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Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü, ïîçâîëÿþùàÿ îïèñàòü ðàñïðî-
ñòðàíåíèå êðóòèëüíîé âîëíû â ñòåðæíå, âêëþ÷àþùàÿ â ñåáÿ ãåîìåòðè÷åñêóþ
è ôèçè÷åñêóþ óïðóãèå íåëèíåéíîñòè è äåïëàíàöèþ, òî åñòü âûõîä ïîïåðå÷íî-
ãî ñå÷åíèÿ â ïðîöåññå äåôîðìàöèè ñòåðæíÿ èç ïåðâîíà÷àëüíîãî ïëîñêîãî ñî-
ñòîÿíèÿ. Â îòëè÷èå îò áîëüøèíñòâà èçâåñòíûõ ìîäåëåé çäåñü ñâÿçü ìåæäó óã-
ëîì çàêðó÷èâàíèÿ ñòåðæíÿ è ìåðîé äåïëàíàöèè íå ïîñòóëèðóåòñÿ, à íàõîäèòñÿ
â ïðîöåññå ðåøåíèÿ çàäà÷è. Îïðåäåëåíî, ÷òî íàëè÷èå äåïëàíàöèè âëå÷åò çà
ñîáîé äèñïåðñèþ ôàçîâîé ñêîðîñòè êðóòèëüíîé âîëíû. Ïîêàçàíî, ÷òî îäíî-
âðåìåííîå ïðèñóòñòâèå íåëèíåéíîñòè è äèñïåðñèè ïðèâîäèò ê ôîðìèðîâà-
íèþ íåñèíóñîèäàëüíûõ ñòàöèîíàðíûõ âîëí â ñòåðæíå, ðàñïðîñòðàíÿþùèõñÿ
ñ ïîñòîÿííîé ñêîðîñòüþ áåç èçìåíåíèÿ ôîðìû.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, êðóòèëüíàÿ âîëíà, òîíêîñòåí-
íûé ñòåðæåíü, äåïëàíàöèÿ, êðóòèëüíûå êîëåáàíèÿ.

Ñðåäè ìíîãîîáðàçèÿ èçäåëèé ìåòàëëóðãè÷åñêîé, ìàøèíîñòðîèòåëüíîé, íåôòå-
äîáûâàþùåé, äðóãèõ îòðàñëåé ïðîìûøëåííîñòè èìååòñÿ øèðîêàÿ íîìåíêëàòóðà
ïðîòÿæåííûõ îáúåêòîâ, äëèíà êîòîðûõ ïðåâîñõîäèò ïîïåðå÷íûå ðàçìåðû â ñòî è
áîëåå ðàç. Ê òàêèì îáúåêòàì ìîæíî îòíåñòè ïðóòêîâûé ïðîêàò ðàçëè÷íîãî ñå÷åíèÿ,
íàñîñíî-êîìïðåññîðíûå, ãàçîâûå è íåôòÿíûå òðóáû, æåëåçíîäîðîæíûå ðåëüñû,
ñòàëüíûå òðîñû, ïðîâîëîêó, ïðóæèíû è äðóãóþ ïðîäóêöèþ.

Äëÿ íåðàçðóøàþùåãî êîíòðîëÿ ïðîòÿæåííûõ îáúåêòîâ â Ðîññèè è çà ðóáåæîì
âñå ÷àùå èñïîëüçóþòñÿ âîëíîâîäíûå (wave guided) ìåòîäû, òî åñòü òàêèå ìåòîäû,
êîòîðûå îñíîâàíû íà èñïîëüçîâàíèè ïðîäîëüíûõ, èçãèáíûõ è êðóòèëüíûõ íîðìàëü-
íûõ âîëí [1, 2]. Íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå (ÍÄÑ) îáúåêòà è ðåçóëü-
òàò àêóñòè÷åñêîãî âîçäåéñòâèÿ íà îáúåêò îïèñûâàþòñÿ ïîëÿìè îäíîé ïðèðîäû. Ââèäó
òîãî, ÷òî àêóñòè÷åñêîå âîçäåéñòâèå íà ÍÄÑ ïðåíåáðåæèìî ìàëî, îöåíêà òåõíè÷åñ-
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êîãî ñîñòîÿíèÿ ìåòàëëîêîíñòðóêöèé àêóñòè÷åñêèì ìåòîäîì ÿâëÿåòñÿ íàèáîëåå äîñ-
òîâåðíîé. Èñïîëüçîâàíèå ïðè âîëíîâîäíîì êîíòðîëå ïðîäîëüíîé ñòåðæíåâîé ìîäû
âîëíû Ïîõãàììåðà â îáëàñòè ìèíèìàëüíîé äèñïåðñèè ñêîðîñòè (äëÿ ïðóòêîâ) è
íóëåâîé êðóòèëüíîé âîëíû (äëÿ òðóá) ïîçâîëÿåò «ïðîçâó÷èâàòü» äîñòàòî÷íî ïðîòÿ-
æåííûå îáúåêòû − äëèíîé â íåñêîëüêî ñîòåí ìåòðîâ, ÷òî îáåñïå÷èâàåò âûñîêóþ
÷óâñòâèòåëüíîñòü ê äåôåêòàì ïî âñåìó ñå÷åíèþ îáúåêòà.

