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Îïðåäåëåíèå íàïðÿæåííîãî ñîñòîÿíèÿ âíóòðè ïîêðûòèé ïðè êîíòàêòíîì
âîçäåéñòâèè − îäíà èç öåíòðàëüíûõ çàäà÷ òðèáîëîãèè. Ðåøåíèå ýòîé çàäà÷è
äàåò âîçìîæíîñòü îïòèìàëüíî ïîäîáðàòü çàêîí èçìåíåíèÿ óïðóãèõ ñâîéñòâ â
ïîêðûòèè ñ öåëüþ ñíèæåíèÿ êîíöåíòðàöèè êàñàòåëüíûõ íàïðÿæåíèé â îá-
ëàñòè ñîïðÿæåíèÿ ïîêðûòèÿ è ïîäëîæêè è òåì ñàìûì óìåíüøèòü âåðîÿòíîñòü
îòñëàèâàíèÿ ïîêðûòèÿ è ðàçðóøåíèÿ èçäåëèÿ.

Äëÿ îïèñàíèÿ íàïðÿæåííîãî ñîñòîÿíèÿ ìÿãêîãî óïðóãîãî ôóíêöèîíàëüíî-
ãðàäèåíòíîãî ïîêðûòèÿ èñïîëüçîâàíî ïîëóàíàëèòè÷åñêîå ðåøåíèå êîíòàêò-
íîé çàäà÷è î âíåäðåíèè íåäåôîðìèðóåìîãî øòàìïà ñ ïëîñêîé ïîäîøâîé â
ìÿãêèé, íåîäíîðîäíûé ïî ãëóáèíå óïðóãèé ñëîé, ëåæàùèé íà îäíîðîäíîì
ïîëóïðîñòðàíñòâå, â ïðåäïîëîæåíèè îòñóòñòâèÿ òðåíèÿ ìåæäó îñíîâàíèåì
øòàìïà è óïðóãèì ñëîåì. Ðåøåíèå ÿâëÿåòñÿ àñèìïòîòè÷åñêè òî÷íûì êàê äëÿ
áîëüøèõ, òàê è äëÿ ìàëûõ çíà÷åíèé îòíîñèòåëüíîé òîëùèíû ïîêðûòèÿ. Ïîêà-
çàíî, ÷òî ïîëó÷åííîå ðàñïðåäåëåíèå êîíòàêòíûõ íàïðÿæåíèé íà ïîâåðõíîñòè
ïîêðûòèÿ äàåò âîçìîæíîñòü áîëåå òî÷íî èññëåäîâàòü íàïðÿæåííîå ñîñòîÿíèå
âíóòðè ïîêðûòèÿ. Ïðåäëîæåííûé ìåòîä ïîçâîëÿåò ó÷åñòü âëèÿíèå äåôîð-
ìèðóåìîñòè ñóùåñòâåííî áîëåå æåñòêîé óïðóãîé ïîäëîæêè, ñ âûñîêîé òî÷-
íîñòüþ ðàññ÷èòàòü è ïðîàíàëèçèðîâàòü íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòî-
ÿíèå ïî ãëóáèíå ïîëóïðîñòðàíñòâà ñ ôóíêöèîíàëüíî-ãðàäèåíòíûì ïîêðûòè-
åì. Ðàññìîòðåí ïðèìåð, êîãäà íà ãðàíèöå ïîêðûòèå/ïîäëîæêà óïðóãèå ñâîé-
ñòâà ïîêðûòèÿ è ïîäëîæêè ðàçëè÷àþòñÿ íà äâà ïîðÿäêà.

Êëþ÷åâûå ñëîâà: íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå, ôóíêöèîíàëü-
íî-ãðàäèåíòíîå ïîêðûòèå, êîíòàêòíàÿ çàäà÷à, àíàëèòè÷åñêîå ðåøåíèå.
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âåðõíîñòåé ýëåìåíòîâ êîíñòðóêöèé øèðîêî èñïîëüçóþòñÿ ïîêðûòèÿ. Ïðàâèëüíî
ïîäîáðàííûå ïîêðûòèÿ ïîçâîëÿþò ñíèçèòü êîýôôèöèåíò òðåíèÿ è ïîâûñèòü óñòîé-
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÷èâîñòü âçàèìîäåéñòâóþùèõ ýëåìåíòîâ êîíñòðóêöèé ïðè ìåõàíè÷åñêîì, òåïëîâîì
è äðóãèõ âèäàõ âîçäåéñòâèé. Ïîäáîð ïîêðûòèÿ íåîáõîäèìî îñóùåñòâëÿòü ñ ó÷åòîì
àíàëèçà íàïðÿæåíèé, âîçíèêàþùèõ â íåì. Íàïðèìåð, èçâåñòíî, ÷òî çîíû ñ ìàêñè-
ìàëüíûìè ðàñòÿãèâàþùèìè íàïðÿæåíèÿìè ÷àñòî ðàññìàòðèâàþò êàê ôàêòîð, êîòî-
ðûé èíèöèèðóåò ðàçâèòèå òðåùèí. Äëÿ îäíîðîäíûõ ïîêðûòèé ýòà çîíà â ðÿäå ñëó-
÷àåâ íàõîäèòñÿ íà ãðàíèöå ðàçäåëà ìåæäó ïîêðûòèåì è ïîäëîæêîé [1].

