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Ïðîâåäåí àíàëèç ðåçîíàíñà äëÿ ñèñòåìû óïðóãàÿ íàïðàâëÿþùàÿ − äâèæó-
ùèéñÿ äâóõîïîðíûé îáúåêò. Äèíàìè÷åñêîå ïîâåäåíèå íàïðàâëÿþùåé ìîäåëè-
ðóåòñÿ áàëêîé, ñîâåðøàþùåé èçãèáíî-êðóòèëüíûå êîëåáàíèÿ, à äâóõîïîðíûé
îáúåêò ïðåäñòàâëåí äâóìÿ îñöèëëÿòîðàìè, ñîåäèíåííûìè àáñîëþòíî æåñòêîé
ñâÿçüþ. Ïîêàçàíî, ÷òî â ðàññìàòðèâàåìîé ñèñòåìå ðåçîíàíñíîå óâåëè÷åíèå
àìïëèòóä êîëåáàíèé âîçìîæíî â ñëåäóþùèõ ñëó÷àÿõ: ïðè ñáëèæåíèè ÷àñòîò
èçìåíåíèÿ âíåøíèõ ñèë ñ ÷àñòîòàìè ñâîáîäíûõ êîëåáàíèé äâóõîïîðíîãî îáúåê-
òà, çàâèñÿùèìè îò óïðóãî-èíåðöèîííûõ õàðàêòåðèñòèê îáúåêòà è äèíàìè÷åñ-
êîé æåñòêîñòè íàïðàâëÿþùåé â äâèæóùåìñÿ êîíòàêòå; ïðè ñáëèæåíèè ÷àñòîò
èçìåíåíèÿ âíåøíèõ ñèë ñ ÷àñòîòàìè ñâîáîäíûõ êîëåáàíèé íàïðàâëÿþùåé,
âîçáóæäàåìûõ äâèæóùèìñÿ îáúåêòîì è çàâèñÿùèõ îò æåñòêîñòíûõ è èíåðöè-
îííî-ìàññîâûõ ïàðàìåòðîâ íàïðàâëÿþùåé, ðàññòîÿíèÿ ìåæäó îïîðàìè äâè-
æóùåãîñÿ îáúåêòà è ñêîðîñòè åãî äâèæåíèÿ; ïðè îïðåäåëåííûõ ñî÷åòàíèÿõ
ñêîðîñòè äâèæåíèÿ îáúåêòà è ÷àñòîòû èçìåíåíèÿ êîíòàêòíûõ ñèë, âûçûâàþ-
ùèõ ðåçîíàíñíîå óâåëè÷åíèå ïîäàòëèâîñòè íàïðàâëÿþùåé. Â êà÷åñòâå ìåð
áîðüáû ñ ðåçîíàíñíûìè ÿâëåíèÿìè ïðåäëîæåíî: èñêëþ÷åíèå ðåçîíàíñîîïàñ-
íûõ ãàðìîíèê ïóòåì äîïîëíèòåëüíîé þñòèðîâêè íà÷àëüíîé íåïðÿìîëèíåé-
íîñòè ðåëüñîâûõ íàïðàâëÿþùèõ; ïîäáîð æåñòêîñòè îïîð ñòóïåíè ðàêåòíîãî
ïîåçäà äëÿ óõîäà îò ðåçîíàíñîîïàñíûõ ÷àñòîò.

Êëþ÷åâûå ñëîâà: óïðóãàÿ íàïðàâëÿþùàÿ, èçãèáíî-êðóòèëüíûå êîëåáàíèÿ,
äâèæóùèéñÿ äâóõîïîðíûé îáúåêò, ðåçîíàíñ.

Ïðè ïðîâåäåíèè ðàáîò íà ðàêåòíîì òðåêå èíîãäà âîçíèêàëè ñëó÷àè àíîìàëüíî-
ãî äâèæåíèÿ ñòóïåíåé ðàêåòíîãî ïîåçäà ïî íàïðàâëÿþùèì òðåêà, êîòîðûå ñîïðî-
âîæäàëèñü ñèëüíûìè ïîïåðå÷íûìè âîçìóùåíèÿìè ñòóïåíåé è ïîâðåæäåíèÿìè íà-
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ïðàâëÿþùèõ [1]. Ïðè÷èíîé àíîìàëüíîãî äâèæåíèÿ ñòóïåíåé ðàêåòíîãî ïîåçäà â
÷èñëå ïðî÷èõ ìîã áûòü è ðåçîíàíñ ïðè âçàèìîäåéñòâèè äâèæóùåãîñÿ îáúåêòà ñ óï-
ðóãîé íàïðàâëÿþùåé [2, 3].

