿ â ðàìêàõ ìîäåëè Ñ.Ñ. Ãðèãîðÿíà [9], ÷òî ïîäòâåðæäàåòñÿ äàí-
íûìè ÷èñëåííûõ ðàñ÷åòîâ ïðè ñîîòâåòñòâóþùåì âûáîðå ïàðàìåòðîâ [10−12]. Íà
îñíîâå àíàëèçà èçâåñòíûõ ýêñïåðèìåíòàëüíûõ äàííûõ [13, 14] è ðåçóëüòàòîâ ÷èñ-
ëåííûõ ðàñ÷åòîâ ïðîíèêàíèÿ óäàðíèêîâ ðàçëè÷íîé ôîðìû â ïåñ÷àíûé ãðóíò ïîêà-
çàíî ñóùåñòâåííîå âëèÿíèå ñäâèãîâîé ïðî÷íîñòè, íåëèíåéíîé è íåîáðàòèìîé îáúåì-
íîé ñæèìàåìîñòè, âëèÿíèå ñâîáîäíîé ïîâåðõíîñòè, ïîâåðõíîñòíîãî òðåíèÿ è äðó-
ãèõ îñîáåííîñòåé [12, 14]. Ïðåäëîæåíû ðàçëè÷íûå ìîäèôèêàöèè ÌËÂ ñ ó÷åòîì
íàèáîëåå âàæíûõ íåëèíåéíûõ ñâîéñòâ ñóõîãî ïåñêà − ñæèìàåìîñòè è ñîïðîòèâëå-
íèÿ ñäâèãó. Ìîäåëè îñíàùåíû ïàðàìåòðàìè, ïîëó÷åííûìè ýêñïåðèìåíòàëüíî [9, 15],
ñ ïðèìåíåíèåì ÷èñëåííîé ìåòîäèêè â îñåñèììåòðè÷íîé ïîñòàíîâêå [3], à òàêæå íà
îñíîâå àíàëèòè÷åñêîãî ðåøåíèÿ [16] çàäà÷è î ðàñøèðåíèè ñôåðè÷åñêîé ïîëîñòè â
ãðóíòîâîé ñðåäå.
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Â íàñòîÿùåé ñòàòüå ÷èñëåííî ïîëó÷åíû ôîðìû çàòóïëåííûõ îñåñèììåòðè÷-
íûõ òåë ìàêñèìàëüíîé ãëóáèíû ïðîíèêàíèÿ â ïëàñòè÷åñêèå ãðóíòîâûå ñðåäû ïðè
ñîâìåñòíîì ïðèìåíåíèè ðàçðûâíîãî çàêîíà ñîïðîòèâëåíèÿ è ñìåøàííîãî çàêîíà
òðåíèÿ. Ïðîâåäåíî ñðàâíåíèå ïîëó÷åííûõ ôîðì è êîíå÷íûõ ãëóáèí ïðîíèêàíèÿ
ïðè èñïîëüçîâàíèè ðàçëè÷íûõ çàêîíîâ ñîïðîòèâëåíèÿ è ïîâåðõíîñòíîãî òðåíèÿ.

1. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ïðîíèêàíèå óäàðíèêà äëèíîé L, ðàäèóñîì ìèäåëÿ R è ðàäèó-
ñîì ïðèòóïëåíèÿ R0 â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò z0r ñ íà÷àëîì îòñ÷åòà

â âåðøèíå òåëà â ïîñòàíîâêå, èñïîëüçîâàííîé â ðàáîòàõ
[17, 18] (ðèñ. 1).

