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Èçó÷åíû ñëîæíûå êîëåáàíèÿ ãåîìåòðè÷åñêè íåëèíåéíûõ ïðÿìîóãîëüíûõ
â ïëàíå ïëàñòèí ñ èñïîëüçîâàíèåì êèíåìàòè÷åñêîé ãèïîòåçû Êèðõãîôà. Ïëàñ-
òèíû íàõîäÿòñÿ ïîä äåéñòâèåì çíàêîïåðåìåííîé ïðîäîëüíîé íàãðóçêè, äåé-
ñòâóþùåé ïî èõ ïåðèìåòðó. Çàäà÷à â ÷àñòíûõ ïðîèçâîäíûõ ñâîäèòñÿ ê çàäà÷å
äëÿ íåëèíåéíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ìåòî-
äîì êîíå÷íûõ ðàçíîñòåé ñ àïïðîêñèìàöèåé âòîðîãî ïîðÿäêà òî÷íîñòè ïî ïðî-
ñòðàíñòâåííûì ïåðåìåííûì. Ïî âðåìåíè ñèñòåìà äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ðåøàåòñÿ ìåòîäîì Ðóíãå − Êóòòû ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè. Èññëå-
äóþòñÿ ñöåíàðèè ïåðåõîäà êîëåáàíèé ðàññìàòðèâàåìûõ ïëàñòèí èç ãàðìîíè-
÷åñêèõ â õàîòè÷åñêèå â çàâèñèìîñòè îò äëèíû ïëàñòèíû. Ïîêàçàíî, ÷òî êîëå-
áàíèÿ íà ÷àñòîòå, ñîîòâåòñòâóþùåé ïåðâîé áèôóðêàöèè Àíäðîíîâà − Õîïôà,
ñâîéñòâåííû ðàññìàòðèâàåìûì îáîëî÷êàì. Ñìåíà êîëåáàòåëüíûõ ðåæèìîâ â
èçó÷àåìûõ äèíàìè÷åñêèõ ñèñòåìàõ ìîæåò ïðîèñõîäèòü ïðè ôèêñèðîâàííûõ
àìïëèòóäå è ÷àñòîòå âíåøíåé íàãðóçêè ñ òå÷åíèåì âðåìåíè.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ äèíàìèêà, ïðÿìîóãîëüíûå â ïëàíå ïëàñòè-
íû, áèôóðêàöèè, õàîñ, ãåîìåòðè÷åñêàÿ íåëèíåéíîñòü, âåéâëåò-àíàëèç, ôóðüå-
àíàëèç, ñöåíàðèè ïåðåõîäà êîëåáàíèé ê õàîñó, ìàòåìàòè÷åñêîå ìîäåëèðîâà-
íèå.

Ââåäåíèå

Àíàëèç âëèÿíèÿ ñèëîâîãî íàãðóæåíèÿ íà ïîâåäåíèå ìåõàíè÷åñêèõ ñèñòåì − ýòî
ïåðñïåêòèâíîå, íî ÷ðåçâû÷àéíî ñëîæíîå íàïðàâëåíèå íàó÷íûõ èññëåäîâàíèé, ïî-
ñêîëüêó èçìåíåíèå ïàðàìåòðîâ ìåõàíè÷åñêîãî íàãðóæåíèÿ ÿâëÿåòñÿ ôàêòîðîì, îáóñ-
ëîâëèâàþùèì ïåðåñòðîéêó êîëåáàòåëüíûõ ðåæèìîâ äèíàìè÷åñêèõ ñèñòåì. Ãèáêèå
ïëàñòèíû (êàê ñàìîñòîÿòåëüíûå ýëåìåíòû è êàê ÷àñòü ñîñòàâíûõ êîíñòðóêöèé)
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øèðîêî èñïîëüçóþòñÿ â àâèàöèîííîé è ðàêåòíî-êîñìè÷åñêîé òåõíèêå, ñóäî- è àâòî-
ìîáèëåñòðîåíèè, ýíåðãåòè÷åñêîì è õèìè÷åñêîì ìàøèíîñòðîåíèè, æèëèùíîì è
ïðîìûøëåííîì ñòðîèòåëüñòâå. Â êîíñòðóêöèÿõ îòâåòñòâåííîãî íàçíà÷åíèÿ òàêèå
ýëåìåíòû ïîäâåðãàþòñÿ ðàçëè÷íûì âíåøíèì íàãðóçêàì. Ïîýòîìó âîçíèêàåò íåîá-
õîäèìîñòü óñòàíîâëåíèÿ ìíîæåñòâà ïàðàìåòðîâ âîçäåéñòâèÿ, êîòîðûå áóäóò õàðàê-
òåðèçîâàòü áåçîïàñíûå è îïàñíûå ðåæèìû êîëåáàíèé ðàññìàòðèâàåìûõ ñèñòåì.