Â îáùåì ñëó÷àå âíåøíèå ñèëû, äåéñòâóþùèå íà äâóõîïîðíûé îáúåêò è íàïðàâ-
ëÿþùóþ, ìîæíî ïðåäñòàâèòü ñóììîé ñèë, êàæäàÿ èç êîòîðûõ ìåíÿåòñÿ ïî ãàðìîíè-
÷åñêîìó çàêîíó. Â ñïåêòðå ñìåùåíèé âûíóæäåííûõ êîëåáàíèé íàïðàâëÿþùåé ïðè
ýòîì áóäóò ïðèñóòñòâîâàòü òîëüêî òàêèå ñîñòàâëÿþùèå, ó êîòîðûõ ÷àñòîòû ðàâíû
ñîîòâåòñòâóþùèì ÷àñòîòàì ñîñòàâëÿþùèõ âíåøíåé ñèëû. Îäíàêî âñëåäñòâèå ðåçî-
íàíñíûõ ñâîéñòâ ñèñòåìû àìïëèòóäíûå ñïåêòðû ñìåùåíèé äâóõîïîðíîãî îáúåêòà
è íàïðàâëÿþùåé ìîãóò ñèëüíî îòëè÷àòüñÿ îò àìïëèòóäíîãî ñïåêòðà ñîñòàâëÿþùèõ
âíåøíèõ ñèë [4].

Ðàññìîòðèì ïëîñêîå ïîïåðå÷íîå äâèæåíèå äâóõîïîðíîãî îáúåêòà ìàñcîé m ñ
ìîìåíòîì èíåðöèè Iy, ïåðåìåùàþùåãîñÿ âäîëü óïðóãîé íàïðàâëÿþùåé ñ ïîñòîÿí-
íîé ñêîðîñòüþ Vx. Äâóõîïîðíûé îáúåêò ïðåäñòàâëÿåò ñîáîé äâà îñöèëëÿòîðà, ñî-
åäèíåííûõ àáñîëþòíî æåñòêîé ñâÿçüþ. Ðàññòîÿíèå ìåæäó îïîðàìè îáúåêòà ðàâíî
Ls, îòðåçêè R1 è R2 îïðåäåëÿþò ïîëîæåíèå öåíòðà ìàññ. Æåñòêîñòü óïðóãèõ îïîð
îáúåêòà îáîçíà÷èì ÷åðåç ñ.

Ñõåìà äâóõîïîðíîãî îáúåêòà è íàïðàâëÿþùåé ïðèâåäåíà íà ðèñ. 1.

Â êà÷åñòâå íàïðàâëÿþùåé èñïîëüçóåòñÿ îäíîðîäíàÿ áàëêà ìîäåëè Áåðíóëëè −
Ýéëåðà [5, 6] íà ñïëîøíîì óïðóãîì îñíîâàíèè. Ïîãîííàÿ ìàññà íàïðàâëÿþùåé ðàâ-
íà ,m  ïîãîííûé ìîìåíò èíåðöèè I

_

p. Æåñòêîñòè íàïðàâëÿþùåé: èçãèáíàÿ − EIy, ñåê-
òîðèàëüíàÿ − EIϕ, êðóòèëüíàÿ − GIκ. Æåñòêîñòè óïðóãîãî îñíîâàíèÿ â íàïðàâëåíèè
îñè Z è óãëà ϕ ðàâíû Íz è Íϕ. Ïîïåðå÷íîå ñå÷åíèå íàïðàâëÿþùåé èìååò îäíó îñü
ñèììåòðèè. Ðàññòîÿíèå ìåæäó öåíòðîì òÿæåñòè ñå÷åíèÿ è åãî öåíòðîì èçãèáà ðàâ-
íî zs. Ïðè ïðèëîæåíèè íàãðóçêè ê ãîëîâêå íàïðàâëÿþùåé â íàïðàâëåíèè îñè Z íà
ðàññòîÿíèè zb îò öåíòðà èçãèáà íàïðàâëÿþùàÿ ñîâåðøàåò èçãèáíî-êðóòèëüíûå êî-
ëåáàíèÿ. Àýðîäèíàìè÷åñêèå ñèëû ââèäó èõ ìàëîñòè ïî ñðàâíåíèþ ñ êîíòàêòíûìè
ñèëàìè èç ðàññìîòðåíèÿ èñêëþ÷àþòñÿ.

Óðàâíåíèÿ ìàëûõ êîëåáàíèé ðàññìàòðèâàåìîé ñèñòåìû èìåþò âèä [7]:
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ãäå zc è ψc − ïîïåðå÷íûå ëèíåéíûå è óãëîâûå ïåðåìåùåíèÿ îáúåêòà; q − íîìåð
îïîðû äâóõîïîðíîãî îáúåêòà; δ − äåëüòà-ôóíêöèÿ Äèðàêà.

Óðàâíåíèÿ (1) îïèñûâàþò èçãèáíî-êðóòèëüíûå êîëåáàíèÿ íàïðàâëÿþùåé, óðàâ-
íåíèÿ (2) − ïëîñêèå êîëåáàíèÿ äâóõîïîðíîãî îáúåêòà.