Â ïðåíåáðåæåíèè ñòàäèåé âíåäðåíèÿ ãîëîâíîé ÷àñòè
èñêîìîãî óäàðíèêà îáòåêàíèå ãðóíòîì ñ÷èòàåì áåçîòðûâ-
íûì. Â îáùåì âèäå ñèëà ñîïðîòèâëåíèÿ âíåäðåíèþ îïðå-
äåëÿåòñÿ â âèäå ñóììû èíåðöèîííîãî è ïðî÷íîñòíîãî ñëà-
ãàåìûõ:

,
2
1

00
2

0 CSVCF x +ρ= (1)

ãäå ρ0 − ïëîòíîñòü ãðóíòà, S0 − ïëîùàäü ìèäåëÿ ïîïåðå÷-
íîãî ñå÷åíèÿ, Cx − êîýôôèöèåíò ñîïðîòèâëåíèÿ âíåäðåíèþ
óäàðíèêà â ïåñ÷àíûé ãðóíò, C0 − ïðî÷íîñòíîå ñëàãàåìîå,
V − ñêîðîñòü óäàðíèêà.

Ñîïðîòèâëåíèå ñðåäû ïðåäñòàâëÿåòñÿ â âèäå ñòóïåí÷àòîé çàâèñèìîñòè [1], èçîá-
ðàæåííîé íà ðèñ. 2 (à − ãðàôèê çàâèñèìîñòè êîýôôèöèåíòà ñîïðîòèâëåíèÿ îò ñêî-
ðîñòè ïðîíèêàíèÿ; á − ñèëà ñîïðîòèâëåíèÿ âíåäðåíèþ F, îòíåñåííàÿ ê âåëè÷èíå
ñèëû ñîïðîòèâëåíèÿ ,2

0 SVF kk ρ=  ñîîòâåòñòâóþùåé êðèòè÷åñêîé ñêîðîñòè Vk). Ðà-
íåå ðàçðûâíîå ñîïðîòèâëåíèå èñïîëüçîâàëîñü ïðè èññëåäîâàíèè äâèæåíèÿ òåë â
ãðóíòîâûõ ñðåäàõ [1, 3], îäíàêî ïðèìåíèòåëüíî ê ðàñ÷åòó ìàêñèìàëüíîé ãëóáèíû
ïðîíèêàíèÿ îïòèìàëüíûõ òåë âîïðîñ èññëåäîâàí íåäîñòàòî÷íî.

Íîðìàëüíîå íàïðÿæåíèå íà ýëåìåíòå ïîâåðõíîñòè òåëà ñ óãëîì ðàñòâîðà η (ñì.
ðèñ. 1) îïðåäåëÿåòñÿ ñ ó÷åòîì ñìåøàííîãî çàêîíà ñîïðîòèâëåíèÿ (1) â ñîîòâåòñòâèè
ñ êâàäðàòè÷íîé ìîäåëüþ ëîêàëüíîãî âçàèìîäåéñòâèÿ è íàõîäèòñÿ ïî ñëåäóþùåé
ôîðìóëå:
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ãäå A1, A2, C1, C2 − ïîñòîÿííûå âåëè÷èíû, α = sin η.
Êàñàòåëüíûå íàïðÿæåíèÿ ñ ó÷åòîì ñìåøàííîãî çàêîíà ñîïðîòèâëåíèÿ îïðåäå-
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ãäå τ1, τ2 − ïîñòîÿííûå âåëè÷èíû.
Ãëóáèíà ïðîíèêàíèÿ S îïðåäåëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè:
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Ïðåîáðàçóåì çàäà÷ó Êîøè, èñïîëüçóÿ âûðàæåíèå
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Òîãäà çàäà÷à ïîèñêà ôîðìû òåëà âðàùåíèÿ, îáåñïå÷èâàþùåé ìàêñèìàëüíóþ ãëóáè-
íó ïðîíèêàíèÿ ïðè ñìåøàííîì çàêîíå ñîïðîòèâëåíèÿ (2), (3), èìååò âèä:
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==→= ∫ (4)

Äëÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è îïòèìèçàöèè îáðàçóþùàÿ èñêîìîãî îïòè-
ìàëüíîãî òåëà ïðåäñòàâëÿåòñÿ â âèäå ëîìàíîé ri(zi), êîîðäèíàòû zi êîòîðîé ðàñ-

