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Ìîäåëèðóåòñÿ ïëîñêîïàðàëëåëüíîå äâèæåíèå êîíè÷åñêèõ òåë â óïðóãî-
ïëàñòè÷åñêîé ãðóíòîâîé ñðåäå íà áàçå ãèïîòåçû ëîêàëüíîñòè â ðàìêàõ ìîäåëè
ëîêàëüíîãî âçàèìîäåéñòâèÿ. Ïàðàìåòðû êâàäðàòè÷íîé ïî ñêîðîñòè ìîäåëè
ëîêàëüíîãî âçàèìîäåéñòâèÿ îïðåäåëÿþòñÿ íà îñíîâå ðåøåíèÿ îäíîìåðíîé çà-
äà÷è î ðàñøèðåíèè ñôåðè÷åñêîé ïîëîñòè ñ ïîñòîÿííîé ñêîðîñòüþ èç òî÷êè â
áåçãðàíè÷íîé ñðåäå. Ìîäåëü óïðóãîïëàñòè÷åñêîé ñðåäû âêëþ÷àåò â ñåáÿ ëè-
íåéíûå çàâèñèìîñòè «äàâëåíèå − îáúåìíàÿ äåôîðìàöèÿ» è «ïðåäåë òåêó÷åñòè
− äàâëåíèå». Ðàíåå èçó÷àëîñü äâèæåíèå êîíè÷åñêîãî óäàðíèêà ïî íîðìàëè è
ïîä óãëîì ê ñâîáîäíîé ïîâåðõíîñòè ïîëóïðîñòðàíñòâà, çàíèìàåìîãî óïðóãî-
ïëàñòè÷åñêîé ãðóíòîâîé ñðåäîé. Áûëî ïîëó÷åíî, ÷òî êâàäðàòè÷íàÿ ïî ñêîðîñ-
òè ìîäåëü ëîêàëüíîãî âçàèìîäåéñòâèÿ, óäîâëåòâîðèòåëüíî îïèñûâàþùàÿ îñå-
ñèììåòðè÷íîå äâèæåíèå óäàðíèêà, ïðèìåíèìà è äëÿ ïðåäñòàâëåíèÿ íà÷àëü-
íîé ñòàäèè íàêëîííîãî âíåäðåíèÿ â ãðóíò. Â íàñòîÿùåé ñòàòüå ïîêàçàíî, ÷òî
óãëîâàÿ ñêîðîñòü âðàùåíèÿ çàâèñèò îò ðàñïðåäåëåíèÿ íàïðÿæåíèÿ âäîëü îáðà-
çóþùåé êîíóñà ïðè íàêëîííîì óäàðå. Àíàëèçèðóåòñÿ ïîâåäåíèå óãëîâûõ ñêî-
ðîñòåé âî âðåìåíè, îòìå÷àåòñÿ óäîâëåòâîðèòåëüíîå êà÷åñòâåííîå è êîëè÷å-
ñòâåííîå ñîîòâåòñòâèå ðåçóëüòàòîâ, ïîëó÷åííûõ â òðåõìåðíûõ ðàñ÷åòàõ è â
ðàìêàõ ìîäåëè ëîêàëüíîãî âçàèìîäåéñòâèÿ ïðè ó÷åòå íåïîñòîÿííîãî ðàñïðå-
äåëåíèÿ êîíòàêòíûõ íàïðÿæåíèé âäîëü îáðàçóþùåé îñòðîãî êîíóñà.

Êëþ÷åâûå ñëîâà: êîíè÷åñêèé óäàðíèê, óäàð, íàêëîííîå ïðîíèêàíèå, óïðó-
ãîïëàñòè÷åñêàÿ ñðåäà, ìîäåëü ëîêàëüíîãî âçàèìîäåéñòâèÿ, òðåõìåðíîå ìîäå-
ëèðîâàíèå.
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Ââåäåíèå