Âî ìíîãèõ ðàáîòàõ íàïðÿæåííîå ñîñòîÿíèå óïðóãîãî ñëîÿ (ïîëóïðîñòðàíñòâà)
ïðè êîíòàêòíîì âçàèìîäåéñòâèè èññëåäóåòñÿ â ïðåäïîëîæåíèè, ÷òî ðàñïðåäåëåíèå
êîíòàêòíûõ äàâëåíèé ïîä øòàìïîì çàðàíåå èçâåñòíî è ïðèáëèæåííî ñîîòâåòñòâóåò
ðàñïðåäåëåíèþ êîíòàêòíûõ äàâëåíèé â çàäà÷å Ãåðöà [2, 3]. Îäíàêî â ðàáîòå [1] ïî-
êàçàíî, ÷òî äëÿ òîíêèõ ïîêðûòèé èñïîëüçîâàíèå ðåøåíèÿ Ãåðöà äàåò áîëüøóþ ïî-
ãðåøíîñòü, òàê êàê äëÿ ìàòåðèàëîâ ñ ïîêðûòèÿìè, îñîáåííî äëÿ ìàòåðèàëîâ ñ òîí-
êèìè ïîêðûòèÿìè, ðàñïðåäåëåíèå êîíòàêòíûõ äàâëåíèé ïîä ñôåðè÷åñêèì øòàì-
ïîì â îáùåì ñëó÷àå ñóùåñòâåííî îòëè÷àåòñÿ îò ðàñïðåäåëåíèÿ Ãåðöà [4].

Â íàñòîÿùåé ñòàòüå íàïðÿæåííîå ñîñòîÿíèå óïðóãîãî ñëîÿ îïèñûâàåòñÿ ïðè-
áëèæåííûì àíàëèòè÷åñêèì ðåøåíèåì âûñîêîé òî÷íîñòè, ïîëó÷åííûì äëÿ ðàñïðå-
äåëåíèÿ êîíòàêòíûõ äàâëåíèé ïîä øòàìïîì íà ïîâåðõíîñòè ôóíêöèîíàëüíî-ãðà-
äèåíòíîãî ïîêðûòèÿ. Ðåøåíèå ýôôåêòèâíî âî âñåé îáëàñòè çíà÷åíèé ãåîìåòðè÷åñ-
êîãî ïàðàìåòðà çàäà÷è [5, 6]. Ïîëó÷åííîå ðàñïðåäåëåíèå êîíòàêòíûõ íàïðÿæåíèé
íà ïîâåðõíîñòè ïîêðûòèÿ äàåò âîçìîæíîñòü áîëåå òî÷íî èññëåäîâàòü íàïðÿæåííîå
ñîñòîÿíèå âíóòðè ïîêðûòèÿ. Èñïîëüçóåìûé ïîäõîä òàêæå ïîçâîëÿåò ó÷åñòü âëèÿ-
íèå äåôîðìèðóåìîñòè ñóùåñòâåííî áîëåå æåñòêîé óïðóãîé ïîäëîæêè.

1. Ïîñòàíîâêà çàäà÷è

Íåäåôîðìèðóåìûé øòàìï ñ ïëîñêîé ïîäîøâîé âäàâëèâàåòñÿ â ïîâåðõíîñòü
óïðóãîãî, íåîäíîðîäíîãî ïî ãëóáèíå ñëîÿ òîëùèíîé H, ëåæàùåãî íà îäíîðîäíîì
ïîëóïðîñòðàíñòâå. Ñ íåîäíîðîäíûì ñëîåì ñâÿçàíà öèëèíäðè÷åñêàÿ ñèñòåìà êîîð-
äèíàò r, ϕ, z, îñü z íàïðàâëåíà ïî íîðìàëè ê ïîâåðõíîñòè è ïðîõîäèò ÷åðåç ñåðåäèíó
øòàìïà. Ïîä äåéñòâèåì íîðìàëüíî ïðèëîæåííîé ñèëû P øòàìï âäàâëèâàåòñÿ â ïî-
âåðõíîñòü ñëîÿ (z = 0). Ñèëû òðåíèÿ ìåæäó îñíîâàíèåì øòàìïà è óïðóãèì ñëîåì
îòñóòñòâóþò.