ïðåäåëÿþòñÿ ïî äëèíå òåëà ñ øàãîì Δzi, ,sin 22
iiiii rzr Δ+ΔΔ=η=α  Δri  = ri  − ri−1,

,,1 Ni =  rN = R (ñì. ðèñ. 1).
Ñèëà ñîïðîòèâëåíèÿ âíåäðåíèþ áóäåò èìåòü âèä:
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j = 1 ïðè V ≤ Vk è j = 2 ïðè V > Vk.
Ãëóáèíà ïðîíèêàíèÿ òåëà âðàùåíèÿ äî ïîëíîé îñòàíîâêè îïðåäåëÿåòñÿ ñëåäó-

þùèì âûðàæåíèåì:
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ãäå Sk = m/A1ln(V0/Vk) − ãëóáèíà ïðîíèêàíèÿ, äîñòèãíóòàÿ ïðè êðèòè÷åñêîé ñêîðî-
ñòè.

Ðåøåíèå çàäà÷è îïòèìèçàöèè (4) ñ ó÷åòîì âûðàæåíèé (5), (6) ñâîäèòñÿ ê çàäà÷å
áåçóñëîâíîé îïòèìèçàöèè: íåîáõîäèìî íàéòè òàêîé íàáîð êîîðäèíàò (r0, ..., rN−1),
ïðåäñòàâëÿþùèé âûïóêëóþ îáðàçóþùóþ òåëà âðàùåíèÿ, ÷òî âåëè÷èíà ãëóáèíû ïðî-
íèêàíèÿ, âçÿòàÿ ñî çíàêîì ìèíóñ, äîñòèãàåò ìèíèìóìà, òî åñòü −S(r0, ..., rN−1) → min.
Îòìåòèì, ÷òî ïîèñê îáðàçóþùåé îïòèìàëüíîãî òåëà îñóùåñòâëÿåòñÿ â êëàññå çàòóï-
ëåííûõ òåë è ðåàëèçóåò ÷àñòíûé ñëó÷àé èçâåñòíîãî ìåòîäà ëîêàëüíûõ âàðèàöèé [19].

Ìîäèôèêàöèÿ ìåòîäà ëîêàëüíûõ âàðèàöèé çàêëþ÷àåòñÿ â ïðèáëèæåííîì ïðåä-
ñòàâëåíèè âûðàæåíèÿ äëÿ ïðîèçâîäíûõ, îïðåäåëåííîãî ðàíåå ìåòîäîì êîíå÷íûõ
ðàçíîñòåé [17]. Âåëè÷èíà áåçðàçìåðíîé âàðèàöèè êîîðäèíàòû δ âûáèðàåòñÿ ðàâíîé
0,0001, ÷òî ïðèâîäèò ê îøèáêå ìåíåå 1%.

2. Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ

Ðàññìîòðèì ïðîíèêàíèå óäàðíèêîâ ìàññîé m = 40 ã â ïåñ÷àíóþ ñìåñü åñòå-
ñòâåííîãî ñîñòàâà ñ íà÷àëüíîé ïëîòíîñòüþ ρ0 =1,6 ã/ñì3 è ïðî÷íîñòüþ íà ñäâèã τ =
= 0,01 ÌÏà. Äëÿ ýòîãî ãðóíòà ýêñïåðèìåíòàëüíî [1, 2] îïðåäåëåíû çíà÷åíèÿ ïàðà-
ìåòðîâ ñðåäû: A1 = 2ρ0,  A2 = ρ0, C1 = C2 = 0,1 ÌÏà. Îòíîñèòåëüíîå óäëèíåíèå
óäàðíèêà .5/ == RLl  Ðàñ÷åòû ïðîâîäèëèñü ïðè íà÷àëüíûõ ñêîðîñòÿõ ïðîíèêà-
íèÿ äî 400 ì/ñ.

