
13

ÓÄÊ 539.3

ÄÂÓÌÅÐÍÀß ÍÅÑÒÀÖÈÎÍÀÐÍÀß ÇÀÄÀ×À
ÓÏÐÓÃÎÉ ÄÈÔÔÓÇÈÈ ÄËß ÎÐÒÎÒÐÎÏÍÎÉ
ÎÄÍÎÊÎÌÏÎÍÅÍÒÍÎÉ ÏÎËÓÏËÎÑÊÎÑÒÈ*

© 2016 ã. Âåñòÿê À.Â.1, Çåìñêîâ À.Â.1, Òàðëàêîâñêèé Ä.Â.2

1Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò (ÌÀÈ),
Ìîñêâà, Ðîññèéñêàÿ Ôåäåðàöèÿ

2ÍÈÈ ìåõàíèêè Ìîñêîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà
èì. Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèéñêàÿ Ôåäåðàöèÿ

azemskov1975@mail.ru

Ïîñòóïèëà â ðåäàêöèþ 07.12.2015

Ðàññìàòðèâàåòñÿ äâóìåðíàÿ íåñòàöèîíàðíàÿ çàäà÷à äëÿ îðòîòðîïíîé
óïðóãîé ïîëóïëîñêîñòè ñ ó÷åòîì äèôôóçèè. Èñïîëüçóåòñÿ ëîêàëüíî ðàâíîâåñ-
íàÿ ìîäåëü ìåõàíîäèôôóçèè, âêëþ÷àþùàÿ â ñåáÿ ñâÿçàííóþ ñèñòåìó óðàâíå-
íèé äâèæåíèÿ óïðóãîãî òåëà è óðàâíåíèå ìàññîïåðåíîñà. Ðåøåíèå èùåòñÿ
â èíòåãðàëüíîé ôîðìå ñ ïîìîùüþ ïðåîáðàçîâàíèé Ëàïëàñà ïî âðåìåíè è
Ôóðüå ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì. Îáðàùåíèå ïåðâîãî èç íèõ ñâî-
äèòñÿ ê âû÷èñëåíèþ îðèãèíàëîâ ðàöèîíàëüíûõ ôóíêöèé è îñóùåñòâëÿåòñÿ
àíàëèòè÷åñêè. Äëÿ îáðàùåíèÿ ïðåîáðàçîâàíèé Ôóðüå èñïîëüçóþòñÿ êâàäðà-
òóðíûå ôîðìóëû.

Êëþ÷åâûå ñëîâà: ìåõàíîäèôôóçèÿ, óïðóãàÿ äèôôóçèÿ, íåñòàöèîíàðíûå
çàäà÷è, ïîëóïëîñêîñòü, ïðåîáðàçîâàíèÿ Ëàïëàñà è Ôóðüå.

Ââåäåíèå

Â ïîñëåäíåå âðåìÿ áîëüøîé íàó÷íûé èíòåðåñ âûçûâàþò âîïðîñû ó÷åòà âçàè-
ìîäåéñòâèÿ ïîëåé ðàçëè÷íîé ôèçè÷åñêîé ïðèðîäû. Â ÷àñòíîñòè, àêòóàëüíû çàäà÷è
ðàñ÷åòà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ êîíñòðóêöèé è èõ ýëåìåíòîâ ñ
ó÷åòîì ÿâëåíèé ìàññîïåðåíîñà. Ñëîæíîñòü ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé â ýòîé
îáëàñòè ââèäó äëèòåëüíîñòè äèôôóçèîííûõ ïðîöåññîâ ïðèâîäèò ê íåîáõîäèìîñòè
ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ñâÿçàííûõ ïðîöåññîâ, ðàçðàáîòêè ìåòîäîâ èõ
ðåøåíèé è àíàëèçà. Íàèáîëåå îáùèå ïîñòàíîâêè òàêèõ çàäà÷ â ðàìêàõ ãåîìåòðè-
÷åñêè ëèíåéíîé ëîêàëüíî ðàâíîâåñíîé òåîðèè ìåõàíîäèôôóçèè ïðèâåäåíû â [1−4].