Ñ÷èòàåì, ÷òî ìîäóëü Þíãà è êîýôôèöèåíò Ïóàññîíà ìîæíî ïðåäñòàâèòü â ñëå-
äóþùåì âèäå:
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= E2/E1(−H ) õàðàêòåðèçóåò ñêà÷îê ìîäóëÿ Þíãà íà ãðàíèöå ïîêðûòèÿ è ïîäëîæêè.
Çäåñü è äàëåå íèæíèé èíäåêñ 1 ñîîòâåòñòâóåò íåîäíîðîäíîìó óïðóãîìó ñëîþ (ïîêðû-
òèþ), èíäåêñ 2 − îäíîðîäíîé ïîäëîæêå.

Ïîä äåéñòâèåì ñèëû P øòàìï ïåðåìåñòèòñÿ â íàïðàâëåíèè, îáðàòíîì íàïðàâ-
ëåíèþ îñè z, íà âåëè÷èíó δ. Âíå çîíû êîíòàêòà ïîâåðõíîñòü ïîêðûòèÿ ñâîáîäíà îò
íàïðÿæåíèé. Ãðàíè÷íûå óñëîâèÿ íà ïîâåðõíîñòè ïîëóïðîñòðàíñòâà (z = 0) ïðè ñäå-
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Ñ÷èòàåì, ÷òî íà ãðàíèöå ìåæäó ïîêðûòèåì è ïîäëîæêîé (z = −H ) âûïîëíåíî óñëîâèå
ñöåïëåíèÿ:

.,, 21212121 , uuwwzzzrzr ==== σσττ (2)
Òðåáóåòñÿ îïðåäåëèòü ðàñïðåäåëåíèå êîíòàêòíûõ äàâëåíèé ïîä øòàìïîì:

,),(0 arrqzz ≤−=σ = (3)

à òàêæå ðàññ÷èòàòü íàïðÿæåííîå ñîñòîÿíèå ïî ãëóáèíå ïîêðûòèÿ è ïîäëîæêè. Çäåñü
q(r) − íåèçâåñòíàÿ ôóíêöèÿ íàïðÿæåíèé, âîçíèêàþùèõ ïîä øòàìïîì. Ñ÷èòàåì, ÷òî
ïðè r → ∞ è z → −∞ íàïðÿæåíèÿ â ïîëóïðîñòðàíñòâå èñ÷åçàþò.

2. Ïîñòðîåíèå ðåøåíèÿ

Èñïîëüçóÿ èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Õàíêåëÿ:
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ïîñòàâëåííóþ çàäà÷ó ñâîäèì ê ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ:
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Äåëàÿ â (6) çàìåíó ïåðåìåííûõ:
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Çäåñü è äàëåå øòðèõ îïóñêàåì.
Èñïîëüçóÿ äâóñòîðîííèé àñèìïòîòè÷åñêèé ìåòîä [5−7], êîòîðûé îñíîâàí íà

âîçìîæíîñòè ñ âûñîêîé òî÷íîñòüþ àïïðîêñèìèðîâàòü òðàíñôîðìàíòó ÿäðà âûðà-
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ïîëó÷èì â àíàëèòè÷åñêîì âèäå ïðèáëèæåííîå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (7).
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Äîêàçàíî, ÷òî ðåøåíèå ÿâëÿåòñÿ àñèìïòîòè÷åñêè òî÷íûì êàê äëÿ áîëüøèõ, òàê
è äëÿ ìàëûõ çíà÷åíèé îòíîñèòåëüíîé òîëùèíû ïîêðûòèÿ λ [5]. Ïîäðîáíåå òî÷íîñòü
ïîñòðîåííîãî ðåøåíèÿ è ñâÿçü åå ñ òî÷íîñòüþ àïïðîêñèìàöèè òðàíñôîðìàíòû ÿäðà
ïðè ïðîèçâîëüíîì çíà÷åíèè ïàðàìåòðà λ àíàëèçèðóþòñÿ â ðàáîòå [6], ãäå íà ïðèìå-
ðå çàäà÷è î êðó÷åíèè ïîêàçàíî, ÷òî èñïîëüçîâàíèå äâóñòîðîííåãî àñèìïòîòè÷åñêî-
ãî ìåòîäà ïîçâîëÿåò ïîñòðîèòü ðåøåíèå âûñîêîé òî÷íîñòè äàæå äëÿ ñëîæíûõ çàêî-
íîâ èçìåíåíèÿ óïðóãèõ ñâîéñòâ ïî ãëóáèíå ïîêðûòèÿ.

