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Ðàññìàòðèâàåòñÿ êîýôôèöèåíòíàÿ îáðàòíàÿ çàäà÷à î íàõîæäåíèè ïîðî-
óïðóãèõ õàðàêòåðèñòèê íåîäíîðîäíîãî ïîëîãî öèëèíäðà. Ïðÿìàÿ çàäà÷à ïîðî-
óïðóãîñòè äëÿ öèëèíäðà ðåøàåòñÿ ñ ïîìîùüþ ìåòîäà ïðèñòðåëêè. Â êà÷åñòâå
äîïîëíèòåëüíîé èíôîðìàöèè ïðè ðåøåíèè îáðàòíîé çàäà÷è âûñòóïàåò èçìå-
ðåííîå ñìåùåíèå èëè ïîðîâîå äàâëåíèå íà âíåøíåé ãðàíèöå öèëèíäðà. Äëÿ
ðåøåíèÿ îáðàòíîé çàäà÷è íà îñíîâå ìåòîäà ëèíåàðèçàöèè ïîëó÷åíû îïåðà-
òîðíûå ñîîòíîøåíèÿ, óñòàíàâëèâàþùèå âçàèìîñâÿçü ìåæäó èñêîìûìè è èç-
ìåðÿåìûìè õàðàêòåðèñòèêàìè. Ïîðîóïðóãèå õàðàêòåðèñòèêè âîññòàíàâëèâà-
ëèñü â äâà ýòàïà. Íà ïåðâîì ýòàïå íàõîäèëîñü íà÷àëüíîå ïðèáëèæåíèå. Íà
âòîðîì ýòàïå ïîïðàâêè ê âîññòàíàâëèâàåìûì õàðàêòåðèñòèêàì îïðåäåëÿëèñü
èç ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà 1-ãî ðîäà. Äëÿ ðåøåíèÿ èí-
òåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà 1-ãî ðîäà èñïîëüçîâàëñÿ ìåòîä À.Í. Òèõî-
íîâà. Ïðèâåäåíû êîíêðåòíûå ïðèìåðû ðåêîíñòðóêöèè ïîðîóïðóãèõ õàðàêòå-
ðèñòèê íåîäíîðîäíîãî öèëèíäðà.

Êëþ÷åâûå ñëîâà: ïîðîóïðóãîñòü, îáðàòíàÿ çàäà÷à, ïîëûé öèëèíäð, èíòåã-
ðàëüíûå óðàâíåíèÿ.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ â ðàçëè÷íûõ îáëàñòÿõ íàóêè è òåõíèêè âñå øèðå ïðèìåíÿ-
þòñÿ ïîðèñòûå ìàòåðèàëû. Ïîðèñòûå òåëà ñîñòîÿò èç òâåðäîãî ñêåëåòà è çàïîëíÿþ-
ùèõ åãî âíóòðåííåå ïðîñòðàíñòâî æèäêîñòè èëè ãàçà. Âïåðâûå ìîäåëü ëèíåéíîé
ïîðîóïðóãîñòè ïðåäëîæèë Áèî â ñòàòüå [1]. Â ìîäåëè ïîðîóïðóãîñòè Áèî îñíîâíû-
ìè íåèçâåñòíûìè âûñòóïàþò âåêòîðû ñìåùåíèé òâåðäîé è æèäêîé ôàç. Äðóãîé ïî-
ïóëÿðíîé ìîäåëüþ ïîðîóïðóãîñòè ÿâëÿåòñÿ ìîäåëü, ïðåäëîæåííàÿ â [2]. Â ýòîé ìî-
äåëè îñíîâíûìè íåèçâåñòíûìè âûñòóïàþò âåêòîð ïåðåìåùåíèé ñêåëåòà è ïîðîâîå
äàâëåíèå æèäêîñòè. Âàæíàÿ ñâÿçü ìåæäó ìîäåëÿìè òåðìîóïðóãîñòè è ïîðîóïðóãîñ-
òè áûëà ïðåäñòàâëåíà â [3]. Â íàñòîÿùåå âðåìÿ äèíàìè÷åñêèå çàäà÷è ïîðîóïðóãîñ-
òè äëÿ îäíîðîäíûõ òåë êàíîíè÷åñêîé ôîðìû äîñòàòî÷íî õîðîøî èçó÷åíû, âûðàáî-
òàíû ìåòîäû èõ ðåøåíèÿ. Òàê, â [4] ðàññìîòðåí ãðàíè÷íî-ýëåìåíòíûé àíàëèç äèíà-
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ìè÷åñêèõ ïðîöåññîâ â ïîðîóïðóãîé êîëîííå, ïðîòåêàþùèõ â íåñòàöèîíàðíîì ðå-
æèìå. Â [5−8] èçó÷àþòñÿ óñòàíîâèâøèåñÿ ðàäèàëüíûå êîëåáàíèÿ ïîëîãî öèëèíäðà.