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ äâóìåðíàÿ íåñòàöèîíàðíàÿ çàäà÷à äëÿ óï-
ðóãîé îðòîòðîïíîé ïîëóïëîñêîñòè ñ ó÷åòîì äèôôóçèè, à òàêæå ïðåäëàãàåòñÿ ìåòîä
åå ðåøåíèÿ, îñíîâàííûé íà èñïîëüçîâàíèè èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ëàïëàñà
è Ôóðüå. Äîñòîèíñòâîì ìåòîäà ÿâëÿåòñÿ òî, ÷òî òðàíñôîðìàíòû Ëàïëàñà ÿâëÿþòñÿ
ðàöèîíàëüíûìè ôóíêöèÿìè, ÷òî ñóùåñòâåííî óïðîùàåò âîïðîñ, ñâÿçàííûé ñ èõ
îáðàùåíèåì.

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 78, ¹ 1, 2016 ã.

* Âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 14-08-01161 À) è ãðàíòîì
Ïðåçèäåíòà ÐÔ ÍØ-2029.2014.8.
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1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ îäíîðîäíàÿ îðòîòðîïíàÿ ïîëóïëîñêîñòü x2 ≥ 0, ãäå Ox1x2 −
ïðÿìîóãîëüíàÿ äåêàðòîâà ñèñòåìà êîîðäèíàò. Ïîëàãàåòñÿ, ÷òî ôèçèêî-ìåõàíè÷åñ-
êèå ïðîöåññû â íåé áåç ó÷åòà òåìïåðàòóðíûõ ýôôåêòîâ îïèñûâàþòñÿ ñëåäóþùèìè
óðàâíåíèÿìè [1−4]:
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ãäå t − âðåìÿ; L − õàðàêòåðíûé ëèíåéíûé ðàçìåð; ui(x1, x2, t) − êîîðäèíàòû âåêòîðà
ïåðåìåùåíèé; η = n − n0 − ïðèðàùåíèå îáúåìíîé êîíöåíòðàöèè àòîìîâ âåùåñòâà n,
îáðàçóþùåãî ïîëóïëîñêîñòü, îòíîñèòåëüíî èõ íà÷àëüíîé êîíöåíòðàöèè n0; Cijkl −
êîìïîíåíòû òåíçîðà óïðóãèõ ïîñòîÿííûõ; ρ − ïëîòíîñòü ñðåäû; αij − êîìïîíåíòû
òåíçîðà, õàðàêòåðèçóþùèå îáúåìíîå ðàñøèðåíèå, ñâÿçàííîå ñ ìàññîïåðåíîñîì; Dij −
êîýôôèöèåíòû ñàìîäèôôóçèè;  Λiljk = n0Dilαjk/(RT0); T0 − àáñîëþòíàÿ òåìïåðàòóðà
ñðåäû; R − óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ; σij è Ji − êîìïîíåíòû òåíçîðà íàïðÿ-
æåíèé è âåêòîðà äèôôóçèîííîãî ïîòîêà, îïðåäåëÿåìûå òàê:
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2. Ìåòîä ðåøåíèÿ

Ïóñòü )( 2,1,3,1, 3 ==η== imGuG miim − ôóíêöèè Ãðèíà çàäà÷è (1)−(3), òî
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ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ (çäåñü ó÷òåíà îðòîòðîïíîñòü ñðåäû):
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ãäå δ(τ) − äåëüòà-ôóíêöèÿ Äèðàêà, δij − ñèìâîë Êðîíåêåðà.
Òîãäà ðåøåíèå çàäà÷è (1)−(3) èìååò âèä (çâåçäî÷êè îáîçíà÷àþò ñâåðòêè ïî âðå-

ìåíè τ è êîîðäèíàòå x1) [4]:
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Äàëåå ê çàäà÷å (1)−(3) ïðèìåíÿåì ïðåîáðàçîâàíèå Ëàïëàñà ïî âðåìåíè è ýêñïî-
íåíöèàëüíîå ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x1 (ñîîòâåòñòâåííî s è ω − èõ
ïàðàìåòðû, à èíäåêñû L è F îáîçíà÷àþò òðàíñôîðìàíòû):
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3. Îïðåäåëåíèå îðèãèíàëîâ ôóíêöèé âëèÿíèÿ

Ïîñêîëüêó ôóíêöèè FLC
qmG è FLS
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0

22 =τω
π

=τω ∫
∞

qdppxpGxG FC
qm

F
qm

.sin),,(2),,(
0

2222 ∫
∞

τω
π

=τω dppxpGxG FS
m

F
m

(11)