Äëÿ äàëüíåéøåãî àíàëèçà óäîáíî ââåñòè äâèæóùóþñÿ ñî ñêîðîñòüþ Vx ñèñòåìó
îòñ÷åòà, â êîòîðîé sq = xq − Vxt.

Â ýòîé ñèñòåìå îòñ÷åòà óðàâíåíèÿ èçãèáíî-êðóòèëüíûõ êîëåáàíèé íàïðàâëÿþ-
ùåé (1) ïðèìóò âèä
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415

â ïîëó÷åííûõ óðàâíåíèÿõ s = 0, ïðèäåì ê óðàâíåíèÿì, îïèñûâàþùèì êîëåáàíèÿ
äâóõîïîðíîãî îáúåêòà, äâèæóùåãîñÿ ïî ñîâåðøàþùåé èçãèáíî-êðóòèëüíûå êîëå-
áàíèÿ íàïðàâëÿþùåé:
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Ïîäûíòåãðàëüíûå ôóíêöèè â âûðàæåíèÿõ (11) äëÿ χz(Ω, Vx) è χϕ(Ω, Vx) ïðåä-
ñòàâëÿþò ñîáîé äðîáè, â çíàìåíàòåëå êîòîðûõ ñòîèò ïîëèíîì âîñüìîé ñòåïåíè, êîðíè
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ëåæàùèå â âåðõíåé ïîëóïëîñêîñòè êîìïëåêñíîãî ïåðåìåííîãî κ.
Äèíàìè÷åñêàÿ æåñòêîñòü íàïðàâëÿþùåé â äâèæóùåìñÿ êîíòàêòå ÿâëÿåòñÿ êîì-
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ïëåêñíîçíà÷íîé ôóíêöèåé ñêîðîñòè äâèæåíèÿ êîíòàêòà è ÷àñòîòû âîçìóùåíèÿ. Äåé-
ñòâèòåëüíàÿ ñîñòàâëÿþùàÿ äèíàìè÷åñêîé æåñòêîñòè ïðåäñòàâëÿåò óïðóãî-èíåðöè-
îííûå ñâîéñòâà ðåàêöèè íàïðàâëÿþùåé, à ìíèìàÿ − âÿçêîñòíûå [8]. Ïðè îïðåäåëå-
íèè ÷àñòîò ñâîáîäíûõ êîëåáàíèé îáúåêòà, äâèæóùåãîñÿ ïî êîëåáëþùåéñÿ íàïðàâ-
ëÿþùåé, ôèçè÷åñêèé ñìûñë èìåþò òîëüêî äåéñòâèòåëüíûå ÷àñòè äèíàìè÷åñêîé
æåñòêîñòè Re χz(Ω, Vx) è Re χϕ(Ω, Vx).

Èñêëþ÷àÿ èç ñèñòåì óðàâíåíèé (9) è (10) ),0(~
í Ωqz  è ),,0(~

í Ωϕ q  ïîëó÷èì

,0)(~)(~
,0)(~)(~

)(
)(

2
2221

12
2

11

=ΩψΩ−+Ω
=Ωψ+ΩΩ−

czc
czc

c

c (14)

ãäå

,,2 21
1211 c

m
RR

Kc
m

cKc
cc

−
−== χχ

,,
2
2

2
1

22
21

21 c
J

RR
Kcc

J
RR

Kc
yy

+
=

−
= χχ (15)
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)Re(ReReRe

ReRe

zbz

z

zc
K

χ+χ+χχ

χχ
=

ϕϕ

ϕ
χ

×àñòîòû ñâîáîäíûõ êîëåáàíèé äâóõîïîðíîãî îáúåêòà, äâèæóùåãîñÿ ïî óïðóãîé
íàïðàâëÿþùåé, ìîæíî îïðåäåëèòü èç õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ñèñòåìû (14),
êîòîðîå èìååò âèä

.0)( 21122211
2

1211
4 =−+Ω+−Ω cccccc (16)

Äâà ïåðâûõ êîðíÿ óðàâíåíèÿ (16) îïðåäåëÿþòñÿ ñîîòíîøåíèåì
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22 12212211
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2,1 cccccccc
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⎠
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⎜
⎝
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±
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=Ω (17)

Ïðè äâèæåíèè äâóõîïîðíîãî îáúåêòà ïî íàïðàâëÿþùåé, èìåþùåé îòêëîíåíèÿ
îò ïðÿìîëèíåéíîñòè, êîíòàêòíûå ñèëû â óðàâíåíèÿõ ñèñòåì (2) è (3) áóäóò èìåòü
âèä:

,])([

,])([

22í2í22

11í1í11

sbcz

sbcz

zzzRzcP
zzzRzcP
−ϕ+−ψ−−=

−ϕ+−ψ−−=
(18)

Ïîïåðå÷íûå êîîðäèíàòû íàïðàâëÿþùåé, îáóñëîâëåííûå åå íà÷àëüíûìè íåðîâ-
íîñòÿìè, ïîä îïîðàìè äâèæóùåãîñÿ îáúåêòà îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè
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1

scss

css

Lxzz
xzz

−=
=

(19)

ãäå zs1, zs2 − ïîïåðå÷íûå êîîðäèíàòû íàïðàâëÿþùåé, îáóñëîâëåííûå åå íà÷àëüíûìè
íåðîâíîñòÿìè, ïîä îïîðàìè äâèæóùåãîñÿ îáúåêòà; xc = Vxt − ïðîäîëüíàÿ êîîðäèíà-
òà ïåðåäíåé îïîðû îáúåêòà.