Èçâåñòíî, ÷òî ìíîãèå ïîðîóïðóãèå ìàòåðèàëû, êàê íàòóðàëüíûå, òàê è èñêóññò-
âåííûå, îáëàäàþò íåîäíîðîäíîñòüþ ôèçè÷åñêèõ ñâîéñòâ. Ýôôåêòèâíîñòü ïðàêòè-
÷åñêîãî ïðèìåíåíèÿ íåîäíîðîäíûõ ïîðîóïðóãèõ ìàòåðèàëîâ çàâèñèò îò çíàíèÿ òî÷-
íûõ çàêîíîâ íåîäíîðîäíîñòè, à äëÿ èõ îïðåäåëåíèÿ íåîáõîäèìî ðåøàòü êîýôôèöè-
åíòíûå îáðàòíûå çàäà÷è (ÊÎÇ) ïîðîóïðóãîñòè. Êîëè÷åñòâî ðàáîò ïî èññëåäîâàíèþ
ÊÎÇ ïîðîóïðóãîñòè åùå íåâåëèêî [9, 10]. Ýòî ñâÿçàíî ñ òåì, ÷òî óðàâíåíèå ïîðî-
óïðóãîñòè îòíîñèòñÿ ê óðàâíåíèÿì ñìåøàííîãî òèïà, äëÿ êîòîðûõ ñëîæíî ïîñòðî-
èòü îïåðàòîðíûå óðàâíåíèÿ.

Ïîäõîä ê ðåøåíèþ ÊÎÇ ìåõàíèêè ñâÿçàííûõ ïîëåé ïðåäñòàâëåí â [10−14]. Â
ýòèõ ðàáîòàõ ðåøåíèå íåëèíåéíûõ îáðàòíûõ çàäà÷ ñâîäèòñÿ ê èòåðàöèîííîìó ïðî-
öåññó, íà êàæäîì ýòàïå êîòîðîãî ðåøàåòñÿ ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Ôðåä-
ãîëüìà 1-ãî ðîäà. Â [10] ýòîò ïîäõîä ðàíåå áûë óñïåøíî ïðèìåíåí äëÿ èäåíòèôèêà-
öèè íåêîòîðûõ íåîäíîðîäíûõ ïîðîóïðóãèõ õàðàêòåðèñòèê òðàíñâåðñàëüíî-èçîòðîï-
íîãî ñëîÿ â ðåæèìå óñòàíîâèâøèõñÿ òîëùèííûõ êîëåáàíèé.

Â íàñòîÿùåé ñòàòüå ñ èñïîëüçîâàíèåì ðåçóëüòàòîâ, ïîëó÷åííûõ äëÿ òåðìîóïðó-
ãîãî öèëèíäðà [14], ðåøàåòñÿ îáðàòíàÿ çàäà÷à î ðåêîíñòðóêöèè íåîäíîðîäíûõ õà-
ðàêòåðèñòèê ïîðîóïðóãîãî öèëèíäðà.