Íà ðèñ. 3 öèôðàìè 1, 2, 3 îòìå÷åíû ìàêñèìàëüíûå ãëóáèíû ïðîíèêàíèÿ, êîãäà
ñèëà ñîïðîòèâëåíèÿ âíåäðåíèþ îïðåäåëÿåòñÿ ïðè íóëåâîì òðåíèè kf = 0 ñîîòâåò-
ñòâåííî çàêîíàìè Ïîíñåëå ,2

2
2 CVAF +=  

2
1VAF =  è ïî ôîðìóëå (2) ñ ó÷åòîì ðàç-

ðûâíîãî çàêîíà ñîïðîòèâëåíèÿ. Ïîëó÷åííûå ãëóáèíû ñîîòâåòñòâóþò ðàçëè÷íûì
ôîðìàì îïòèìàëüíûõ çàòóïëåííûõ òåë.

Êðèâûå 2 è 3 ïðè V0 > Vk îòëè÷àþòñÿ íà âåëè÷èíó ΔSk , îïðåäåëåííóþ ïðè êðè-
òè÷åñêîé ñêîðîñòè Vk:
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ãäå S2 è S3 ñîîòâåòñòâóþò ìàêñèìàëüíûì ãëóáèíàì ïðîíèêàíèÿ (ñì. ðèñ. 3).
Ñ ó÷åòîì A1 = 2A2 è C1 = C2 èìååì:
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Òàêèì îáðàçîì, ìàêñèìàëüíàÿ ãëóáèíà ïðîíèêàíèÿ îïòèìàëüíîãî òåëà îïðåäå-
ëÿåòñÿ âûðàæåíèåì:
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×èñëåííûå ðàñ÷åòû ïîêàçàëè, ÷òî ñ ðîñòîì íà÷àëüíîé ñêîðîñòè âíåäðåíèÿ ðà-
äèóñ ïðèòóïëåíèÿ íå èçìåíÿåòñÿ ïðè îòñóòñòâèè ïîâåðõíîñòíîãî òðåíèÿ, ïðè ýòîì
ñ ðîñòîì ñêîðîñòè îò 50 äî 400 ì/ñ ãëóáèíà ïðîíèêàíèÿ âîçðàñòàåò ïðàêòè÷åñêè â
2,5 ðàçà.

Äàëåå ïðîâåäåíî èññëåäîâàíèå âëèÿíèÿ ñóõîãî òðåíèÿ íà ôîðìó îïòèìàëüíîãî
òåëà è ìàêñèìàëüíóþ ãëóáèíó. Ýêñïåðèìåíòàëüíî óñòàíîâëåíî, ÷òî äëÿ ïåñ÷àíûõ
ãðóíòîâ ïðè äîêðèòè÷åñêèõ ñêîðîñòÿõ êîýôôèöèåíò òðåíèÿ kf = 0,3 [8].

Íà ðèñ. 4 öèôðàìè 1, 2, 3 îáîçíà÷åíû çàâèñèìîñòè ìàêñèìàëüíîé ãëóáèíû ïðî-
íèêàíèÿ îïòèìàëüíûõ òåë ïðè ðàçðûâíîì çàêîíå ñîïðîòèâëåíèÿ è ðàçëè÷íûõ çàêî-
íàõ òðåíèÿ îò ñêîðîñòè ïðîíèêàíèÿ: 1 − çàêîí Êóëîíà, 2 − ñìåøàííûé çàêîí ïðè
ïîñòîÿííîì êàñàòåëüíîì íàïðÿæåíèè τ2 = kf σn(Vk) ïðè çàêðèòè÷åñêèõ ñêîðîñòÿõ è
3 − ñìåøàííûé çàêîí ïðè îòñóòñòâèè òðåíèÿ ïðè çàêðèòè÷åñêèõ ñêîðîñòÿõ.