Ðåøåíèå çàäà÷ óäàðà è ïðîíèêàíèÿ ïîä óãëîì ê ñâîáîäíîé ïîâåðõíîñòè ïîðèñ-
òûõ ñðåä è ãåîìàòåðèàëîâ ïðîâîäèòñÿ, â îñíîâíîì, ÷èñëåííî-àíàëèòè÷åñêèìè ìå-
òîäàìè [1−3], ñðåäè êîòîðûõ äîñòàòî÷íî áîëüøîé êëàññ áàçèðóåòñÿ íà ãèïîòåçå
ëîêàëüíîãî âçàèìîäåéñòâèÿ [4]. Èçâåñòíû ðåçóëüòàòû ðàñ÷åòîâ ñèëîâûõ è êèíåìà-
òè÷åñêèõ õàðàêòåðèñòèê âçàèìîäåéñòâèÿ êîíè÷åñêèõ óäàðíèêîâ ñ ãðóíòîì ïðè íà-
êëîííîì óäàðå â ðàìêàõ ìîäåëè ëîêàëüíîãî âçàèìîäåéñòâèÿ (ÌËÂ) è òðåõìåðíîé
ïîñòàíîâêå [5−9]. Íàáëþäàåòñÿ äîñòàòî÷íî õîðîøåå êà÷åñòâåííîå ñîîòâåòñòâèå ðå-
çóëüòàòîâ è êîëè÷åñòâåííîå ñîâïàäåíèå îñåâîé êîìïîíåíòû ñèëû [10, 11]. Îäíàêî
îøèáêà îïðåäåëåíèÿ óãëîâîé ñêîðîñòè âðàùåíèÿ, ïîëó÷åííîé â ðàìêàõ ðàññìàòðè-
âàåìûõ ìîäåëåé, ìàëà ëèøü íà íà÷àëüíîé ñòàäèè ïðîíèêàíèÿ [11]. Ïðè ðàçâèòîì
ïðîíèêàíèè ïîñëå ïîëíîãî ïîãðóæåíèÿ ãîëîâíîé ÷àñòè êîíóñà â ãðóíò îøèáêà çíà-
÷èòåëüíî âîçðàñòàåò. Â íàñòîÿùåé ðàáîòå àíàëèçèðóåòñÿ âëèÿíèå ðàñïðåäåëåíèÿ
íàïðÿæåíèÿ âäîëü áîêîâîé ïîâåðõíîñòè êîíè÷åñêîãî óäàðíèêà íà ïàðàìåòðû åãî
âðàùàòåëüíîãî äâèæåíèÿ â óïðóãîïëàñòè÷åñêîé ãðóíòîâîé ñðåäå.

1. Ïîñòàíîâêà çàäà÷è äâèæåíèÿ òåëà

Óðàâíåíèÿ äâèæåíèÿ è âðàùåíèÿ ïëîñêîé ôèãóðû âîêðóã öåíòðà ìàññ Ñ â ïðî-
åêöèÿõ íà îñè ñèñòåìû êîîðäèíàò, ñâÿçàííîé ñ òåëîì, èìåþò âèä [10, 11]:
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ãäå Ì − ìàññà òåëà; vCr′, vCz′ è Fr′, Fz′ − ïðîåêöèè âåêòîðîâ ñêîðîñòè vC è ñèëû F íà
îñè ïîäâèæíîé ñèñòåìû êîîðäèíàò r′ è z′; ω − ïðîåêöèÿ âåêòîðà óãëîâîé ñêîðîñòè
ωωωωω íà îñü, ïåðïåíäèêóëÿðíóþ ïëîñêîñòè äâèæåíèÿ (ωr ′ = ωz′ = 0) è ïðîõîäÿùóþ
÷åðåç öåíòð ìàññ; JC è K − ìîìåíò èíåðöèè è ìîìåíò ñèë îòíîñèòåëüíî òîé æå îñè;
òî÷êîé îáîçíà÷åíî äèôôåðåíöèðîâàíèå ïî âðåìåíè.