Íåñìîòðÿ íà áîëåå ÷åì ïîëóâåêîâóþ èñòîðèþ, âîïðîñû ìîäåëèðîâàíèÿ ñëîæ-
íîé äèíàìèêè ìåõàíè÷åñêèõ ñèñòåì îñòàþòñÿ àêòóàëüíûìè [1−5].

Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé ãèáêîé ïðÿìîóãîëüíîé â
ïëàíå ïëàñòèíû ñ ïîñòîÿííîé æåñòêîñòüþ è ïëîòíîñòüþ ïîä äåéñòâèåì çíàêîïåðå-
ìåííîé ïðîäîëüíîé íàãðóçêè, äåéñòâóþùåé ïî åå ïåðèìåòðó. Ìàòåðèàë ïëàñòèíû
èçîòðîïíûé è îäíîðîäíûé. Ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé ïëàñòèíû, îñíîâû-
âàþùàÿñÿ íà ãèïîòåçàõ Êèðõãîôà − Ëÿâà, ñ÷èòàåòñÿ ìîäåëüþ ïåðâîãî ïðèáëèæå-
íèÿ, íî òåì íå ìåíåå îíà ÿâëÿåòñÿ äîñòàòî÷íî òî÷íîé äëÿ îïèñàíèÿ èññëåäóåìûõ
ïðîöåññîâ. Â äàííîì ñëó÷àå ãåîìåòðè÷åñêàÿ íåëèíåéíîñòü ó÷èòûâàåòñÿ â ôîðìå
Ò. Êàðìàíà.

Â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò òðåõìåðíàÿ îáëàñòü èìååò âèä: Ω =
= {x1, x2, x3 | (x1, x2) ∈ [0; a]×[0; b], x3 ∈ [−δ, δ]} (ðèñ. 1).

Ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé ïëàñòèíû îïèñûâàåòñÿ ñèñòåìîé íåëèíåé-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, çàïèñàííûõ â áåçðàç-
ìåðíîì âèäå [6]:
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Ðèñ. 1. Ñõåìà ïðèëîæåíèÿ íàãðóçêè ê ïëàñòèíå
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Ñèñòåìà (1) ïðèâåäåíà ê áåçðàçìåðíîìó âèäó ñ èñïîëüçîâàíèåì ñëåäóþùèõ ñî-
îòíîøåíèé:

,;)2(;2;, 0
2

2211 tttFEFwwxbxxax =δ=δ===

ãäå t − âðåìÿ, t0 = a/K, ,/γ= EgK qbaEq )(/)2( 224δ=  − âíåøíåå íîðìàëüíîå äàâ-
ëåíèå; εδ=ε )2(  − êîýôôèöèåíò äåìïôèðîâàíèÿ ñðåäû, E − ìîäóëü óïðóãîñòè. ×åð-
òî÷êè íàä áåçðàçìåðíûìè ïàðàìåòðàìè â ïåðâîì óðàâíåíèè (1) äëÿ ïðîñòîòû îïó-
ùåíû. Ê óðàâíåíèÿì (1) ïðèñîåäèíÿþòñÿ ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ â çàâèñè-
ìîñòè îò òèïà íàãðóæåíèÿ è çàêðåïëåíèÿ ïëàñòèíû.