Ïðåäñòàâëåííûå çàâèñèìîñòè êà÷åñòâåííî ñîâïàäàåò ñ ýêñïåðèìåíòàëüíûìè
êðèâûìè, ïîëó÷åííûìè â [2]. Èç ñðàâíåíèÿ ðåçóëüòàòîâ íà ðèñ. 3 è ðèñ. 4 ñëåäóåò,
÷òî íàèáîëüøåå âëèÿíèå âûáðàííîãî çàêîíà òðåíèÿ íà ìàêñèìàëüíóþ ãëóáèíó ïðî-
íèêàíèÿ îïòèìàëüíûõ òåë íàáëþäàåòñÿ ïðè ìàëûõ ñêîðîñòÿõ, áëèçêèõ ê êðèòè÷åñ-
êèì [3].

Íà ðèñ. 5 ïðåäñòàâëåíû ãðàôèêè çàâèñèìîñòè ãëóáèíû ïðîíèêàíèÿ è ðàäèóñà
ïðèòóïëåíèÿ ïðè èçìåíåíèè êîýôôèöèåíòà ñóõîãî òðåíèÿ ïðè íà÷àëüíîé ñêîðîñòè
400 ì/ñ. Ñïëîøíûìè ëèíèÿìè íà ðèñ. 5 ïîêàçàíû ìàêñèìàëüíàÿ ãëóáèíà ïðîíèêà-
íèÿ (à) è ðàäèóñ ïðèòóïëåíèÿ îïòèìàëüíîãî òåëà (á) â ñëó÷àå, êîãäà ñóõîå òðåíèå
ó÷èòûâàåòñÿ ëèøü íà ñòàäèè äîçâóêîâîãî ïðîíèêàíèÿ V ≤ Vk , øòðèõîâûìè ëèíèÿ-
ìè − òî æå ñ ó÷åòîì òðåíèÿ âî âñåì äèàïàçîíå èçìåíåíèÿ ñêîðîñòåé. Íà ãðàôèêàõ
âèäíî, ÷òî ñ ðîñòîì êîýôôèöèåíòà òðåíèÿ kf  îò 0 äî 0,5 ãëóáèíà ïðîíèêàíèÿ óìåíü-
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øàåòñÿ â 1,5 ðàçà. Ïðè ýòîì ðàäèóñ ïðèòóïëåíèÿ áåç ó÷åòà òðåíèÿ ïðè âûñîêèõ
ñêîðîñòÿõ èçìåíÿåòñÿ íåçíà÷èòåëüíî, à ïðè ó÷åòå òðåíèÿ íà âñåé ñòàäèè ïðîíèêà-
íèÿ ìîæåò âîçðàñòè â 1,8 ðàçà.

Íà ðèñ. 6 ïðåäñòàâëåí ãðàôèê ðàçíîñòè ãëóáèí ïðîíèêàíèÿ â äèàïàçîíå ñêîðî-
ñòåé 100−400 ì/ñ ñ ó÷åòîì òðåíèÿ Êóëîíà (kf  = 0,3) âî âñåì äèàïàçîíå èçìåíåíèÿ
ñêîðîñòåé è ïðè ó÷åòå òðåíèÿ ëèøü ïðè äîêðèòè÷åñêèõ ñêîðîñòÿõ:

,
1

21

f

ff

S
SS

S
−

=δ

ãäå Sf 1 − ìàêñèìàëüíàÿ ãëóáèíà ïðîíèêàíèÿ ñ ó÷åòîì òðåíèÿ ëèøü ïðè äîêðèòè÷åñ-
êèõ ñêîðîñòÿõ, Sf 2 − ïðè çàêîíå òðåíèÿ Êóëîíà âî âñåì äèàïàçîíå èçìåíåíèÿ ñêîðî-
ñòåé.