Çàâèñèìîñòü íà÷àëüíûõ íåðîâíîñòåé íàïðàâëÿþùåé zs(x) ïðåäñòàâèì â âèäå ðÿäà
Ôóðüå, ó÷èòûâàÿ ïðè ýòîì, ÷òî x = Vxt:

,e
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0)( ∑
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Ωρ+=
N

n

ti
nxs

nQQz (20)
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ãäå Ωρn = 2πnVx /L; Qn = an − ibn; an, bn − êîýôôèöèåíòû Ôóðüå; L − äëèíà àíàëèçè-
ðóåìîãî ó÷àñòêà; N − ÷èñëî ó÷èòûâàåìûõ ÷ëåíîâ ðàçëîæåíèÿ.

Ðàöèîíàëüíûì âûáîðîì íà÷àëà îòñ÷åòà ìîæíî îáåñïå÷èòü Q0 = 0.
Ïðîäåëàâ ñ óðàâíåíèÿìè ñèñòåì (2) è (3) òå æå äåéñòâèÿ, ÷òî è ðàíåå, íî ïðèíè-

ìàÿ ïðè ýòîì âî âíèìàíèå, ÷òî Pz1 è Pz2 îïðåäåëÿþòñÿ âûðàæåíèÿìè (18), ñ ó÷åòîì
ñîîòíîøåíèé (20) ïîëó÷èì
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(21)

ãäå Δt = Ls /Vx.
Ïðèíöèï ñóïåðïîçèöèè ïîçâîëÿåò ðàññìàòðèâàòü äåéñòâèå íà äâèæóùèéñÿ

îáúåêò êàæäîé èç ãàðìîíèê íà÷àëüíûõ íåðîâíîñòåé íàïðàâëÿþùåé â îòäåëüíîñòè.
Ðåøåíèå ñèñòåìû (21) ïðåäñòàâèì â âèäå
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(22)

Ïîäñòàâèâ ðåøåíèå (22) â óðàâíåíèÿ ñèñòåìû (21), áóäåì èìåòü
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(23)

Ðåøàÿ ïîëó÷åííóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî Azn è Aψn,
ïîëó÷èì
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Èñïîëüçóÿ ðåøåíèå (22), ìîæíî ïîêàçàòü, ÷òî
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Ðàññìîòðèì äâèæåíèå íàïðàâëÿþùåé ïîä äåéñòâèåì êîíòàêòíûõ ñèë (25). Ïðè
ýòîì íåîáõîäèìî èìåòü â âèäó, ÷òî ñèëû, äåéñòâóþùèå íà íàïðàâëÿþùóþ, ïî âåëè-
÷èíå ðàâíû êîíòàêòíûì ñèëàì Pz1 è Pz2, íî ïðîòèâîïîëîæíî íàïðàâëåíû, òî åñòü
èìåþò çíàê ìèíóñ. Èçãèáíî-êðóòèëüíûå êîëåáàíèÿ íàïðàâëÿþùåé â íåïîäâèæíîé
ñèñòåìå êîîðäèíàò îïèñûâàþòñÿ ñèñòåìîé óðàâíåíèé [7]
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Ïðåäñòàâèì ðåøåíèå ñèñòåìû â âèäå

).()(),()( íí tSxUtSxUz z ϕ=ϕ= (27)

Ïðèíèìàÿ âî âíèìàíèå, ÷òî äëÿ èçãèáíî-êðóòèëüíûõ êîëåáàíèé Uϕ /Uz = const,
òî åñòü

,,,
IVIV

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ ′
=

′′′
=
′′

=
U
U

U
U

U
U

U
U

U
U

U
U

z

z

z

z

z

z

è ðàçäåëÿÿ ïåðåìåííûå, ïðåîáðàçóåì ñèñòåìó (26) ê âèäó
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Â ñèñòåìå êîîðäèíàò, äâèæóùåéñÿ âìåñòå ñ îáúåêòîì ñî ñêîðîñòüþ Vx, äëÿ êî-
òîðîé

),()()()(2)()(, 2
í sUtSVsUtSVsUtSztVxs zxzxzx ′′+′−=−= &&&&&

)()()()(2)()( 2
í sUtSVsUtSVsUtS xx ϕϕϕ ′′+′−=ϕ &&&&&

è ïðîèçâîäíûå ïî õ ðàâíû ïðîèçâîäíûì ïî s, ïåðâîå óðàâíåíèå ñèñòåìû (28) ïðè-
ìåò âèä
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(30)