Ìåòîäû ðåøåíèÿ

Ñèñòåìà (1) ñ ó÷åòîì ãðàíè÷íûõ è íà÷àëüíûõ óñëîâèé ñâîäèòñÿ ê íåëèíåéíîé
ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÎÄÓ) ìåòîäîì êîíå÷íûõ
ðàçíîñòåé ñ àïïðîêñèìàöèåé O(c2) ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Ïåðâîå óðàâ-
íåíèå íåëèíåéíîé ÑÎÄÓ ïî âðåìåíè ðåøàåòñÿ ìåòîäîì Ðóíãå − Êóòòû ÷åòâåðòîãî
ïîðÿäêà îòíîñèòåëüíî ôóíêöèè ïðîãèáà. Âûáîð ìåòîäà îáîñíîâàí â ñòàòüå [7]. Äà-
ëåå çíà÷åíèÿ ôóíêöèè ïðîãèáà ïîäñòàâëÿþòñÿ â ïðàâóþ ÷àñòü âòîðîãî óðàâíåíèÿ
ñèñòåìû. Âòîðîå óðàâíåíèå ñèñòåìû (1) ñòàíîâèòñÿ ëèíåéíûì è ðåøàåòñÿ ìåòîäîì
îáðàòíîé ìàòðèöû îòíîñèòåëüíî ôóíêöèè óñèëèÿ íà êàæäîì øàãå ïî âðåìåíè. ×èñ-
ëî ðàçáèåíèé â ìåòîäå êîíå÷íûõ ðàçíîñòåé (ÌÊÐ) n×n = 14×14. Îáîñíîâàíèå âû-
áîðà êîëè÷åñòâà ðàçáèåíèé ÌÊÐ è äîñòîâåðíîñòè ïîëó÷àåìûõ ðåçóëüòàòîâ ïðèâå-
äåíû â ðàáîòå [8].

×èñëåííûå ýêñïåðèìåíòû

Ïðîâåäåí ðÿä ÷èñëåííûõ ýêñïåðèìåíòîâ, íàïðàâëåííûõ íà âûÿâëåíèå îñîáåí-
íîñòåé êîëåáàíèé ïðÿìîóãîëüíûõ ïëàñòèí ïîä äåéñòâèåì ïðîäîëüíîé çíàêîïåðå-
ìåííîé íàãðóçêè, äåéñòâóþùåé ïî ãðàíèöå, â çàâèñèìîñòè îò äëèíû ïëàñòèíû.
Íàãðóçêà çàäàâàëàñü â âèäå ,sin021

tppp pxx ω==  ãäå ωp, p0 − ÷àñòîòà è àìïëèòóäà
âíåøíåãî âîçäåéñòâèÿ ñîîòâåòñòâåííî, êîëåáàíèÿ ðàññìàòðèâàëèñü íà âðåìåííîì
èíòåðâàëå t ∈ [0, 286], ε = 1, μ = 0,3, E = 2,1⋅106 êã/ñì2 (ñòàëü), íà íà÷àëüíîì èíòåð-
âàëå âðåìåíè t ≤ 0,001 ïðèëîæåíà ìàëàÿ íîðìàëüíàÿ íàãðóçêà.

Ê ñèñòåìå (1) ïðèñîåäèíÿëèñü íåîäíîðîäíûå ãðàíè÷íûå óñëîâèÿ îïèðàíèÿ íà
ãèáêèå íåñæèìàåìûå (íåðàñòÿæèìûå) ðåáðà [9]:
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è íóëåâûå íà÷àëüíûå óñëîâèÿ w(x1, x2)|t = 0 = 0, (∂w/∂t)|t = 0 = 0.
Ïðè èññëåäîâàíèè êîëåáàíèé ðåçóëüòàòû, ïîëó÷åííûå äëÿ öåíòðàëüíîé òî÷êè

ñðåäèííîé ïëîñêîñòè ïëàñòèíû, ðàñïðîñòðàíÿþòñÿ íà âñþ ïëàñòèíó.
Ñèãíàëû, ïîëó÷àåìûå â ðåçóëüòàòå ÷èñëåííûõ ýêñïåðèìåíòîâ ïðè èññëåäîâà-