Íåäîñòàòî÷íîå êîëè÷åñòâî ðàáîò ïî èññëåäîâàíèþ çàêîíîìåðíîñòåé ðàñïðîñò-
ðàíåíèÿ íîðìàëüíûõ âîëí â ïðîòÿæåííûõ îáúåêòàõ, èõ âçàèìîäåéñòâèÿ ñ äåôåêòà-
ìè, îòñóòñòâèå íàó÷íî îáîñíîâàííûõ òåõíè÷åñêèõ ðåøåíèé ïî ðàçðàáîòêå ýôôåê-
òèâíûõ âûñîêî÷óâñòâèòåëüíûõ ïðåîáðàçîâàòåëåé è îáîñíîâàíèþ íîâûõ èíôîð-
ìàòèâíûõ ïàðàìåòðîâ ÿâëÿåòñÿ îäíîé èç ïðè÷èí, ñäåðæèâàþùèõ ñîçäàíèå è âíå-
äðåíèå íàäåæíûõ è ýôôåêòèâíûõ ìåòîäîâ áåñêîíòàêòíîãî àêóñòè÷åñêîãî êîíòðîëÿ
ëèíåéíî-ïðîòÿæåííûõ îáúåêòîâ.

Öåëüþ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ èçó÷åíèå íåëèíåéíûõ ýôôåêòîâ, ïðîÿâëÿþ-
ùèõñÿ ïðè ðàñïðîñòðàíåíèè èíòåíñèâíûõ êðóòèëüíûõ âîëí â òîíêîñòåííîì óïðó-
ãîì ñòåðæíå. Â ðåçóëüòàòå ïðîâåäåííîãî àíàëèçà ïîêàçàíî, ÷òî íàëè÷èå íåëèíåéíî-
ñòè (âûçâàííîé âûñîêîé èíòåíñèâíîñòüþ âèáðàöèè) è äèñïåðñèè (îáóñëîâëåííîé
äåïëàíàöèåé) â ñòåðæíå ïðèâîäèò ê ïîÿâëåíèþ íåñèíóñîèäàëüíûõ ñòàöèîíàðíûõ
âîëí, ðàñïðîñòðàíÿþùèõñÿ ñ ïîñòîÿííîé ñêîðîñòüþ áåç èçìåíåíèÿ ôîðìû.

Â ðàáîòå [3] ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü êðóòèëüíûõ êîëåáàíèé ñòåðæ-
íÿ, âêëþ÷àþùàÿ â ñåáÿ ãåîìåòðè÷åñêóþ è ôèçè÷åñêóþ íåëèíåéíîñòè, à òàêæå äå-
ïëàíàöèþ, òî åñòü âûõîä ïîïåðå÷íîãî ñå÷åíèÿ â ïðîöåññå äåôîðìàöèè ñòåðæíÿ èç
ïåðâîíà÷àëüíîãî ïëîñêîãî ñîñòîÿíèÿ:
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Çäåñü θ − óãîë ïîâîðîòà ïîïåðå÷íîãî ñå÷åíèÿ, ρ − ïëîòíîñòü ìàòåðèàëà, Iω − ñåêòî-
ðèàëüíûé ìîìåíò èíåðöèè, Ir − ïîëÿðíûé ìîìåíò èíåðöèè, Ix − êðóòÿùèé ìîìåíò
èíåðöèè, Ig = Ix/(ψ − 1), ψ − ãåîìåòðè÷åñêèé ïàðàìåòð (ñì. [4]), )ρ(/ rxs IGIc =  −
ñêîðîñòü ðàñïðîñòðàíåíèÿ êðóòèëüíûõ âîëí â ñòåðæíå, ρ= /τ Gc  − ñêîðîñòü ðàñ-
ïðîñòðàíåíèÿ ñäâèãîâûõ âîëí, ρ= /0 Ec  − ñêîðîñòü ðàñïðîñòðàíåíèÿ ïðîäîëü-
íûõ âîëí â ñòåðæíå, Å − ìîäóëü Þíãà, G = E/(2(1 + ν)) − ìîäóëü ñäâèãà, ν − êîýô-
ôèöèåíò Ïóàññîíà.