Äëÿ àíàëèçà âûíóæäåííûõ êîëåáàíèé íàïðàâëÿþùåé èñïîëüçóåì ìåòîä ðàçëî-
æåíèÿ âíåøíèõ ñèë ïî ñîáñòâåííûì ôîðìàì êîëåáàíèé [10]. Óðàâíåíèå (30) çàïè-
øåì îòäåëüíî äëÿ êîëåáàíèé â íàïðàâëåíèè îñè Z è óãëà ϕ:
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(31)

Ðàáîòà ïðèëîæåííûõ ê ñèñòåìå ñèë íà ïåðåìåùåíèÿõ, îòâå÷àþùèõ ôîðìå êî-
ëåáàíèé, ðàâíà ðàáîòå ïðèâåäåííîé ñèëû íà ïåðåìåùåíèè òî÷êè ïðèâåäåíèÿ, ðàâ-
íîì åäèíèöå [6], à ïðèâåäåííàÿ ìàññà ðàâíà ìàññå áàëêè, êèíåòè÷åñêàÿ ýíåðãèÿ
êîòîðîé ðàâíà ìàêñèìàëüíîé êèíåòè÷åñêîé ýíåðãèè, ïåðåíîñèìîé ÷åðåç òî÷êó ïðè-
âåäåíèÿ ïðè ïðîõîäå ÷åðåç ïîñëåäíþþ ïîëîâèíû äëèíû âîëíû ñîîòâåòñòâóþùåé
ôîðìû êîëåáàíèé. Èñõîäÿ èç ýòîãî, ïðèâåäåííûå ñèëû ,znP  nPϕ  è ïðèâåäåííûå ìàñ-
ñû ,znM nMϕ  ìîæíî ïðåäñòàâèòü â ñëåäóþùåì âèäå:
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),()( 2211 sUPsUPP znzznzzn +=

)),()(( 2211 sUPsUPzP nznzbn ϕϕϕ +=
(32)

,)(
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2∫=
nL

znzn dssUmM

,)(
0

2∫ ϕϕ =
nL

npn dssUIM
(33)

ãäå Ln − ïîëîâèíà äëèíû âîëíû ñîîòâåòñòâóþùåé ôîðìû êîëåáàíèé.
Ñîáñòâåííûå ôîðìû èçãèáíî-êðóòèëüíûõ êîëåáàíèé îïðåäåëÿþòñÿ ñîîòíîøå-

íèÿìè [11]:
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(34)

ãäå Kzj îïðåäåëÿþòñÿ êàê êîðíè óðàâíåíèÿ

0242 )()( =+ω+−ω− ϕϕ DDmDIDmzIm zpzsp (35)

ñ ó÷åòîì êèíåìàòè÷åñêîãî èíâàðèàíòà [3]

,xzVK+Ω=ω (36)

à ïîñòîÿííûå Czj íàõîäÿòñÿ èç óñëîâèé ñîïðÿæåíèÿ íà äâèæóùèõñÿ ãðàíèöàõ [11].
Â êà÷åñòâå ðåøåíèÿ ñèñòåìû (31) ïðèìåì
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(37)

Ïîäñòàâèì â óðàâíåíèÿ ñèñòåìû (31) ðåøåíèÿ (37) è ñîîòíîøåíèÿ äëÿ ñîáñòâåí-
íûõ ôîðì êîëåáàíèé íàïðàâëÿþùåé (34) è èç ïîëó÷åííûõ àëãåáðàè÷åñêèõ óðàâíå-
íèé îïðåäåëèì àìïëèòóäû êîëåáàíèé íàïðàâëÿþùåé

.1

,1

22

22

)(

)(

xzjpnjnj

nj
nj

xzjpnjznj

znj
znj

VKM
P

B

VKM
P

B

+Ω−ω
=

+Ω−ω
=

ϕ

ϕ
ϕ

(38)

Êîëåáàíèÿ ãîëîâêè íàïðàâëÿþùåé, êîíòàêòèðóþùåé ñ îïîðàìè äâèæóùåãîñÿ
îáúåêòà, îïðåäåëÿþòñÿ âûðàæåíèåì zã = zí + zbϕí. Ïðèíèìàÿ âî âíèìàíèå, ÷òî Uϕj =
= βjUzj, çàïèøåì ñîîòíîøåíèå äëÿ àìïëèòóä êîëåáàíèé ãîëîâêè íàïðàâëÿþùåé
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Ðàññìîòðèì, ïðè êàêèõ óñëîâèÿõ âîçìîæåí ðåçîíàíñ â ñèñòåìå óïðóãàÿ íàïðàâ-
ëÿþùàÿ − äâèæóùèéñÿ äâóõîïîðíûé îáúåêò.