1. Ïîñòàíîâêà êîýôôèöèåíòíîé îáðàòíîé çàäà÷è ïîðîóïðóãîñòè
äëÿ öèëèíäðà

Ðàññìîòðèì çàäà÷ó äëÿ ïîðîóïðóãîãî íåîäíîðîäíîãî ïîëîãî öèëèíäðà, íàõîäÿ-
ùåãîñÿ â óñëîâèÿõ ïëîñêîé äåôîðìàöèè (ur = u(r), uϕ = 0, uz = const). Âíóòðåííÿÿ
öèëèíäðè÷åñêàÿ ïîâåðõíîñòü ñ ðàäèóñîì a íåïðîíèöàåìà äëÿ æèäêîñòè è ñâîáîäíà
îò íàïðÿæåíèé, à íà âíåøíåé ïîâåðõíîñòè ñ ðàäèóñîì b äåéñòâóåò ðàñïðåäåëåííàÿ
ìåõàíè÷åñêàÿ íàãðóçêà èëè ïîòîê ïîðîâîãî äàâëåíèÿ. Íà÷àëüíî-êðàåâàÿ çàäà÷à î
ðàäèàëüíûõ êîëåáàíèÿõ öèëèíäðà ïîä äåéñòâèåì ïðèëîæåííîãî íà âíåøíåé ãðàíè-
öå ïîòîêà ïîðîâîé æèäêîñòè q(b, t) = q0 èìååò âèä:
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Çäåñü p − äàâëåíèå æèäêîñòè â ïîðàõ; u − ðàäèàëüíîå ñìåùåíèå; σrr, σϕϕ − íîðìàëü-
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íûå íàïðÿæåíèÿ â öèëèíäðå; λ, μ − êîýôôèöèåíòû Ëàìå; A − ìîäóëü Áèî; k − êîýô-
ôèöèåíò ïðîíèöàåìîñòè ñðåäû; ρ − ïëîòíîñòü ñðåäû; η − ïîðèñòîñòü; R − ãèäðî-
ñòàòè÷åñêèé ìîäóëü.

Â ñëó÷àå âîçáóæäåíèÿ ðàäèàëüíûõ êîëåáàíèé öèëèíäðà ïîä äåéñòâèåì ïðèëî-
æåííîé íà âíåøíåé ãðàíèöå ñèëû σrr(r2, t) = σ0 â çàäà÷å (1)−(7) áóäóò èñïîëüçîâàòü-
ñÿ äðóãèå ãðàíè÷íûå óñëîâèÿ:
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Ïåðåéäåì â (1)−(9) ê áåçðàçìåðíûì ïàðàìåòðàì è ôóíêöèÿì, îáîçíà÷àÿ:
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Ïðè ýòîì ãðàíè÷íûå óñëîâèÿ (8), (9) äëÿ ñëó÷àÿ ìåõàíè÷åñêîãî íàãðóæåíèÿ öè-
ëèíäðà ïðåîáðàçóþòñÿ ê âèäó:

,0),1(,0),0( =τ
∂
∂

=τ
∂
∂

z
P

z
P (17)

.),1(,0),0( ∗=τΩ=τΩ pzz (18)



25

Ïðÿìàÿ çàäà÷à ïîðîóïðóãîñòè çàêëþ÷àåòñÿ â îïðåäåëåíèè ôóíêöèé U(z, τ) è
P(z, τ) èç (10)−(16) ïðè èçâåñòíûõ ïîðîóïðóãèõ õàðàêòåðèñòèêàõ ),(),(),( zzkz δϕ

)(),( zszρ  è ).(zλ  Ðåøåíèå ïðÿìîé çàäà÷è ñâåäåíî ê ðåøåíèþ ñèñòåìû îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé 1-ãî ïîðÿäêà â òðàíñôîðìàíòàõ ïî Ëàïëàñó íà
îñíîâå ìåòîäà ïðèñòðåëêè è èñïîëüçîâàíèþ ïðîöåäóðû îáðàùåíèè òðàíñôîðìàíò,
ðåàëèçóåìîé â ñîîòâåòñòâèè ñ ìåòîäîì Äóðáèíà, êàê â [14, 15].