íèè äèíàìèêè ðàñïðåäåëåííûõ ìåõàíè÷åñêèõ ñèñòåì, èìåþò àìïëèòóäíî-âðåìåí-
íîå ïðåäñòàâëåíèå. Íî äëÿ ïîíèìàíèÿ ïîâåäåíèÿ äèíàìè÷åñêèõ ñèñòåì ïîä äåé-
ñòâèåì òîé èëè èíîé íàãðóçêè, äëÿ âûÿâëåíèÿ ïðè÷èí òîãî èëè èíîãî ÿâëåíèÿ íåîá-
õîäèìà èíôîðìàöèÿ èç ÷àñòîòíîé îáëàñòè ñèãíàëà. Äîëãîå âðåìÿ äëÿ èçó÷åíèÿ ÷àñ-
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òîòíîãî íàïîëíåíèÿ ñèãíàëîâ èñïîëüçîâàëîñü ïðåîáðàçîâàíèå Ôóðüå, îäíàêî âûÿñ-
íèëîñü, ÷òî ýòîò àïïàðàò õîðîøî ïîäõîäèò òîëüêî äëÿ àíàëèçà ñòàöèîíàðíûõ ñèãíà-
ëîâ, òî åñòü òàêèõ, ÷àñòîòíîå íàïîëíåíèå êîòîðûõ íå ìåíÿåòñÿ ñ òå÷åíèåì âðåìåíè.
Ïîëó÷àåìûå â ðåçóëüòàòå èññëåäîâàíèé äèíàìèêè íåëèíåéíûõ ïëàñòèí ñèãíàëû çà-
÷àñòóþ èìåþò ñëîæíóþ ñòðóêòóðó ïî âðåìåííîé îñè. Ïðèìåíåíèå âåéâëåò-àíàëè-
çà êàê èíñòðóìåíòà èññëåäîâàíèÿ íåëèíåéíîé äèíàìèêè êîíòèíóàëüíûõ ìåõàíè-
÷åñêèõ ñèñòåì ïîçâîëèëî âûÿâèòü ñóùåñòâåííûå, ëîêàëèçîâàííûå ïî âðåìåíè, îñî-
áåííîñòè ñöåíàðèåâ ïåðåõîäà ê õàîñó êîëåáàíèé ðàññìàòðèâàåìûõ ñèñòåì. Âåéâ-
ëåò-ñïåêòðû ïîçâîëÿþò óòâåðæäàòü, ÷òî êîíêðåòíûé ñöåíàðèé ìîæåò ñîäåðæàòü â
ñåáå ýëåìåíòû âñåõ òðåõ êëàññè÷åñêèõ ñöåíàðèåâ. Â êà÷åñòâå ìàòåðèíñêîãî âåéâëå-
òà â ðàáîòå áûë âûáðàí âåéâëåò Gauss 32. Îáîñíîâàíèå âûáîðà âåéâëåòà äàíî â
ðàáîòå [10].

Ñóùåñòâóþò òðè ýêñïåðèìåíòàëüíî ïîäòâåðæäåííûõ ñöåíàðèÿ ïåðåõîäà êîëå-
áàíèé èç ãàðìîíè÷åñêèõ â õàîòè÷åñêèå.

Â 1971 ãîäó Ðþýëü è Òàêåíñ [11] ïîêàçàëè, ÷òî äëÿ ïåðåõîäà ê õàîñó äîñòàòî÷íî
î÷åíü íåáîëüøîãî ÷èñëà áèôóðêàöèé Àíäðîíîâà − Õîïôà. Ïî ñöåíàðèþ Ðþýëÿ −
Òàêåíñà − Íüþõàóçà ïåðåõîä â õàîñ îñóùåñòâëÿåòñÿ ñëåäóþùèì îáðàçîì: ïîÿâëÿåò-
ñÿ íîâàÿ ëèíåéíî íåçàâèñèìàÿ ÷àñòîòà è ïåðåõîä ê õàîñó îñóùåñòâëÿåòñÿ ÷åðåç ñå-
ðèþ ëèíåéíûõ êîìáèíàöèé ëèíåéíî çàâèñèìûõ ÷àñòîò.

Â 1978 ãîäó Ôåéãåíáàóì ïðåäëîæèë óíèâåðñàëüíûé ìåõàíèçì ïåðåõîäà ê õàîñó
ïðè áåñêîíå÷íîé öåïî÷êå óäâîåíèÿ ïåðèîäà èñõîäíîãî äâèæåíèÿ [12, 13].