Òðåòüå ñëàãàåìîå â óðàâíåíèè (1) ïîÿâèëîñü èç-çà íàëè÷èÿ äåïëàíàöèè, ïðèâî-
äÿùåé ê âîçíèêíîâåíèþ äèñïåðñèè ôàçîâîé ñêîðîñòè êðóòèëüíîé âîëíû [5, 6]; ÷åò-
âåðòîå ñëàãàåìîå ïîÿâèëîñü â óðàâíåíèè èç-çà íàëè÷èÿ íåëèíåéíîñòè.

Êîýôôèöèåíò α1 õàðàêòåðèçóåò ãåîìåòðè÷åñêóþ è ôèçè÷åñêóþ íåëèíåéíîñòè
ñòåðæíÿ. Åñëè ñòåðæåíü ÿâëÿåòñÿ ãåîìåòðè÷åñêè íåëèíåéíûì, òî α1 > 0, åñëè ôèçè-
÷åñêè íåëèíåéíûì, òî α1 < 0.

Òàêèì îáðàçîì, íà ðàñïðîñòðàíåíèå êðóòèëüíûõ âîëí, îïèñûâàåìûõ óðàâíåíèåì
(1), áóäóò âëèÿòü äâà ôàêòîðà: äèñïåðñèÿ è íåëèíåéíîñòü. Íåëèíåéíîñòü ïðèâîäèò
ê çàðîæäåíèþ â ñïåêòðå âîëíû íîâûõ ãàðìîíèê, ÷òî ñïîñîáñòâóåò ïîÿâëåíèþ â äâè-
æóùåìñÿ ïðîôèëå âîëíû ðåçêèõ ïåðåïàäîâ. Äèñïåðñèÿ æå, íàîáîðîò, ñãëàæèâàåò
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ïåðåïàäû èç-çà ðàçëè÷èÿ â ôàçîâûõ ñêîðîñòÿõ ãàðìîíè÷åñêèõ ñîñòàâëÿþùèõ âîë-
íû. Ñîâìåñòíîå äåéñòâèå ýòèõ ôàêòîðîâ ìîæåò ïðèâåñòè ê ôîðìèðîâàíèþ ñòàöèî-
íàðíûõ âîëí, êîòîðûå ðàñïðîñòðàíÿþòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ áåç èçìåíåíèÿ
ôîðìû.

Îáçîð îñíîâíûõ ðåçóëüòàòîâ òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ èññëåäîâà-
íèé íåëèíåéíûõ ñòàöèîíàðíûõ âîëí â ñòåðæíÿõ, ïëàñòèíàõ è îáîëî÷êàõ ñîäåðæèò-
ñÿ â ðàáîòå [7].

Ðåøåíèå óðàâíåíèÿ (1) áóäåì èñêàòü â âèäå: θ(x, t) = θ(ξ), ãäå ξ = x − Vt, V −
ñêîðîñòü ñòàöèîíàðíîé âîëíû (çàðàíåå íåèçâåñòíà).

Äëÿ îòíîñèòåëüíîãî óãëà çàêðó÷èâàíèÿ ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ Θ = dθ/dξ
óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ (1) ñâåäåòñÿ ê îáûêíîâåííîìó äèôôåðåíöèàëü-
íîìó óðàâíåíèþ (óðàâíåíèå Äóôôèíãà):
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Äëÿ âõîäÿùèõ â (3) ñêîðîñòåé ëèíåéíûõ âîçìóùåíèé ñïðàâåäëèâî ñëåäóþùåå
íåðàâåíñòâî:
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Åñëè ñòåðæåíü îáëàäàåò ãåîìåòðè÷åñêîé íåëèíåéíîñòüþ (α1 > 0), òî ñòàöèî-
íàðíûõ êðóòèëüíûõ âîëí íå ñóùåñòâóåò â äèàïàçîíå ñêîðîñòåé V < cs. Âî âñåõ äðó-
ãèõ äèàïàçîíàõ íåëèíåéíûå ñòàöèîíàðíûå âîëíû ìîãóò ôîðìèðîâàòüñÿ. Îäíàêî â
çàâèñèìîñòè îò âåëè÷èíû ñêîðîñòè V èìåþòñÿ êà÷åñòâåííî ðàçëè÷íûå âîëíîâûå
êàðòèíû, ïîñêîëüêó ïðè ýòîì óðàâíåíèå Äóôôèíãà (2) èìååò ðàçëè÷íûå ðåøåíèÿ.
Òèïû ôàçîâûõ ïîðòðåòîâ óðàâíåíèÿ (2) â çàâèñèìîñòè îò ñêîðîñòè ñòàöèîíàðíîé
âîëíû ïðèâåäåíû íà ðèñ. 1.