Â îáðàòíîé çàäà÷å òðåáóåòñÿ îïðåäåëèòü îäíó èç ïîðîóïðóãèõ õàðàêòåðèñòèê
öèëèíäðà ïðè èçâåñòíûõ îñòàëüíûõ õàðàêòåðèñòèêàõ ïî íåêîòîðîé äîïîëíèòåëü-
íîé èíôîðìàöèè íà åãî âíåøíåé ïîâåðõíîñòè. Â êà÷åñòâå òàêîé èíôîðìàöèè â ñëó-
÷àå íàãðóæåíèÿ öèëèíäðà ïîòîêîì ïîðîâîé æèäêîñòè âûñòóïàåò ïîðîâîå äàâëåíèå:

],,[),(),1( bafP ∈ττ=τ (19)

à â ñëó÷àå ìåõàíè÷åñêîãî íàãðóæåíèÿ − ñìåùåíèå:

].,[),(),1( dcgU ∈ττ=τ (20)

2. Èòåðàöèîííàÿ ñõåìà ðåøåíèÿ îáðàòíîé çàäà÷è
ïîðîóïðóãîñòè öèëèíäðà

Ðåøåíèå íåëèíåéíîé êîýôôèöèåíòíîé îáðàòíîé çàäà÷è ïîðîóïðóãîñòè âîçìîæ-
íî íà îñíîâå èòåðàöèîííîãî ïðîöåññà, íà êàæäîì ýòàïå êîòîðîãî ðåøàåòñÿ ëèíåé-
íàÿ çàäà÷à [10, 11].

Áåçðàçìåðíûå ïîðîóïðóãèå õàðàêòåðèñòèêè )(za  âîññòàíàâëèâàëèñü â äâà ýòà-
ïà. Íà ïåðâîì ýòàïå îïðåäåëÿëîñü íà÷àëüíîå ïðèáëèæåíèå â êëàññå ïîëîæèòåëü-
íûõ îãðàíè÷åííûõ ëèíåéíûõ ôóíêöèé bkzza +=)(0  èç óñëîâèÿ ìèíèìèçàöèè ôóíê-
öèîíàëà íåâÿçêè. Â ñëó÷àå ìåõàíè÷åñêîãî íàãðóæåíèÿ ôóíêöèîíàë íåâÿçêè èìååò
âèä:
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Íà âòîðîì ýòàïå óòî÷íÿëèñü çàêîíû èçìåíåíèÿ õàðàêòåðèñòèê ïî ñõåìå =)(zan
).()( 11 zaza nn −− δ+=  Ïîïðàâêè 1−δ na  íàõîäèëèñü ïóòåì ðåøåíèÿ èíòåãðàëüíûõ óðàâ-

íåíèé Ôðåäãîëüìà 1-ãî ðîäà, ïîëó÷åííûõ íà îñíîâå ïðèìåíåíèÿ ìåòîäà ëèíåàðèçà-
öèè, àíàëîãè÷íî òîìó, êàê ýòî ñäåëàíî â ðàáîòå [14]. Òàê, äëÿ íàõîæäåíèÿ ïîïðàâîê

1−ρδ n  èìååì:

].,[)],,1()([ 112
1

21

0
1 dcUgpdzUU

nn
n

n ∈ττ−τ=
τ∂

∂
ρδ −

∗
−

−
−∫ (23)