Òðåòèé ñöåíàðèé ïåðåõîäà â õàîñ áûë ïðåäëîæåí â 1989 ãîäó Ïîìî è Ìàííåâè-
ëåì [14]. Áûëî óñòàíîâëåíî, ÷òî ïåðåõîä îò ïåðèîäè÷åñêèõ êîëåáàíèé ê õàîñó ìî-
æåò ïðîèñõîäèòü ñêà÷êîì â ðåçóëüòàòå îäíîé-åäèíñòâåííîé áèôóðêàöèè. Òàêîé ïå-
ðåõîä áûë íàçâàí æåñòêèì, îí ñâÿçàí ñ ÿâëåíèåì ïåðåìåæàåìîñòè. Ñ óâåëè÷åíèåì
óïðàâëÿþùåãî ïàðàìåòðà êîëè÷åñòâî õàîòè÷åñêèõ âñïëåñêîâ âîçðàñòàåò, ïîêà íå
íàñòóïèò ìîìåíò ïîÿâëåíèÿ ïîëíîñòüþ õàîòè÷åñêîãî ñèãíàëà. Ýòî ÿâëåíèå áûëî
îòêðûòî Ïîìî è Ìàííåâèëåì ïðè ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé ìîäåëè
Ëîðåíöà.

Â ñëó÷àå êâàäðàòíîé ïëàñòèíû áûë ïîëó÷åí ñöåíàðèé, ñîäåðæàùèé â ñåáå ÷åð-
òû âñåõ òðåõ êëàññè÷åñêèõ ñöåíàðèåâ (òàáë. 1).

Òàáëèöà 1
Ñöåíàðèé ïåðåõîäà ê õàîñó â ñëó÷àå êâàäðàòíîé ïëàñòèíû (λ = 1)
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Òàáëèöà 1 (ïðîäîëæåíèå)
1 2 3 4 5

Â ïåðâîì ñòîëáöå òàáëèöû óêàçûâàåòñÿ àìïëèòóäà âíåøíåé ïðîäîëüíîé íàãðóç-
êè, âî âòîðîì ñòîëáöå ïðåäñòàâëåíû ñïåêòðû Ôóðüå êîëåáàíèé öåíòðàëüíîé òî÷êè
ñðåäèííîé ïëîñêîñòè ïëàñòèíû, â òðåòüåì ñòîëáöå − ôàçîâûé ïîðòðåò, â ÷åòâåðòîì −
ñå÷åíèå Ïóàíêàðå, â ïÿòîì − âåéâëåò-ñïåêòð êîëåáàíèé óêàçàííîé òî÷êè. Ïðè çíà-
÷åíèè àìïëèòóäû âíåøíåé íàãðóçêè p0 = 2 ïîÿâëÿåòñÿ áèôóðêàöèÿ óäâîåíèÿ ïåðè-
îäà (ñöåíàðèé Ôåéãåíáàóìà). Ñ ðîñòîì óïðàâëÿþùåãî ïàðàìåòðà ñèñòåìà ïåðåõî-
äèò â õàîñ ïî ñöåíàðèþ Ðþýëÿ − Òàêåíñà, òî åñòü ïîñëåäîâàòåëüíî ïîÿâëÿþòñÿ ïàðû
çàâèñèìûõ ÷àñòîò: ωi = ωp − ωi+1. Âåéâëåò-ñïåêòðû èëëþñòðèðóþò íàëè÷èå ïåðåìå-
æàåìîñòè (Ïîìî − Ìàííåâèëü). Â äàííîì ñëó÷àå ñöåíàðèé Ðþýëÿ − Òàêåíñà ìîæíî
íàçâàòü âåäóùèì. Â ÷èñëåííîì ýêñïåðèìåíòå ñ ïðÿìîóãîëüíîé ïëàñòèíîé ðàçìå-
ðîì 2×1 (λ = 2) áûë ïîëó÷åí ìîäèôèöèðîâàííûé ñöåíàðèé Ôåéãåíáàóìà (òàáë. 2).
Îñîáåííîñòü ñöåíàðèÿ çàêëþ÷àëàñü â òîì, ÷òî ñ ðîñòîì àìïëèòóäû âíåøíåé íà-
ãðóçêè áèôóðêàöèè ïîÿâëÿëèñü íå íà âñåì âðåìåííîì èíòåðâàëå è èõ èíòåíñèâ-
íîñòü ñèëüíî ìåíÿëàñü âî âðåìåíè. Ïåðâàÿ áèôóðêàöèÿ ïîÿâëÿåòñÿ ïðè p0 = 4,2,
îíà õîðîøî âèäíà íà ôóðüå-ñïåêòðå; 2D-âåéâëåò-ñïåêòð, ïîñòðîåííûé ïî îñè àìï-
ëèòóä äî ωp = 4,6, «÷óâñòâóåò» åå ëèøü ïðè p0 = 4,59.