Â ñîîòâåòñòâèè ñ îäíîé èç ðåàëèçàöèé ÌËÂ ïðåäïîëàãàåòñÿ, ÷òî íîðìàëüíîå
íàïðÿæåíèå, äåéñòâóþùåå íà áîêîâóþ ïîâåðõíîñòü êîíóñà, ìîæåò áûòü ïðåäñòàâ-
ëåíî â âèäå êâàäðàòè÷íîé çàâèñèìîñòè îò ñêîðîñòè, êàñàòåëüíîå íàïðÿæåíèå îïðå-
äåëÿåòñÿ çàêîíîì Êóëîíà
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ãäå h − ôóíêöèÿ Õåâèñàéäà; A, B è C − ïîñòîÿííûå êîýôôèöèåíòû, îïðåäåëÿåìûå
ôèçèêî-ìåõàíè÷åñêèìè ñâîéñòâàìè ñðåäû è ñêîðîñòüþ óäàðíèêà; ρ0 − íà÷àëüíàÿ
ïëîòíîñòü ñðåäû; kf − êîýôôèöèåíò òðåíèÿ. Åñëè νn < 0, òî σn = 0, ÷òî ñîîòâåòñòâóåò
îòðûâó ñðåäû îò òåëà. Êîýôôèöèåíòû A, B è C îïðåäåëÿþòñÿ â ñîîòâåòñòâèè ñ èçâåñò-
íûì ïîäõîäîì (spherical cavity expansion approximation) èç ðåøåíèÿ çàäà÷è î ðàñøè-
ðåíèè ñôåðè÷åñêîé ïîëîñòè â çàäàííîì äèàïàçîíå èçìåíåíèÿ ñêîðîñòåé [12−14].
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ïîëíîãî ïîãðóæåíèÿ òåëà è â ñëó÷àå åãî áåçîòðûâíîãî îáòåêàíèÿ ïîòîêîì ñðåäû
âûðàæåíèÿ (1) äëÿ êîìïîíåíò âåêòîðà ñèëû ñîïðîòèâëåíèÿ è ìîìåíòà ñèë ñ ó÷åòîì
(2) çàïèñûâàþòñÿ [10] ñëåäóþùèì îáðàçîì:
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S0 = πR2 − ïëîùàäü îñíîâàíèÿ òåëà, rC, zC − êîîðäèíàòû öåíòðà ìàññ (rC = 0). Ïðåä-
ïîëîæåíèå î áåçîòðûâíîñòè îáòåêàíèÿ êîíóñà ïîòîêîì óïðóãîïëàñòè÷åñêîé ãðóí-
òîâîé ñðåäû ïîäòâåðæäàåòñÿ èçâåñòíûìè äàííûìè ýêñïåðèìåíòîâ [1, 6, 7] è ÷èñ-
ëåííûõ ðàñ÷åòîâ [10, 11].

Ðåøåíèå ñèñòåìû óðàâíåíèé ïëîñêîïàðàëëåëüíîãî äâèæåíèÿ òâåðäîãî òåëà
(1)−(3) îñóùåñòâëÿåòñÿ [10, 11] ìåòîäîì Ðóíãå − Êóòòû ÷åòâåðòîãî ïîðÿäêà ïðè çà-
äàííûõ íà÷àëüíûõ óñëîâèÿõ.

Äëÿ áîëåå äîñòîâåðíîãî îïðåäåëåíèÿ óãëîâîé ñêîðîñòè âðàùåíèÿ êîíè÷åñêîãî
óäàðíèêà ìîäåëü (2) ìîäèôèöèðóåòñÿ. Òàê êàê ïðåäïîëàãàåòñÿ çàâèñèìîñòü íîðìàëü-
íîãî íàïðÿæåíèÿ îò ñêîðîñòè âäîëü áîêîâîé ïîâåðõíîñòè òåëà âðàùåíèÿ, òî ñèëà
ñîïðîòèâëåíèÿ äâèæåíèþ êðóãîâîãî êîíóñà ñ ïîñòîÿííîé ñêîðîñòüþ ïðè ω = 0 áóäåò
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ãäå σn − íîðìàëüíîå íàïðÿæåíèå, ïîñòîÿííîå âäîëü áîêîâîé ïîâåðõíîñòè êîíóñà è
îïðåäåëÿåìîå òîëüêî ñêîðîñòüþ åãî äâèæåíèÿ è êîýôôèöèåíòàìè À, B è C.