Íåèçâåñòíûå Ci îïðåäåëÿþòñÿ èç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-
íèé âèäà:
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Ñèñòåìà (10) ïîëó÷åíà èç óñëîâèÿ óäîâëåòâîðåíèÿ íàéäåííîãî ðåøåíèÿ (9) èñ-
õîäíîìó óðàâíåíèþ (7).

Äëÿ ïîñòðîåíèÿ ðàñïðåäåëåíèÿ ñìåùåíèé ïî ãëóáèíå ïîêðûòèÿ èñïîëüçóåì
ôîðìóëû (4). Ñ ó÷åòîì çàìåíû ïåðåìåííûõ (5) ïîëó÷èì:
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Ôóíêöèè U*(γ, z) è W *(γ, z), à òàêæå ïðîèçâîäíûå îò ýòèõ ôóíêöèé ïî ïåðåìåí-
íîé z ñòðîÿòñÿ ÷èñëåííî ñ èñïîëüçîâàíèåì ìîäèôèêàöèè ìåòîäà ìîäåëèðóþùèõ
ôóíêöèé [8, 9]. Ôóíêöèÿ T(γ) − îáðàç ïðåîáðàçîâàíèÿ Õàíêåëÿ êîíòàêòíûõ íàïðÿ-
æåíèé (9) − çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:
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Ñâÿçü ìåæäó âåêòîðàìè íàïðÿæåíèé è ñìåùåíèé èìååò âèä:
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Èç (13) ñ ó÷åòîì (4), (5) è (14) ïîëó÷èì
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Ðàñ÷åò íàïðÿæåííîãî ñîñòîÿíèÿ íåîäíîðîäíîãî ñëîÿ ñâîäèòñÿ ê âû÷èñëåíèþ
èíòåãðàëîâ .6,1),,( =izrIi

3. ×èñëåííûå ïðèìåðû

Â êà÷åñòâå ïðèìåðà ïðîàíàëèçèðóåì íàïðÿæåííîå ñîñòîÿíèå âíóòðè ìÿãêîãî
(β = 100) íåîäíîðîäíîãî ñëîÿ ñ ìîäóëåì Þíãà, èçìåíÿþùèìñÿ ïî îäíîìó èç ñëåäó-
þùèõ çàêîíîâ:
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Çàêîí 1 ñîîòâåòñòâóåò îäíîðîäíîìó ñëîþ, çàêîí 2 îïèñûâàåò ëèíåéíîå óáûâà-
þùåå, à çàêîí 3 − ëèíåéíîå âîçðàñòàþùåå èçìåíåíèå ìîäóëÿ Þíãà ñ ãëóáèíîé.
Êîýôôèöèåíò Ïóàññîíà ïîêðûòèÿ è ïîäëîæêè ñ÷èòàåì ðàâíûì 0,3. Ìîäóëü Þíãà
íà ïîâåðõíîñòè è â ãëóáèíå ïîêðûòèé äëÿ çàêîíîâ 2, 3 ðàçëè÷àåòñÿ â 3,5 ðàçà.

Äëÿ ïðîãíîçèðîâàíèÿ îáëàñòåé, ìàêñèìàëüíî ïîäâåðæåííûõ ðèñêó ðàçðóøåíèÿ,
ðàññìîòðèì ãëàâíûå íàïðÿæåíèÿ, êîòîðûå äëÿ äàííîé çàäà÷è èìåþò âèä:
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Îãðàíè÷èìñÿ ðàññìîòðåíèåì ñëó÷àÿ λ = 1, ÷òî ñîîòâåòñòâóåò òîëùèíå ïîêðû-
òèÿ, ðàâíîé ðàäèóñó çîíû êîíòàêòà.

Íàïðÿæåíèå σI ïðèíèìàåò íàèáîëüøèå çíà÷åíèÿ â îêðåñòíîñòè êðàÿ øòàìïà
(r ≈ a), ïðè÷åì ÷åì áëèæå ê ïîâåðõíîñòè, òåì áîëüøå åãî àáñîëþòíûå çíà÷åíèÿ è
òåì áûñòðåå îíè âîçðàñòàþò ïðè r → a (ðèñ. 1). Â ïðèïîâåðõíîñòíûõ ñëîÿõ ïîëó-
ïðîñòðàíñòâà íàáëþäàåòñÿ åùå îäíà çîíà âîçðàñòàíèÿ âåëè÷èíû σI : 1,1a ≤ r ≤ 1,7a
(ðèñ. 1à, á). Íà ïîâåðõíîñòè ïîä øòàìïîì σI ðàâíû íóëþ.