Àìïëèòóäû êîëåáàíèé äâóõîïîðíîãî îáúåêòà Azn è Aψn îïðåäåëÿþòñÿ âûðàæå-
íèÿìè (24). Ïðè ðàâåíñòâå íóëþ çíàìåíàòåëÿ â ñèñòåìå èìååò ìåñòî ðåçîíàíñ. Èç
óñëîâèÿ 02112

2
22

2
11 )()( =Ω−Ω− − СССС pnpn  ìîæíî ïîëó÷èòü
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=Ω (40)

Ïðàâàÿ ÷àñòü âûðàæåíèÿ (40) ïðåäñòàâëÿåò ñîáîé ÷àñòîòû ñâîáîäíûõ êîëåáà-
íèé äâèæóùåãîñÿ îáúåêòà, çàâèñÿùèå îò óïðóãî-èíåðöèîííûõ õàðàêòåðèñòèê äâè-
æóùåãîñÿ îáúåêòà è äèíàìè÷åñêîé æåñòêîñòè íàïðàâëÿþùåé â äâèæóùåìñÿ êîí-
òàêòå, îïðåäåëÿåìîé ñîîòíîøåíèÿìè (12). Òî åñòü ïðè ñáëèæåíèè ÷àñòîò ñâîáîä-
íûõ êîëåáàíèé äâèæóùåãîñÿ îáúåêòà ñ ÷àñòîòàìè âîçäåéñòâèÿ, îáóñëîâëåííûìè
íåðîâíîñòÿìè íàïðàâëÿþùåé, ïðîèñõîäèò ðåçîíàíñíîå óâåëè÷åíèå àìïëèòóä êîëå-
áàíèé Azn è Aψn.

Ïðè ðàâåíñòâå íóëþ ÷èñëèòåëåé âûðàæåíèé (24) èìååò ìåñòî ÿâëåíèå àíòèðå-
çîíàíñà. ×àñòîòû àíòèðåçîíàíñà îïðåäåëÿþòñÿ âûðàæåíèÿìè
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(41)

Åñëè ÷àñòîòà âîçäåéñòâèÿ, îáóñëîâëåííàÿ íåðîâíîñòÿìè íàïðàâëÿþùåé, ðàâíà
Ωa1, òî íóëþ ðàâíû ïåðåìåùåíèÿ äâèæóùåãîñÿ îáúåêòà â íàïðàâëåíèè îñè Z; åñëè
÷àñòîòà ðàâíà Ωa2, òî îòñóòñòâóþò óãëîâûå êîëåáàíèÿ â íàïðàâëåíèè óãëà Ψ.

×àñòü íàïðàâëÿþùåé, îãðàíè÷åííàÿ îïîðàìè äâèæóùåãîñÿ îáúåêòà, ÿâëÿåòñÿ
ðåçîíàòîðîì [3], ïîýòîìó íàèáîëåå óñòîé÷èâûìè èç âîçáóæäàåìûõ â íàïðàâëÿþ-
ùåé äâèæóùèìñÿ îáúåêòîì âîëí áóäóò âîëíû, äëèíû êîòîðûõ ðàâíû Ls (åñëè êîí-
òàêòíûå ñèëû íàïðàâëåíû â îäíó ñòîðîíó) èëè 2Ls (åñëè êîíòàêòíûå ñèëû íàïðàâ-
ëåíû â ïðîòèâîïîëîæíûå ñòîðîíû). Ïîñëåäíåå ïîçâîëÿåò îïðåäåëèòü ÷àñòîòó ñâî-
áîäíûõ êîëåáàíèé íàïðàâëÿþùåé âòîðîãî óðàâíåíèÿ ñèñòåìû (28) ñ ó÷åòîì ñîîò-
íîøåíèé (34):
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Àíàëèçèðóÿ âûðàæåíèå (39), îïðåäåëÿþùåå âåëè÷èíû àìïëèòóä êîëåáàíèé ãî-
ëîâêè íàïðàâëÿþùåé, ìîæíî âèäåòü, ÷òî ðåçîíàíñíîå óâåëè÷åíèå àìïëèòóä áóäåò
èìåòü ìåñòî ïðè ñòðåìëåíèè ê íóëþ çíàìåíàòåëÿ, êîòîðûé ñ ó÷åòîì ñîîòíîøåíèé
(36) è (43) çàïèøåì â âèäå

.022 *22* =Ω−Ω+Ω−Ω κκκ znjxpnjzxpn KVKV (44)

Â âûðàæåíèè (44) Kzκ j è Kznj îïðåäåëÿþòñÿ êàê êîðíè óðàâíåíèÿ (35) ïðè ÷àñòî-
òå Ω, ðàâíîé *

κΩ  è Ωpn ñîîòâåòñòâåííî. Î÷åâèäíî, ÷òî çíàìåíàòåëü ñòðåìèòñÿ ê
íóëþ ïðè ñáëèæåíèè ÷àñòîò ñâîáîäíûõ êîëåáàíèé íàïðàâëÿþùåé *

κΩ  è ÷àñòîò âû-
íóæäåííûõ êîëåáàíèé Ωpn, îáóñëîâëåííûõ íåðîâíîñòÿìè íàïðàâëÿþùåé.