Åñëè ñêîðîñòü ñòàöèîíàðíîé âîëíû ggxs IIIcVc /)(τ +<<  èëè V > c0, òî óðàâ-
íåíèå Äóôôèíãà (2) èìååò äâà òèïà ôèíèòíûõ ðåøåíèé − ïåðèîäè÷åñêîå è óåäè-
íåííîå.

dΘ/dξ dΘ/dξ dΘ/dξ

Θ Θ Θ

cs c0 Vggx IIIc /)(τ +

Ðèñ. 1
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Ïåðèîäè÷åñêîå ðåøåíèå âûðàæàåòñÿ ÷åðåç ýëëèïòè÷åñêèé ñèíóñ:

,),ξ(sn)ξ( skA=Θ (5)

ãäå À − àìïëèòóäà ñòàöèîíàðíîé âîëíû, 2/2 )( 2
21 Ammk +=  − íåëèíåéíûé àíà-

ëîã âîëíîâîãî ÷èñëà, )( 2
21

2
2

2 2/ AmmAms +−=  − êâàäðàò ìîäóëÿ ýëëèïòè÷åñêîé
ôóíêöèè, èçìåíÿþùèéñÿ â èíòåðâàëå 0 ≤ s2 ≤ 1.

Ïàðàìåòðû êðóòèëüíîé ñòàöèîíàðíîé âîëíû ñâÿçàíû ñîîòíîøåíèåì:
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Ñëåäîâàòåëüíî, àìïëèòóäà âîëíû ðàñòåò ïðÿìî ïðîïîðöèîíàëüíî ñ ðîñòîì åå ñêî-
ðîñòè, à óãîë íàêëîíà êðèâûõ (6) âîçðàñòàåò ïðè óâåëè÷åíèè s îò íóëÿ äî åäèíèöû.

Óåäèíåííàÿ âîëíà, ÿâëÿþùàÿñÿ ïðåäåëüíûì ñëó÷àåì ïåðèîäè÷åñêèõ âîëí (5),
îïèñûâàåòñÿ âûðàæåíèåì:

.)/ξ(th)ξ( Δ=Θ A (7)

Åå ñêîðîñòü V, àìïëèòóäà A è øèðèíà Δ ñâÿçàíû ñîîòíîøåíèÿìè:
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Àìïëèòóäà óåäèíåííîé âîëíû óâåëè÷èâàåòñÿ ñ ðîñòîì ñêîðîñòè, íî åå ãðàôèê
ëåæèò âûøå ñîîòâåòñòâóþùåé çàâèñèìîñòè (6) äëÿ ïåðèîäè÷åñêîé âîëíû.

Øèðèíà óåäèíåííîé âîëíû (9) ïðè ggxs IIIcVc /)(τ +<<  óìåíüøàåòñÿ ïðî-
ïîðöèîíàëüíî 1/V. Ïðè ñêîðîñòÿõ V > c0 ïðîÿâëÿåòñÿ àíîìàëüíîå ïîâåäåíèå óåäè-
íåííîé âîëíû, êîòîðîå âûðàæàåòñÿ â óâåëè÷åíèè åå øèðèíû (Δ ~ V ) ñ ðîñòîì ñêî-
ðîñòè è àìïëèòóäû.

Äëÿ ñêîðîñòåé, ëåæàùèõ â èíòåðâàëå ,/)( 0τ cVIIIc ggx <<+  ôàçîâûé ïîðò-
ðåò óðàâíåíèÿ (2) ñîäåðæèò äâà óñòîé÷èâûõ ïîëîæåíèÿ ðàâíîâåñèÿ, â îêðåñòíîñòè
êîòîðûõ ôàçîâûå òðàåêòîðèè èìåþò ôîðìó, áëèçêóþ ê ýëëèïñó (ñì. ðèñ. 1). Â ýòîì
ñëó÷àå èìåþòñÿ òðè òèïà ôèíèòíûõ ðåøåíèé.