Ïðè ðåãóëÿðèçàöèè óðàâíåíèé âèäà (23) áûë èñïîëüçîâàí ìåòîä À.Í. Òèõîíîâà
[16]. Âûõîä èç èòåðàöèîííîãî ïðîöåññà îñóùåñòâëÿëñÿ ïî äîñòèæåíèè ñîîòâåòñòâó-
þùèì ôóíêöèîíàëîì íåâÿçêè (21), (22) ïîðîãîâîãî çíà÷åíèÿ, ðàâíîãî 10−4.
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3. Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ

Ïðè ïðîâåäåíèè âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ïðèíÿòî: p* = 0,1, ω = 0,5, z0 = 2.
Îïðåäåëåíû íàèáîëåå èíôîðìàòèâíûå ñ òî÷êè çðåíèÿ ïðîöåäóðû èäåíòèôèêàöèè
âðåìåííûå äèàïàçîíû. Òàê, èçìåðåíèå ñìåùåíèÿ áûëî îñóùåñòâëåíî íà èíòåðâàëå
[c, d] = [0, 1] â ïÿòè òî÷êàõ íàáëþäåíèÿ âíóòðè íåãî, à èçìåðåíèå ïîðîâîãî äàâëå-
íèÿ íà èíòåðâàëå [0; 0,5] − â ÷åòûðåõ òî÷êàõ íàáëþäåíèÿ âíóòðè íåãî. Â õîäå âû-
÷èñëèòåëüíûõ ýêñïåðèìåíòîâ âîññòàíàâëèâàëàñü êàæäàÿ èç ïîðîóïðóãèõ õàðàêòå-
ðèñòèê ïî îòäåëüíîñòè; äðóãèå ïîëàãàëèñü ðàâíûìè åäèíèöå.

Îêàçàëîñü, ÷òî áåçðàçìåðíûå õàðàêòåðèñòèêè âîññòàíàâëèâàþòñÿ ñ õîðîøåé
òî÷íîñòüþ: ïîãðåøíîñòü ðåêîíñòðóêöèè ìîíîòîííûõ ôóíêöèé íå ïðåâîñõîäèò 5%,
à íåìîíîòîííûõ − 10%, ïðè ýòîì äëÿ äîñòèæåíèÿ ïîðîãîâîãî çíà÷åíèÿ â ñîîòâåò-
ñòâóþùèõ ôóíêöèîíàëàõ íåâÿçêè òðåáóåòñÿ íå áîëåå 10 èòåðàöèé.

Íà ðèñ. 1−4 ñïëîøíîé ëèíèåé èçîáðàæåí òî÷íûé çàêîí, òî÷êàìè − âîññòàíîâ-
ëåííûé.

Íà ðèñ. 1 ïðèâîäèòñÿ ïðèìåð ðåêîíñòðóêöèè âîçðàñòàþùåé ôóíêöèè += 1)(zs
.5,1 2z+  Íà÷àëüíîå ïðèáëèæåíèå .2,11,1)(0 zzs +=  Äëÿ äîñòèæåíèÿ ôóíêöèîíàëîì

íåâÿçêè (21) ïîðîãîâîãî çíà÷åíèÿ ïîòðåáîâàëîñü 6 èòåðàöèé, ïðè ýòîì ìàêñèìàëü-
íàÿ ïîãðåøíîñòü íà ïîñëåäíåé èòåðàöèè íå ïðåâûñèëà 4%.

Íà ðèñ. 2 ïðèâîäèòñÿ ïðèìåð ðåêîíñòðóêöèè âîçðàñòàþùåé ôóíêöèè +=ρ 2)(z
).61ln( z++  Íà÷àëüíîå ïðèáëèæåíèå .9,105,2)(0 zz +=ρ  Äëÿ äîñòèæåíèÿ ôóíêöè-

îíàëîì íåâÿçêè (21) ïîðîãîâîãî çíà÷åíèÿ ïîòðåáîâàëîñü 5 èòåðàöèé, ïðè ýòîì ìàê-
ñèìàëüíàÿ ïîãðåøíîñòü íà ïîñëåäíåé èòåðàöèè íå ïðåâûñèëà 3%.