Ñèëû Pz1 è Pz2, âõîäÿùèå â ÷èñëèòåëü âûðàæåíèÿ (39), çàâèñÿò îò àìïëèòóä êî-
ëåáàíèé äâèæóùåãîñÿ îáúåêòà Azn è Aψn, êîòîðûå, êàê áûëî ïîêàçàíî âûøå, âîçðàñ-
òàþò ïðè ñáëèæåíèè ÷àñòîò ñâîáîäíûõ êîëåáàíèé äâèæóùåãîñÿ îáúåêòà è ÷àñòîò
âîçäåéñòâèÿ, îáóñëîâëåííûõ íåðîâíîñòÿìè íàïðàâëÿþùåé.

Â ÷èñëèòåëå âûðàæåíèÿ (39) ïðèñóòñòâóþò ñîáñòâåííûå ôîðìû êîëåáàíèé íà-
ïðàâëÿþùåé Uzκ j(s). Îäíàêî â ñâÿçàííîé ñ äâèæóùèìñÿ îáúåêòîì ñèñòåìå êîîðäè-
íàò öåëåñîîáðàçíåå ðàññìàòðèâàòü
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ãäå âåëè÷èíà àìïëèòóä Czκ j îïðåäåëÿåòñÿ èç óñëîâèé ñîïðÿæåíèÿ íà äâèæóùèõñÿ
ãðàíèöàõ.

Àíàëèòè÷åñêóþ çàâèñèìîñòü Uzκ (Ω, Vx) ïîëó÷èòü íå ïðåäñòàâëÿåòñÿ âîçìîæ-
íûì. Ïîýòîìó ïðåäëàãàåòñÿ ðàññìîòðåòü ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ, ïðîâå-
äåííûõ ïî çàâèñèìîñòè (45) ïðè s = 0. Íà ðèñ. 2 ïðèâåäåíà çàâèñèìîñòü Uz(Ω) äëÿ
ðàçëè÷íûõ ñêîðîñòåé äâèæåíèÿ îáúåêòà.

Èç àíàëèçà çàâèñèìîñòåé, ïðåäñòàâëåííûõ íà ðèñ. 2, ñëåäóåò, ÷òî ñóùåñòâóþò
÷àñòîòû èçìåíåíèÿ íàãðóçêè è ñêîðîñòè äâèæåíèÿ îáúåêòà, ïðè êîòîðûõ íàáëþäà-
åòñÿ ðåçîíàíñíîå óâåëè÷åíèå ïîäàòëèâîñòè íàïðàâëÿþùåé Uz.

Òàêèì îáðàçîì, ïðè äâèæåíèè äâóõîïîðíîãî îáúåêòà ïî óïðóãîé íàïðàâëÿþ-
ùåé âîçìîæíî ðåçîíàíñíîå óâåëè÷åíèå àìïëèòóä êîëåáàíèé íàïðàâëÿþùåé è äâè-
æóùåãîñÿ îáúåêòà â ñëåäóþùèõ ñëó÷àÿõ:

Ðèñ. 2. Çàâèñèìîñòü äèíàìè÷åñêîé ïîäàòëèâîñòè íàïðàâëÿþùåé Uz
îò ÷àñòîòû èçìåíåíèÿ íàãðóçêè è ñêîðîñòè äâèæåíèÿ îáúåêòà
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− ïðè ñáëèæåíèè ÷àñòîò èçìåíåíèÿ âíåøíèõ ñèë ñ ÷àñòîòàìè ñâîáîäíûõ êîëå-
áàíèé äâóõîïîðíîãî îáúåêòà, çàâèñÿùèõ îò óïðóãî-èíåðöèîííûõ õàðàêòåðèñòèê
îáúåêòà è äèíàìè÷åñêîé æåñòêîñòè íàïðàâëÿþùåé â äâèæóùåìñÿ êîíòàêòå;

− ïðè ñáëèæåíèè ÷àñòîò èçìåíåíèÿ âíåøíèõ ñèë ñ ÷àñòîòàìè ñâîáîäíûõ êîëå-
áàíèé íàïðàâëÿþùåé, ôîðìèðóåìûõ äâèæóùèìñÿ îáúåêòîì è çàâèñÿùèõ îò æåñò-
êîñòíûõ è èíåðöèîííî-ìàññîâûõ ïàðàìåòðîâ íàïðàâëÿþùåé, ðàññòîÿíèÿ ìåæäó
îïîðàìè äâèæóùåãîñÿ îáúåêòà è ñêîðîñòè åãî äâèæåíèÿ;

− ïðè îïðåäåëåííûõ ñî÷åòàíèÿõ ñêîðîñòè äâèæåíèÿ îáúåêòà è ÷àñòîòû èçìåíå-
íèÿ êîíòàêòíûõ ñèë, âûçûâàþùèõ ðåçîíàíñíîå óâåëè÷åíèå ïîäàòëèâîñòè íàïðàâ-
ëÿþùåé.