Îäíàêî òî æå ñàìîå çíà÷åíèå îñåâîé ñèëû ñîïðîòèâëåíèÿ (4) ïîëó÷àåòñÿ ïðè
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ïðè ëþáûõ δ. Â ýòîì ñëó÷àå δ ÿâëÿåòñÿ äîïîëíèòåëüíûì ïàðàìåòðîì, âëèÿþùèì íà
óãëîâóþ ñêîðîñòü âðàùåíèÿ. Êàê ïîêàçàíî â [14], ðàñïðåäåëåíèå íàïðÿæåíèé âäîëü
áîêîâîé ïîâåðõíîñòè îñòðîãî êîíóñà êà÷åñòâåííî è êîëè÷åñòâåííî áëèçêî ê (5).

2. Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ

Ðàññìàòðèâàåòñÿ çàäà÷à ïðîíèêàíèÿ êîíè÷åñêîãî óäàðíèêà ïî íîðìàëè è ïîä
óãëîì θ = π/3 ê ïîâåðõíîñòè ñðåäû. Óãîë ïîëóðàñòâîðà óäàðíèêà β = π/6, ìàññà
Ì = 40 ã, ðàäèóñ îñíîâàíèÿ êîíóñà R = 0,01 ì, âûñîòà H = R/tg β, êîîðäèíàòû
öåíòðà ìàññ rC = 0, zC = −H/4, ìîìåíò èíåðöèè Jc = 3M(4R2 + H2)/80, íà÷àëüíàÿ
ñêîðîñòü V0 = 150 ì/ñ.
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Â íà÷àëüíûé ìîìåíò âðåìåíè îòëè÷íà îò íóëÿ òîëüêî îñåâàÿ êîìïîíåíòà âåêòî-
ðà ñêîðîñòè Vz =  V0 = −15 ñì/ìñ. Çíà÷åíèÿ êîýôôèöèåíòîâ òðåõ÷ëåííîé ÌËÂ (2):
À = 1,2, Â = 0,95V0 è Ñ = 0,034V0

2  [10, 11], êîýôôèöèåíò òðåíèÿ kf = 0. Ðàíåå áûëî
ïîêàçàíî [10, 11] ñîîòâåòñòâèå ýòèõ çíà÷åíèé ïàðàìåòðîâ ÌËÂ ìîäåëè óïðóãîïëà-
ñòè÷åñêîé ñðåäû ñ ëèíåéíûìè çàâèñèìîñòÿìè «äàâëåíèå − îáúåìíàÿ äåôîðìàöèÿ»
è «ïðåäåë òåêó÷åñòè − äàâëåíèå» ïðè ñêîðîñòÿõ óäàðà 100−200 ì/ñ.

Íà ðèñ. 1à â çàâèñèìîñòè îò áåçðàçìåðíîé ïëîùàäè ìàðêåðàìè ïðèâåäåíû
ðàñïðåäåëåíèÿ íàïðÿæåíèé âäîëü îáðàçóþùåé êîíè÷åñêîãî óäàðíèêà, ïîëó÷åííûå
â òðåõìåðíûõ ðàñ÷åòàõ íîðìàëüíîãî ïðîíèêàíèÿ â ìîìåíòû âðåìåíè 0,12, 0,2 è
0,3 ìñ (÷åðíûé êâàäðàò, ñâåòëûé êâàäðàò è ÷åðíûé òðåóãîëüíèê ñîîòâåòñòâåííî),
ñïëîøíûìè ëèíèÿìè ïðèâåäåíû èõ ëèíåéíûå àïïðîêñèìàöèè.

Íà ðèñ. 1á ïðèâåäåíû çàâèñèìîñòè íàïðÿæåíèé, îòíåñåííûå ê âåëè÷èíå σn,
ïîëó÷åííûå ïî ôîðìóëå (2) ïðè ñîîòâåòñòâóþùèõ çíà÷åíèÿõ ñêîðîñòåé ïðîíèêà-
íèÿ. Â ïðåäñòàâëåííûõ êîîðäèíàòàõ îòìå÷àåòñÿ áëèçêîå ê ëèíåéíîìó ðàñïðåäåëå-
íèå íàïðÿæåíèÿ, îïðåäåëÿåìîå âûðàæåíèåì (5) ïðè δ = 0,5.