Ôóíêöèè )3,2(3 =mG FC
m  â èíòåãðàëàõ (11) ïðè τ = 0 èìåþò ðàçðûâ ïåðâîãî ðîäà

[4]. Ýòî ñâÿçàíî ñ àñèìïòîòèêîé èõ èçîáðàæåíèé ïî Ëàïëàñó ïðè s → ∞:

.),,(,),,( 1
2233

1
532

−− ∼ω−∼ω sDspGskspG FLCFLC

Äëÿ âûäåëåíèÿ ýòîé îñîáåííîñòè ïðåäñòàâëÿåì èçîáðàæåíèÿ òàê:

),,,(),,(),,( 232323 τω+ω=ω xRsxSsxG FL
m

FL
m
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m
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),,(
),,(2

),,(
),,(

0
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3

3
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FLC
m
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m
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m
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∞

⎭
⎬
⎫

⎩
⎨
⎧

ω
ω

π
=

⎭
⎬
⎫

⎩
⎨
⎧

ω
ω
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,
),,(

),,(,
),,(
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3
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3

5
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DspS
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ω
=ω

ω
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−=ω

,
),,(),,(

),,(),,(,
),,(),,(

),,(),,(
3
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3

32
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spTspR FLCFLC

ωω
ω

=ω
ωω

ω
=ω

),,,(),(),,(),,(),,( 532332 spPpkspPspkspT ωω+ωω=ω

).,,(),,(),,(),,( 2233333 spPDspPspkspT ω−ωω=ω
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Îðèãèíàëû ïðåîáðàçîâàíèÿ Ëàïëàñà, à òàêæå ñèíóñ- è êîñèíóñ-ïðåîáðàçîâàíèÿ
äëÿ ôóíêöèé ),,(3 spS FLC

m ω  èìåþò âèä [4]:

,e
)(4

21),,( )( )4/(
2

22

222
22

2
12

22
232

22
2
2

2
11 τ+τω−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
τ
−τ

Λ+ωΛ
τπ

−=τω DxDF

D
xD

D
xS

.e),,( )( )4/(22
233

22
2
2

2
11 τ+τω−

πτ
=τω DxDF DxS

Îáðàùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà êîýôôèöèåíòîâ ),(3 sRFLC
m ω  êàê ðàöèîíàëü-

íûõ ôóíêöèé ïðîâîäèòñÿ àíàëîãè÷íî (11) ñ ó÷åòîì òîãî, ÷òî ïîÿâëÿåòñÿ äîïîëíè-
òåëüíûé ïîëþñ ).( 2

22
2

116 pDDs +ω−=
Äëÿ îáðàùåíèÿ ïðåîáðàçîâàíèé Ôóðüå óäîáíåå ñíà÷àëà íàéòè ñâåðòêè (5) ïî

âðåìåíè ñ ôóíêöèÿìè (10). Äàëåå îðèãèíàëû òðàíñôîðìàíò Ôóðüå íàõîäÿòñÿ ïî
ôîðìóëàì (çâåçäî÷êà îáîçíà÷àåò ñâåðòêó ïî âðåìåíè):

,
sin
cos

e1),,(
0 2

2
221

1∫ ∫
∞

∞−

∞
ω

⎭
⎬
⎫

⎩
⎨
⎧

∗
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω
π

=τΦ dp
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f
G

G
dxx F

mFS
qm
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qmxi (12)

ãäå Φ − îäíà èç èñêîìûõ ôóíêöèé ui, η.
Èíòåãðàë (12) íàõîäèòñÿ ÷èñëåííî ñ ïîìîùüþ êâàäðàòóðíûõ ôîðìóë.