Ïîëó÷åííûå âûâîäû ìîæíî ïðîâåðèòü ñ ïîìîùüþ ÷èñëåííûõ ðàñ÷åòîâ âçà-
èìîäåéñòâèÿ ñòóïåíè ðàêåòíîãî ïîåçäà ñ ðåëüñîâûìè íàïðàâëÿþùèìè, èìåþùèìè
îòêëîíåíèÿ îò ïðÿìîëèíåéíîñòè.

Îäíàêî ïðè ýòîì íåîáõîäèìî èìåòü â âèäó, ÷òî ïðèâåäåííûå ìàòåìàòè÷åñêèå
âûêëàäêè ñïðàâåäëèâû äëÿ ëèíåéíûõ ñèñòåì. Ðåàëüíàÿ ñèñòåìà äâèæóùàÿñÿ ñòó-
ïåíü ðàêåòíîãî ïîåçäà − ðåëüñîâàÿ íàïðàâëÿþùàÿ îáëàäàåò ñóùåñòâåííûìè íåëè-
íåéíîñòÿìè, îáóñëîâëåííûìè íàëè÷èåì çàçîðîâ ìåæäó ðàáî÷èìè ïîâåðõíîñòÿìè
îïîðíûõ áàøìàêîâ ñòóïåíè è ðåëüñîâûìè íàïðàâëÿþùèìè è óñëîâèÿìè íà ñêîëü-
çÿùåì êîíòàêòå (â ðåçóëüòàòå ôðèêöèîííîãî íàãðåâà ìåíÿþòñÿ ìåõàíè÷åñêèå ñâîé-
ñòâà ìàòåðèàëà áàøìàêà è ïðîèñõîäèò óíîñ ìàòåðèàëà ñ åãî ïîâåðõíîñòåé). Ïîýòî-
ìó ìîæíî ãîâîðèòü ëèøü î êà÷åñòâåííîì ñðàâíåíèè ïîëó÷åííûõ âûâîäîâ ñ ðåçóëü-
òàòàìè ÷èñëåííûõ ðàñ÷åòîâ äâèæåíèÿ ñòóïåíè ðàêåòíîãî ïîåçäà ïî íàïðàâëÿþùèì,
èìåþùèì îòêëîíåíèÿ îò ïðÿìîëèíåéíîñòè.

Ïîëó÷åííûå âûâîäû îòíîñèòåëüíî ïðè÷èí âîçíèêíîâåíèÿ ðåçîíàíñîâ ïîçâî-
ëÿþò îïðåäåëèòü ìåðû áîðüáû ñ íèìè:

− èñêëþ÷åíèå ðåçîíàíñîîïàñíûõ ãàðìîíèê ïóòåì äîïîëíèòåëüíîé þñòèðîâêè
íà÷àëüíîé íåïðÿìîëèíåéíîñòè ðåëüñîâûõ íàïðàâëÿþùèõ;

− ïîäáîð æåñòêîñòè îïîð ñòóïåíè ðàêåòíîãî ïîåçäà äëÿ óõîäà îò ðåçîíàíñî-
îïàñíûõ ÷àñòîò.
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ESTIMATION OF RESONANCE- DANGEROUS HARMONICS ARISING
IN  A VIBRATING ELASTIC GUIDE ALONG WHICH AN OBJECT

WITH TWO SUPPORTS MOVES

Gerasimov S.I.1,2, Erofeev V.I.2,3, Kamchatny V.G.1, Kanygin I.I.1

1Sarov Physics and Technical Institute of National Research Nuclear University MEPhI,
Sarov, Russian Federation

2Mechanical Engineering Research Institute of RAS,
Nizhni Novgorod, Russian Federation

3Lobachevsky State University of Nizhni Novgorod, Nizhni Novgorod, Russian Federation

The analysis of resonance in the system "an elastic guide − a moving object with two supports" has
been executed. The dynamic behavior of the guide is modeled by a beam performing flexural-
torsional vibrations, and an object with two supports represents two oscillators coupled by absolutely
rigid connection. It is shown that in the system the resonant increase of vibration amplitudes is
possible in the following cases: when the frequencies of variation of the external forces are close
to the frequencies of free oscillations of an object with two supports, which depend on the elastic-
inertial characteristics of the object and the dynamic stiffness of the guide in the moving contact;
if the frequencies of variation of external forces are close to the frequencies of free oscillations of
the guide, which are generated by a moving object and depend on the stiffness and inertial-mass
parameters of the guide and the distance between the supports of the moving object and its velocity;
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for certain combinations of the speed of the object movement and the frequency of variation of the
contact forces causing the resonant increase of the guide compliance. The following measures are
offered against resonant phenomena: elimination of resonance-dangerous harmonics from the initial
misalignment of railway guides by their additional adjustment; choice of stiffness of supports of a
rocket train stage in order to evade resonance-dangerous frequencies.

Keywords: elastic guide, flexural-torsional vibrations, a moving object with two supports, resonance.