Íà ðèñ. 3 ïîêàçàí ïðèìåð ðåêîíñòðóêöèè óáûâàþùåé ôóíêöèè +=ϕ 5,0)(z
.2 3ze−+  Íà÷àëüíîå ïðèáëèæåíèå .8,14,2)(0 zz −=ϕ  Äëÿ äîñòèæåíèÿ ïîðîãîâîãî

çíà÷åíèÿ â ôóíêöèîíàëå (22) ïîòðåáîâàëîñü 4 èòåðàöèè. Ïîãðåøíîñòü âîññòàíîâ-
ëåíèÿ íà ïîñëåäíåé èòåðàöèè íå ïðåâûñèëà 4%.

Íà ðèñ. 4 ïîêàçàí ïðèìåð ðåêîíñòðóêöèè íåìîíîòîííîé ôóíêöèè −= 4k
).sin(5,0 zπ−  Íà÷àëüíîå ïðèáëèæåíèå .3,09,3)(0 zzk −=  Ïîòðåáîâàëîñü 7 èòåðà-

öèé. Ïîãðåøíîñòü âîññòàíîâëåíèÿ íà ïîñëåäíåé èòåðàöèè íå ïðåâûñèëà 3%.

Ðèñ. 1

0         0,2       0,4       0,6       0,8         z

s−

1,0

1,4

1,8

2,2

1,2

1,6

2,0

2,4
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0         0,2       0,4       0,6       0,8         z

s−

2,0

2,5

3,0

3,5

Ðèñ. 2

0            0,2       0,4       0,6       0,8          z

ϕ−

1,5

2,0

1,0

ρ−

Ðèñ. 3

0        0,2       0,4       0,6       0,8          z

3,6

3,7

3,5

Ðèñ. 4

3,8

3,9

k−
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Çàêëþ÷åíèå

Ïðåäñòàâëåí ïîäõîä ê íàõîæäåíèþ íåîäíîðîäíûõ õàðàêòåðèñòèê ïîðîóïðóãîãî
öèëèíäðà. Ðàçðàáîòàí ìåòîä ðåøåíèÿ ïðÿìîé çàäà÷è î ðàäèàëüíûõ êîëåáàíèÿõ íå-
îäíîðîäíîãî öèëèíäðà íà îñíîâå ñîâìåñòíîãî ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ëàïëà-
ñà è ìåòîäà ïðèñòðåëêè. Ïðåäñòàâëåíû ðåçóëüòàòû ðåêîíñòðóêöèè íåîäíîðîäíûõ
õàðàêòåðèñòèê öèëèíäðà.
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ABOUT THE FEATURES OF IDENTIFICATION INGOMOGENEOUS
POROELASTIC CHARACTERISTICS FOR HOLLOW CYLINDER

Vatulyan A.O., Nesterov S.A.

Institute of Mathematics, Mechanics and Computer Science n.a. I.I. Vorovich
Southern Federal University, Rostov-on-Don, Russian Federation

The coefficient inverse problem of finding poroelastic characteristics of ingomogeneous hollow
cylinder is considered. Direct problem poroelasticity for the cylinder is solved by a method of
adjustment. As additional information for solving the inverse problem appears measured
displacement or pressure at the outer edge of the cylinder. To solve the inverse problem, based on
the linearization method derived operator relations, establishing a relationship between a desired
and measured characteristics. Poroelastictic characteristics restored in two phases. The first phase
was an initial approximation. The second stage amendments to the recoverable characteristics are
determined from the solution of Fredholm integral equations of the 1st kind. For solutions of
Fredholm integral equations of the 1st kind used method of A.N. Tikhonov. Concrete examples of
the reconstruction of the characteris-tics of inhomogeneous poroelastic cylinder are given.

Keywords: poroelasticity, inverse problem, hollow cylinder, integral equations.