Òàáëèöà 2
Ñöåíàðèé ïåðåõîäà ê õàîñó â ñëó÷àå ïðÿìîóãîëüíîé ïëàñòèíû (λ = 2)

p0 Ñïåêòð Ôóðüå Ôàçîâûé ïîðòðåò Ñå÷åíèå Ïóàíêàðå Âåéâëåò-ñïåêòð
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Òàáëèöà 2 (ïðîäîëæåíèå)
1 2 3 4 5

Âåéâëåò-ñïåêòðû ïîêàçûâàþò, ÷òî ìîùíîñòü ïåðâîé áèôóðêàöèè íàðàñòàåò ñ
òå÷åíèåì âðåìåíè äî îïðåäåëåííîãî ìîìåíòà, ïîñëå êîòîðîãî ïðîèñõîäèò õàîòè-
÷åñêèé âñïëåñê, è äàëåå ìîùíîñòü ÷àñòîòû ωp /2 áîëåå íå ìåíÿåòñÿ (òàáë. 3).

Òàáëèöà 3
Âåéâëåò-ñïåêòðû, õàðàêòåðèçóþùèå ïîâåäåíèå ÷àñòîòû,

ñîîòâåòñòâóþùåé ïåðâîé áèôóðêàöèè (λ = 2)
p0 = 4,59 p0 = 4,6

p0 = 4,61 p0 = 4,63

×åì áîëüøå çíà÷åíèå àìïëèòóäû íàãðóçêè, òåì ðàíüøå ïî âðåìåíè ïîÿâëÿåòñÿ
õàîòè÷åñêîå îêíî. Âòîðàÿ áèôóðêàöèÿ íàñòóïàåò ïðè p0 = 4,839, åå ìîùíîñòü ñ
òå÷åíèåì âðåìåíè óìåíüøàåòñÿ. Òðåòüÿ áèôóðêàöèÿ âîçíèêàåò ïðè p0 = 4,9745, âåé-
âëåò ðåãèñòðèðóåò åå ïðèñóòñòâèå ëèøü íà íà÷àëüíîì âðåìåííîì èíòåðâàëå (ïðè
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t < 100). Ñ ðîñòîì óïðàâëÿþùåãî ïàðàìåòðà (p0 = 5,0035) ïîÿâëÿåòñÿ ÷åòâåðòàÿ
áèôóðêàöèÿ ïðè t > 100; ÷àñòîòà, ñîîòâåòñòâóþùàÿ òðåòüåé áèôóðêàöèè, çäåñü ïðè-
ñóòñòâóåò ëèøü ïðè t > 150. Ïðè p0 = 5,01 ñèñòåìà ïåðåõîäèò â õàîñ. Íà âðåìåííîì
èíòåðâàëå 100 < t < 125 ïðèñóòñòâóþò óçêèå õàîòè÷åñêèå îêíà, ïðè 125 < t < 200
çîíû ïåðåìåæàåìîñòè ñòàíîâÿòñÿ øèðå, ïðè t > 200 ñïåêòð ïîëíîñòüþ õàîòè÷åñ-
êèé.

Â ýòîì ýêñïåðèìåíòå áûëà ïîñ÷èòàíà êîíñòàíòà Ôåéãåíáàóìà. Ðàçíèöà ñ òåîðå-
òè÷åñêèì çíà÷åíèåì êîíñòàíòû Ôåéãåíáàóìà dn = 4,66916224 [15] äëÿ òðåòüåé áè-
ôóðêàöèè ñîñòàâëÿåò 0,07% (òàáë. 4).

Òàáëèöà 4
Êîíñòàíòà Ôåéãåíáàóìà (λ = 2)

1-ÿ áèôóðêàöèÿ 2-ÿ áèôóðêàöèÿ 3-ÿ áèôóðêàöèÿ 4-ÿ áèôóðêàöèÿ
p0 4,2 4,839 4,9745 5,0035

Êîíñòàíòà 4,715867159 4,67241379Ôåéãåíáàóìà

Ïðè äàëüíåéøåì ðîñòå àìïëèòóäû âíåøíåé ñèëû äî p0 = 5,29 ñèñòåìà âûõîäèò
èç õàîñà, íà âåéâëåò-ñïåêòðå äîìèíèðóåò ÷àñòîòà, îòâå÷àþùàÿ ïåðâîé áèôóðêàöèè
Àíäðîíîâà − Õîïôà. Óâåëè÷åíèå óïðàâëÿþùåãî ïàðàìåòðà âëå÷åò çà ñîáîé ïîÿâëå-
íèå ñåðèè ëèíåéíî çàâèñèìûõ ÷àñòîò ωi = ωp − ωi +1.