Âëèÿíèå âåëè÷èíû δ íà îñåâûå ïàðàìåòðû äâèæåíèÿ àíàëèçèðîâàëîñü íà îñíî-
âå ðàñ÷åòîâ ïðîíèêàíèÿ êîíè÷åñêîãî óäàðíèêà ïî íîðìàëè ê ñâîáîäíîé ïîâåðõíîñ-
òè ïîëóïðîñòðàíñòâà ãðóíòà. Ïîñòàíîâêà çàäà÷è è ïàðàìåòðû ìîäåëè ñîîòâåòñòâó-
þò ïðèâåäåííûì â [10]. Íà ðèñ. 2 ïðåäñòàâëåíû îñåâûå ñèëû ñîïðîòèâëåíèÿ (à) è
ñêîðîñòè ïðîíèêàíèÿ (á), ïîëó÷åííûå â òðåõìåðíûõ ðàñ÷åòàõ (òåìíûå è ñâåòëûå
ìàðêåðû) è â ðàìêàõ ÌËÂ (ñïëîøíàÿ è øòðèõîâàÿ ëèíèè ñîîòâåòñòâóþò ðàñ÷åòàì
ïðè δ = 0,5 è 0).

Çíà÷åíèå δ = 0 ñîîòâåòñòâóåò ïîñòîÿííîìó ðàñïðåäåëåíèþ íàïðÿæåíèÿ, îïðå-
äåëÿåìîìó ÌËÂ (2), δ = 0,5 − ìîäèôèêàöèè ÌËÂ (2) ïðè ó÷åòå (5). Îòìåòèì íå-
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ñóùåñòâåííîå âëèÿíèå ðàñïðåäåëåíèÿ íàïðÿæåíèÿ â ôîðìå (5) íà ñèëîâûå è êèíå-
ìàòè÷åñêèå ïàðàìåòðû äâèæåíèÿ â îñåâîì íàïðàâëåíèè.

Äàëåå àíàëèçèðóåòñÿ ïîâåäåíèå óãëîâûõ ñêîðîñòåé âðàùåíèÿ âî âðåìåíè ïðè
ðàçëè÷íûõ ïîëîæåíèÿõ öåíòðà ìàññ êîíóñà ñ óãëîì ïîëóðàñòâîðà β = π/6, ïðîíèêà-
þùåãî ïîä óãëîì θ = π/3 ê ñâîáîäíîé ïîâåðõíîñòè ãðóíòà.

Íà ðèñ. 3 ïðèâîäÿòñÿ óãëîâûå ñêîðîñòè âðàùåíèÿ ω (à) è óãîë ïîâîðîòà ψ (á) â
çàâèñèìîñòè îò âðåìåíè (îáîçíà÷åíèÿ ñîîòâåòñòâóþò ïðèíÿòûì íà ðèñ. 2).

Îòìåòèì, ÷òî ðåçóëüòàòû, ïîëó÷åííûå â ðàìêàõ ìîäèôèêàöèè ÌËÂ (5) ïðè δ =
= 0,5, ëó÷øå ñîîòâåòñòâóþò ðåçóëüòàòàì òðåõìåðíûõ ðàñ÷åòîâ, ÷åì èñõîäíàÿ ÌËÂ
(2), ïðåäïîëàãàþùàÿ ïîñòîÿííîå ðàñïðåäåëåíèå íàïðÿæåíèé âäîëü ïîâåðõíîñ-
òè óäàðíèêà (δ = 0). Íàèëó÷øåå ñîîòâåòñòâèå íàáëþäàåòñÿ íà íà÷àëüíîé ñòàäèè
âíåäðåíèÿ âïëîòü äî ïîëíîãî ïîãðóæåíèÿ ãîëîâíîé ÷àñòè òåëà (âðåìÿ ïîãðóæåíèÿ
0,15 ìñ).