4. Ïðèìåðû

Â êà÷åñòâå ìîäåëè àíèçîòðîïíîé ñðåäû ðàññìîòðèì îñðåäíåííóþ (ãîìîãåíè-
çèðîâàííóþ) ñðåäó èç ÷åðåäóþùèõñÿ ñëîåâ àëþìèíèÿ è ìåäè. Ýôôåêòèâíûå ìîäó-
ëè òàêîé ñðåäû ìîãóò áûòü íàéäåíû, â ÷àñòíîñòè, ñ ïîìîùüþ àñèìïòîòè÷åñêîé ïðî-
öåäóðû îñðåäíåíèÿ [5, 6]:

,10236,1,1040,1 22 Í/ìÍ/ì 11
2222

11
1111 ⋅=⋅= CC

,1003,1,1014,3 22 Í/ìÍ/ì 11
1122

10
1212 ⋅=⋅= CC
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22

6
11

3
0 êã/ìÊ ⋅=α⋅=α=ρ=T

.1,1030,7,1036,7 ì/ñì/ñì 26
22

26
11 =⋅=⋅= −− LDD

Ïðåäïîëàãàåòñÿ, ÷òî ïðàâûå ÷àñòè ãðàíè÷íûõ óñëîâèé èìåþò âèä:
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Òîãäà, âû÷èñëÿÿ ñâåðòêè ïî âðåìåíè â (5), ïîëó÷àåì, ÷òî îáðàçû Ôóðüå äëÿ ïåðåìå-
ùåíèé è ïðèðàùåíèÿ êîíöåíòðàöèè îïðåäåëÿþòñÿ ðàâåíñòâàìè [7]:
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∞

= =

+

0
2

2

1

)(
33

2

1

1 cos),,()1()( dppxIAf
r

rrn
rn

n

n

,,cos,),()(
22

11

0
2

2
22

2
113

)4(
3333

)3(
33 ][ )(

D
DdppxpDDIAsIAf =δτ+ω−+τω+ ∫

∞

ãäå

,)cossin(e1),,( ][221 α−βτα+βτβ
β+α

=τβα ατI

,1e),(,)cossin(e1),,( 3222 ][
α
−

=ταβ+βτβ−βτα
β+α

=τβα
ατ

ατ II

.
2

Erfce),,(
22

2
11

)/(
22,1

22211

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

τ
ωτ=τωΨ ω

D
xDx xDD

m
m

Îðèãèíàëû ýòèõ âûðàæåíèé íàõîäÿòñÿ ÷èñëåííî ñ ïîìîùüþ àëãîðèòìà, èçëî-
æåííîãî â êîíöå ï. 3. Ðåçóëüòàòû âû÷èñëåíèé ïðîäåìîíñòðèðîâàíû íà ðèñ. 1−3.

Ðèñ. 1. Çàâèñèìîñòü ïåðåìåùåíèÿ u1 îò x1 è τ  ïðè x2 = 0,5
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Ðèñ. 2. Çàâèñèìîñòü ïåðåìåùåíèÿ u2 îò x1 è τ ïðè x2 = 0,5
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Ðàñ÷åòû ïðîâîäèëèñü äëÿ Ny = 100 òî÷åê ðàçáèåíèÿ ïðè îáðàùåíèè ñèíóñ- è
êîñèíóñ-ïðåîáðàçîâàíèé Ôóðüå, Nx = 50 òî÷åê ðàçáèåíèÿ äëÿ âû÷èñëåíèÿ îáðàòíî-
ãî ïðåîáðàçîâàíèÿ Ôóðüå. Îòìåòèì, ÷òî ïðè óìåíüøåíèè âäâîå øàãà ðàçáèåíèÿ
ãðàôèêè ïðàêòè÷åñêè ñîâïàäàþò.
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TWO-DIMENSIONAL UNSTEADY PROBLEM OF ELASTICITY
WITH DIFFUSION FOR ORTHOTROPIC ONE-COMPONENT HALF-PLANE

Vestyak A.V.1, Zemskov A.V.1, Tarlakovskii D.V.2

1Moscow Aviation Institute (MAI), Moscow, Russian Federation
2Institute of Mechanics, Lomonosov Moscow State University,

Moscow, Russian Federation

The two-dimensional unsteady state problem for elastic orthotropic half-plane with diffusion effect
is investigated.  In order to solve the problem, the local-equilibrium model of mechanical diffusion
is used. This model consists of a system of equations, which describe law of motion and mass
transfer. The problem is found with help of Laplace and Fourier transformations. The inverse
Laplace transformation is reduced to the calculation of the originals of rational functions and
performed analytically. For inverse Fourier transformation is used quadrature formulas.

Keywords: mechanical diffusion, diffusion with elasticity, unsteady state problems, half-plane,
Laplace transform, Fourier transform.