Âûâîäû

Ïðîâåäåííûå ÷èñëåííûå ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî ïðè íàëè÷èè ïðîäîëü-
íîé çíàêîïåðåìåííîé íàãðóçêè, ïðèëîæåííîé ïî ïåðèìåòðó îáîëî÷êè, êîëåáàíèÿ
íà ÷àñòîòå, ñîîòâåòñòâóþùåé ïåðâîé áèôóðêàöèè Àíäðîíîâà − Õîïôà, ñâîéñòâåí-
íû îáîëî÷êàì, ïðÿìîóãîëüíûì â ïëàíå. Ñìåíà êîëåáàòåëüíûõ ðåæèìîâ â ðàññìàò-
ðèâàåìûõ äèíàìè÷åñêèõ ñèñòåìàõ ìîæåò ñ òå÷åíèåì âðåìåíè ïðîèñõîäèòü ïðè ôèê-
ñèðîâàííûõ àìïëèòóäå è ÷àñòîòå âíåøíåé íàãðóçêè. Åäèíîãî ñöåíàðèÿ ïåðåõîäà
êîëåáàíèé èç ãàðìîíè÷åñêèõ â õàîòè÷åñêèå â ìåõàíè÷åñêèõ ñèñòåìàõ â âèäå ïðÿìî-
óãîëüíûõ â ïëàíå ïëàñòèí íå îáíàðóæåíî. Ïåðåõîä ê õàîñó îñóùåñòâëÿåòñÿ ïî ðàç-
ëè÷íûì êîìáèíàöèÿì êëàññè÷åñêèõ ñöåíàðèåâ, îäíàêî âî âñåõ ïðîâåäåííûõ ÷èñ-
ëåííûõ ýêñïåðèìåíòàõ âåéâëåò-ñïåêòðû ðåãèñòðèðóþò íàëè÷èå õàîòè÷åñêèõ îêîí,
òî åñòü ïåðåõîä èçó÷àåìûõ ñèñòåì ê õàîñó èäåò ÷åðåç ïåðåìåæàåìîñòü (ñöåíàðèé
Ïîìî − Ìàííåâèëÿ). Õàîñ â ðàññìàòðèâàåìûõ ñèñòåìàõ íàñòóïàåò íà äâóõ âåäóùèõ
÷àñòîòàõ − ÷àñòîòå âîçáóæäàþùåé ñèëû è ÷àñòîòå ïåðâîé áèôóðêàöèè Àíäðîíîâà −
Õîïôà.
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CHAOTIC DYNAMICS FLEXIBLE RECTANGULAR PLATE
WITH LONGITUDINAL LOADS ACTION

Krylova E.Yu.1, Yakovleva T.V.1, Papkova I.V.2, Krysko V.A.2

1Research Institute of Mechanics of State University of Nizhni Novgorod,
Nizhni Novgorod, Russian Federation

2Yuri Gagarin State Technical University of Saratov, Saratov, Russian Federation

The complex oscillations of geometrically nonlinear rectangular plate by using kinematic Kirchhoff
hypotheses is researched. Plate is subjected to an alternating longitudinal load acting on their
perimeter. Differential problems in partial differential problem is reduced to a system of nonlinear
ordinary differential equations by finite difference method with approximation of the second order
on space variables. System of differential equations is solved by the Runge − Kutta fourth order in
time. Investigated transition scenarios of harmonic oscillations in the chaotic for flexible plates,
depending on the length of the plate. It is shown that oscillations at the frequency corresponding to
the first Hopf bifurcation, are inherent discussed shell. Change of vibration modes in the dynamical
system may occur for fixed amplitude and frequency of the external loads only with the passage of
time.

Keywords: nonlinear dynamics, rectangular plate, bifurcations, chaos, geometric nonlinearity,
wavelet analysis, Fourier analysis, scenarios of transition to chaos oscillations, mathematical
modeling.