Çàêëþ÷åíèå

Ïðèìåíÿåìàÿ ÌËÂ íà áàçå ïîëó÷åííîãî ðàíåå ðåøåíèÿ çàäà÷è î ðàñøèðåíèè
ñôåðè÷åñêîé ïîëîñòè õîðîøî îïèñûâàåò îñåâûå êîìïîíåíòû âåêòîðîâ ñèë è ñêîðî-
ñòè ïðè ïðîíèêàíèè êîíè÷åñêèõ óäàðíèêîâ êàê ïî íîðìàëè, òàê è ïîä óãëîì ê ñâî-
áîäíîé ïîâåðõíîñòè ñæèìàåìîé óïðóãîïëàñòè÷åñêîé ñðåäû. Îäíàêî óãëîâàÿ ñêî-
ðîñòü âðàùåíèÿ, âîçíèêàþùàÿ ïðè íàêëîííîì ïðîíèêàíèè, çàìåòíî îòëè÷àåòñÿ îò
ðåçóëüòàòîâ òðåõìåðíûõ ðàñ÷åòîâ. Ðåçóëüòàòû íàñòîÿùåé ðàáîòû ñâèäåòåëüñòâóþò
î òîì, ÷òî ðàñïðåäåëåíèå íàïðÿæåíèé âäîëü îáðàçóþùåé êîíè÷åñêèõ óäàðíèêîâ
îòëè÷àåòñÿ îò ïîñòîÿííîãî çíà÷åíèÿ, ïîëó÷åííîãî â ðàìêàõ êâàäðàòè÷íîé ÌËÂ.
Ïðåäëîæåííàÿ ìîäèôèêàöèÿ ÌËÂ ïðè ó÷åòå ëèíåéíîãî ðàñïðåäåëåíèÿ íàïðÿæå-
íèé â çàâèñèìîñòè îò èçìåíåíèÿ ïëîùàäè êîíòàêòíîé ïîâåðõíîñòè êîíóñà ñ óãëîì
ïîëóðàñòâîðà β = π/6 ïîçâîëèëà â äâà ðàçà óìåíüøèòü îøèáêó îïðåäåëåíèÿ óãëîâîé
ñêîðîñòè íà ñòàäèè ðàçâèòîãî ïðîíèêàíèÿ.
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THE EFFECT OF THE STRESS DISTRIBUTION ALONG THE GENERATRIX
ON THE MOTION PARAMETERS OF CONICAL STRIKERS IN A SOIL MEDIUM

Êîtov V.L.1, Êînstantinov À.Yu.1,2, Òàrasova À.À.1, Linnik Å.Yu.1

1Research Institute of Mechanics of State University of Nizhni Novgorod,
Nizhni Novgorod, Russian Federation

2Bakhirev State Research Institute of Engineering, Dzerzhinsk, Russian Federation

Plane parallel motion of conical bodies in an elastoplastic soil is modelled using the locality
hypothesis in the frame of the local interaction model. The parameters of the local interaction
model with a quadratic velocity are determined based on the solution of a one-dimensional problem
of the constant-velocity expansion of a spherical cavity from a point in an infinite medium. The
model of the elastoplastic medium includes linear relationships «pressure-volume deformation»
and «yield strength-pressure». Earlier, inertial motion of a conical striker normal and oblique to the
free surface of the half-space occupied by the elastoplastic soil medium was studied. It was found
that the local interaction model with a quadratic velocity adequately enough describing the
axisymmetric motion of the striker is also applicable for representing the initial stage of oblique
penetration into the soil. The present article demonstrates that the angular rotation velocity depends
on the distribution along the generatrix of the cone in an oblique impact. The behavior of angular
velocities in time is analyzed; satisfactory quantitative and qualitative agreement is noted for the
results obtained in 3D computations and in the frame of the modal interaction model accounting
for the inconstant distribution of contact pressures along the generatrix of an acute cone.

Keywords: conical striker, impact, oblique penetration, elastiolastic medium, local interaction model,
3D modeling.