Íà ðèñ. 2, 3 ïðèâåäåíû ãðàôèêè âåëè÷èí σI, σII â çàâèñèìîñòè îò ãëóáèíû z ïðè
çíà÷åíèÿõ ðàäèàëüíîé êîîðäèíàòû r = 0,5a; a; 1,3a; 2a äëÿ çàêîíîâ 1−3. Â ïîêðû-
òèè íàèáîëüøèå çíà÷åíèÿ íàïðÿæåíèé σI íàáëþäàþòñÿ íà ïîâåðõíîñòè (äëÿ òî÷åê
âíå çîíû êîíòàêòà) èëè â åå îêðåñòíîñòè (äëÿ òî÷åê ïîä øòàìïîì) (ðèñ. 2). Â ïîä-
ëîæêå ìàêñèìàëüíûå çíà÷åíèÿ äîñòèãàþòñÿ â îêðåñòíîñòè z ≈ −1,5H. Óâåëè÷åíèå
êîíöåíòðàöèè íàïðÿæåíèé σII íàáëþäàåòñÿ â çîíå ñîïðÿæåíèÿ ïîêðûòèå−ïîäëîæêà
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(ðèñ. 3). Ïîä øòàìïîì (r ≤ a) âåëè÷èíà σII îáðàùàåòñÿ â íîëü ïðè z = 0, à âíå
øòàìïà (r > a) ðåçêî âîçðàñòàåò âáëèçè ïîâåðõíîñòè (z = 0).
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Ðèñ. 2. Ãëàâíûå íàïðÿæåíèÿ σI â íåîäíîðîäíîì ñëîå â çàâèñèìîñòè îò z

0,2
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Çàêëþ÷åíèå

Ïðåäëîæåííûé ìåòîä ïîçâîëÿåò ñ âûñîêîé òî÷íîñòüþ ðàññ÷èòàòü è ïðîàíàëè-
çèðîâàòü íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå ïîëóïðîñòðàíñòâà ñ ôóíêöèî-
íàëüíî-ãðàäèåíòíûì ïîêðûòèåì. Ïîäõîä ïîçâîëÿåò îïòèìàëüíî âûáðàòü çàêîí èç-
ìåíåíèÿ óïðóãèõ ñâîéñòâ â ïîêðûòèè, íàïðèìåð ñ öåëüþ ñíèæåíèÿ êîíöåíòðàöèè
êàñàòåëüíûõ íàïðÿæåíèé â îáëàñòè ñîïðÿæåíèÿ ïîêðûòèÿ è ïîäëîæêè, è òåì ñà-
ìûì óìåíüøèòü âåðîÿòíîñòü îòñëàèâàíèÿ ïîêðûòèÿ è ðàçðóøåíèÿ èçäåëèÿ.
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THE STRESSED-STRAINED STATE OF AN ELASTIC HALF-SPACE
WITH A SOFT FUNCTIONALLY GRADED COATING PENETRATED

BY A FLAT-BASE PUNCH

Aizikovich S.M., Volkov S.S., Vasiliev A.S.

Don State Technical University, Rostov-on-Don,  Russian Federation

Determining the stressed state inside coatings under contact effects is one of the crucial issues of
tribology. Solving this problem makes it possible to optimally choose the laws of change of elastic
properties of the coating to minimize tangential stress concentration along the coating-substrate
interface, thus minimizing the probability of separation of the coating and failure of the article.
To describe the stressed state of a soft elastic functionally graded coating, the authors use a semi-
analytical solution of a contact problem of a non-deformable flat-base die penetrating a soft
inhomogeneous through the thickness elastic layer covering a homogeneous half-space, in the
assumption of the absence of friction between the base of the die and the elastic layer. The solution
is asymptotically accurate both for big and small values of the relative coating thickness. It is
shown that the obtained distribution of the contact pressures on the coating surface makes it possible
to analyze the stressed state inside the coating in a more detail.  The present method makes it
possible to take into account the effect of deformability of a considerably harder elastic substrate,
and to compute and analyze the stressed-strained state through the thickness of the half-space with
a functionally graded coating with a high accuracy. An example is analyzed where the elastic
properties of the coating and the substrate along their interface differ by more than two orders of
magnitude.

Keywords: stressed-strained state, functionally graded coating, contact problem, analytical solution.