Óñòàíîâëåíî, ÷òî ìàêñèìàëüíàÿ ðàçíîñòü ãëóáèí ïðîíèêàíèÿ íå ïðåâûøàåò 12%
â óêàçàííîì äèàïàçîíå ñêîðîñòåé. Ïðè ñêîðîñòÿõ ïîðÿäêà 1000 ì/ñ ðàçíîñòü ãëóáèí
ïðîíèêàíèÿ ñîñòàâëÿåò ~ 1%, ÷òî ïîçâîëÿåò íå ó÷èòûâàòü òðåíèå ïðè âûñîêèõ ñêî-
ðîñòÿõ ïðîíèêàíèÿ.

Çàêëþ÷åíèå

Ðåàëèçîâàíà ìîäåëü, ïîçâîëÿþùàÿ íàõîäèòü ôîðìû îïòèìàëüíûõ òåë ìàêñè-
ìàëüíîé ãëóáèíû ïðîíèêàíèÿ ñ ó÷åòîì ðàçðûâíîãî çàêîíà ñîïðîòèâëåíèÿ âíåäðå-
íèþ è ñìåøàííîãî çàêîíà òðåíèÿ. Ðåçóëüòàòû ñðàâíåíèÿ ÷èñëåííûõ ðàñ÷åòîâ ïðî-
íèêàíèÿ òåë â ïåñ÷àíûé ãðóíò ñ îêîëîçâóêîâûìè ñêîðîñòÿìè ñ èçâåñòíûìè ýêñïå-
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ðèìåíòàëüíûìè äàííûìè [2] ïîêàçûâàþò, ÷òî ëó÷øåå êà÷åñòâåííîå ñîîòâåòñòâèå
äîñòèãàåòñÿ ïðè èñïîëüçîâàíèè ñìåøàííîãî çàêîíà òðåíèÿ è ðàçðûâíîãî çàêîíà
ñîïðîòèâëåíèÿ, à ðàçðàáîòàííàÿ ìîäåëü ïðè ñîîòâåòñòâóþùåé êàëèáðîâêå è ñðàâ-
íåíèè ñ äàííûìè íàòóðíûõ ýêñïåðèìåíòîâ ìîæåò áûòü ïðèìåíèìà ê ðàñ÷åòó ïàðà-
ìåòðîâ îïòèìàëüíûõ òåë, ïðîíèêàþùèõ â ãðóíòîâûå ñðåäû.
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SOME SPECIAL FEATURES OF DETERMINING THE MAXIMAL PENETRATION
DEPTH OF OPTIMAL BODIES INTO A SAND SOIL

Linnik E.Yu.

Research Institute of Mechanics University of Nizhni Novgorod,
Nizhni Novgorod, Russian Federation

Penetration of optimal axisymmetric bodies of revolution of assigned length and cross-sectional
radii, normal to the free surface into a sand soil with a discontinuous law of resistance to penetration
is considered. The discontinuity of the force at a critical velocity near sonic velocity is connected
with a difference in the subsonic and supersonic behavior. The critical velocity value was determined
earlier in the experiments on penetration of strikers with conical and hemispherical heads. A mixed
law expressing the finite nature of tangential stresses at supercritical velocities was used to describe
the friction force.
A numerical methodology is developed and optimal forms of bodies with the piecewise-linear
representation of the generatrix are found. The search was conducted in a class of obtuse bodies
with a flat front end modified using the local variation method. In the optimization problem,
penetration depth is considered as the objective function, which is determined using: a binomial
local interaction model, including inertial and strength components, and a mixed law with constant
and Coulomb friction. Expression for determining the obtuseness radius of optimal bodies and
their maximal penetration depth as a function of the chosen friction law and model parameters are
found, which qualitatively agree with the available experimental data. It is found that, at high
penetration velocities, Coulomb friction law results in substantial differences in the forms and
maximal penetration depths as compared with a mixed friction model.

Keywords: soil medium, body of revolution, optimization, maximal penetration depth, local
interaction model.