Îäíèì èç ðåøåíèé óðàâíåíèÿ Äóôôèíãà ÿâëÿåòñÿ óåäèíåííàÿ ñòàöèîíàðíàÿ
âîëíà

),/ξ(ch 1 Δ=Θ −A (10)

ñâÿçûâàþùàÿ ìåæäó ñîáîé äâà êëàññà ïåðèîäè÷åñêèõ âîëí. Íà ôàçîâîé ïëîñêîñòè
ýòî ðåøåíèå ñîîòâåòñòâóåò ñåïàðàòðèñå, ïðîõîäÿùåé ÷åðåç íà÷àëî êîîðäèíàò è
îòäåëÿþùåé îäíó îáëàñòü ïåðèîäè÷åñêèõ ðåøåíèé îò äðóãîé.

Ñêîðîñòü V, àìïëèòóäà A è øèðèíà Δ óåäèíåííîé âîëíû ñâÿçàíû ñîîòíîøå-
íèÿìè:

,
α2

ρ)(

1

22
rs IcVA −

±= (11)



195

.
/)(

222

22
0

2
τ

2
ω

)(
)]()([

gs

ggx

IccV
VccIIIVI

τ−

−+−
=Δ (12)

Âèäíî, ÷òî â ýòîì äèàïàçîíå À ~ V, à ./1~ 2
0

2 cV−Δ
Äâèæåíèå ïî çàìêíóòûì òðàåêòîðèÿì âáëèçè ïîëîæåíèÿ ðàâíîâåñèÿ îïèñûâà-

åòñÿ ýëëèïòè÷åñêîé ôóíêöèåé äåëüòà-àìïëèòóäû:

),,ξ(dn)ξ( skA=Θ (13)

ãäå À − àìïëèòóäà ñòàöèîíàðíîé âîëíû, 2/2
2 Amk =  − íåëèíåéíûé àíàëîã âîë-

íîâîãî ÷èñëà, ))(( 2
21 /12 Amms +=  − ìîäóëü ýëëèïòè÷åñêîé ôóíêöèè.

Ïàðàìåòðû âîëíû ñâÿçàíû ñîîòíîøåíèåì:

,
2

1
α2

ρ)(
2

1

22

s
IcVA rs

−
−

±= (14)

òî åñòü À ~ V, íî àìïëèòóäà ïåðèîäè÷åñêîé âîëíû ïðè ëþáîì s ìåíüøå àìïëèòóäû
óåäèíåííîé âîëíû (11).

Äðóãîé òèï ïåðèîäè÷åñêèõ äâèæåíèé îïèñûâàåòñÿ ýëëèïòè÷åñêèì êîñèíóñîì:

),,ξ(cn)ξ( skA=Θ (15)

ãäå À − àìïëèòóäà ñòàöèîíàðíîé âîëíû, 2
21 Ammk +=  − íåëèíåéíûé àíàëîã âîë-

íîâîãî ÷èñëà, ))(( 2
21

2
2 2/ AmmAms +=  − ìîäóëü ýëëèïòè÷åñêîé ôóíêöèè, èçìå-

íÿþùèéñÿ â èíòåðâàëå 0,5 < s ≤ 1.
Äëÿ òàêèõ âîëí ñâÿçü ìåæäó ïàðàìåòðàìè À, V, s èìååò âèä:

.
12α2

ρ)(
2

2

1

22

−
−

±=
s
sIcVA rs (16)

Àìïëèòóäà òàêèõ ïåðèîäè÷åñêèõ âîëí âñåãäà áîëüøå àìïëèòóäû óåäèíåííîé âîë-
íû (11).

Äëÿ ñòåðæíÿ, îáëàäàþùåãî ôèçè÷åñêîé íåëèíåéíîñòüþ (α1 < 0), íà ðèñ. 2 ïðè-
âåäåíû òèïû ôàçîâûõ ïîðòðåòîâ óðàâíåíèÿ Äóôôèíãà â çàâèñèìîñòè îò ñêîðîñòè
ñòàöèîíàðíîé âîëíû.

Â äèàïàçîíå ñêîðîñòåé V < cs ôàçîâûé ïîðòðåò óðàâíåíèÿ (2) ñîäåðæèò äâà óñ-
òîé÷èâûõ ïîëîæåíèÿ ðàâíîâåñèÿ òèïà «öåíòð», à òî÷êà (0, 0) ÿâëÿåòñÿ «ñåäëîì». Â
ýòîì ñëó÷àå èìååòñÿ òðè òèïà ôèíèòíûõ ðåøåíèé, äâóì èç êîòîðûõ îòâå÷àþò ïåðè-
îäè÷åñêèå âîëíû (13), (15), à òðåòüåìó − óåäèíåííàÿ âîëíà (10).

Ñêîðîñòü, àìïëèòóäà è øèðèíà óåäèíåííîé âîëíû ñâÿçàíû ñîîòíîøåíèÿìè (11),

dΘ/dξ dΘ/dξ dΘ/dξ

Θ Θ Θ

cs c0 Vggx IIIc /)(τ +0

íåò çàìêíóòûõ
ôàçîâûõ

òðàåêòîðèé

Ðèñ. 2
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(12). Ïàðàìåòðû ïåðèîäè÷åñêîé âîëíû (13) ñâÿçàíû ìåæäó ñîáîé ñîîòíîøåíèåì
(14), à ïàðàìåòðû ïåðèîäè÷åñêîé âîëíû (15) − ñîîòíîøåíèåì (16).

Åñëè ñêîðîñòü ñòàöèîíàðíîé âîëíû ggxs IIIcVc /)(τ +<<  èëè V > c0, òî
óðàâíåíèå Äóôôèíãà (2) èìååò òîëüêî îäèí òèï ôèíèòíîãî ðåøåíèÿ, îòâå÷àþùåãî
ïåðèîäè÷åñêîé âîëíå. Òàêîå ðåøåíèå âûðàæàåòñÿ ÷åðåç ýëëèïòè÷åñêèé êîíóñ:

),,ξ(cn)ξ( skA=Θ (17)

ãäå .2/, ))(( 2
21

2
2

2
21 AmmAmsAmmk +=+=

Êâàäðàò ìîäóëÿ ýëëèïòè÷åñêîé ôóíêöèè èçìåíÿåòñÿ â èíòåðâàëå 0 ≤ s2 ≤ 0,5.
Ïðè s2 → 0 âîëíà (17) áëèçêà ê ãàðìîíè÷åñêîé, à ïðè s2 → 0,5 åå ïðîôèëü òðàíñ-
ôîðìèðóåòñÿ â ïèëîîáðàçíûé. Ñâÿçü ìåæäó àìïëèòóäîé, ñêîðîñòüþ òàêîé âîëíû è
ìîäóëåì ýëëèïòè÷åñêîé ôóíêöèè îïðåäåëÿåòñÿ ñîîòíîøåíèåì

.
21α2

ρ
2

2

1

22 )(
s

sIcVA rs

−−
−

±= (18)

Â äèàïàçîíå 0τ /)( cVIIIc ggx <<+  óðàâíåíèå (2) íå èìååò çàìêíóòûõ ôàçîâûõ
òðàåêòîðèé, ñëåäîâàòåëüíî, â ýòîì èíòåðâàëå ñêîðîñòåé íåëèíåéíûõ ñòàöèîíàðíûõ
âîëí íå ñóùåñòâóåò.
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THE EFFECT OF THE ELASTIC NONLINEARITY AND WARPING
ON THE PARAMETERS OF THE TORSIONAL WAVE PROPAGATING

IN THE THIN-WALLED ROD

Erofeev V.I.1,2, Lampsi B.B.3

1Mechanical Engineering Research Institute of Russian Academy of Sciences,
Nizhni Novgorod, Russian Federation

2Lobachevsky State University of Nizhni Novgorod, Nizhni Novgorod, Russian Federation
3Nizhni Novgorod State University of Architecture and Construction,

Nizhni Novgorod, Russian Federation

A mathematical model describing the propagation of torsional wave in the rod, including geometric
and material elastic nonlinearity and deplanation, i.e. the output of the cross-section, in the
deformation process of the rod, from the initial flat. In contrast to most well-known models is the
relation between the twist angle of the rod and measure delenatii not postulated, and is in the
process of solving the problem. Determined that the presence of delenatii entails the dispersion of
the phase velocity of torsional wave. It is shown that the simultaneous presence of nonlinearity and
dispersion leads to the formation of non-sinusoidal standing waves in a beam propagating with
constant speed without changing shape.

Keywords: mathematical model, torsional wave, thin-wall bar, warping, twisting vibrations.




