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Ïðèâåäåíû ðåçóëüòàòû ñðàâíèòåëüíîãî àíàëèçà ÷èñëåííûõ ðåøåíèé çà-
äà÷ îïðåäåëåíèÿ ôîðìû òåëà âðàùåíèÿ ìèíèìàëüíîãî ñîïðîòèâëåíèÿ è ìàê-
ñèìàëüíîé ãëóáèíû ïðîíèêàíèÿ â ïëàñòè÷åñêóþ ãðóíòîâóþ ñðåäó. Îïòèìàëü-
íûå ôîðìû òåë çàäàííîé äëèíû è ðàäèóñà ïîïåðå÷íîãî ñå÷åíèÿ ñ êóñî÷íî-
ëèíåéíûì ïðåäñòàâëåíèåì îáðàçóþùåé ïîëó÷åíû â ðàìêàõ îäíîé èç ìîäèôè-
êàöèé ìåòîäà ëîêàëüíûõ âàðèàöèé. Ïðèìåíÿåòñÿ äâó÷ëåííàÿ êâàäðàòè÷íàÿ
ìîäåëü ëîêàëüíîãî âçàèìîäåéñòâèÿ, âêëþ÷àþùàÿ â ñåáÿ èíåðöèîííîå è ïðî÷-
íîñòíîå ñëàãàåìûå. Ïðîàíàëèçèðîâàíî ðàçëè÷èå ñèë ñîïðîòèâëåíèÿ è ãëóáèí
âíåäðåíèÿ êîíóñîâ è ïîëó÷åííûõ îïòèìàëüíûõ ôîðì ïðè ðàçëè÷íûõ íà÷àëü-
íûõ ñêîðîñòÿõ óäàðà. Äëÿ çàäàííûõ ïàðàìåòðîâ ñðåäû îïðåäåëåíû êðèòè÷åñ-
êèå çíà÷åíèÿ ñêîðîñòåé, ïðè êîòîðûõ ðàäèóñ ïåðåäíåãî ïëîñêîãî òîðöà îïòè-
ìàëüíîãî òåëà ñòàíîâèòñÿ ðàâíûì íóëþ, à ñàì êîíóñ çàäàííûõ äëèíû è ïëî-
ùàäè îñíîâàíèÿ ÿâëÿåòñÿ àáñîëþòíî îïòèìàëüíûì òåëîì. Îòìå÷åíî ñóùå-
ñòâåííîå ðàçëè÷èå ôîðì ïðè çíà÷åíèÿõ ñêîðîñòåé, áëèçêèõ ê êðèòè÷åñêèì, è
ñáëèæåíèå îáðàçóþùèõ ñ óâåëè÷åíèåì ñêîðîñòè.

Êëþ÷åâûå ñëîâà: ãðóíòîâàÿ ñðåäà, òåëî âðàùåíèÿ, ìèíèìàëüíîå ïîëíîå
ñîïðîòèâëåíèå, ìàêñèìàëüíàÿ ãëóáèíà ïðîíèêàíèÿ, ìîäåëü ëîêàëüíîãî âçàè-
ìîäåéñòâèÿ, îïòèìèçàöèÿ, ìåòîä ëîêàëüíûõ âàðèàöèé.

Ââåäåíèå

Èññëåäîâàíèå ïðîöåññîâ óäàðà è ïðîíèêàíèÿ æåñòêèõ òåë â ãðóíòû ïðåäñòàâëÿ-
åò ñîáîé ñëîæíóþ ïðîáëåìó, äëÿ ýôôåêòèâíîãî ðåøåíèÿ êîòîðîé ñîâìåñòíî ïðèìå-
íÿþòñÿ ýêñïåðèìåíòàëüíûå è òåîðåòè÷åñêèå ìåòîäû íà îñíîâå èçâåñòíûõ ìîäåëåé
ãðóíòîâûõ ñðåä [1−5]. Èçâåñòíûå ÷èñëåííî-àíàëèòè÷åñêèå ìåòîäû îïðåäåëåíèÿ êîí-
òàêòíûõ ñèë è ãëóáèí ïðîíèêàíèÿ óäàðíèêîâ â îñíîâíîì áàçèðóþòñÿ íà ãèïîòåçå
ëîêàëüíîãî âçàèìîäåéñòâèÿ [2, 3, 5−8]. Ïðîñòàÿ ñâÿçü êîíòàêòíîãî íàïðÿæåíèÿ íà
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* Âûïîëíåíî ïðè ÷àñòè÷íîì ôèíàíñèðîâàíèè â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî
çàäàíèÿ Ìèíîáðíàóêè ÐÔ (ïðîåêò ¹ 2014/134 2226), Ïðîãðàììîé ãîñóäàðñòâåííîé ïîä-
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ïîâåðõíîñòè òåëà ñ åãî ãåîìåòðèåé â ðàìêàõ ìîäåëè ëîêàëüíîãî âçàèìîäåéñòâèÿ
(ÌËÂ) ïîçâîëÿåò òàêæå ýôôåêòèâíî ðåøàòü çàäà÷è ïîèñêà îïòèìàëüíûõ ôîðì ïðî-
íèêàþùèõ òåë è àíàëèçà óñòîé÷èâîñòè èõ äâèæåíèÿ [9−20]. Â ñòàòüÿõ [20−22] ïîêà-
çàíà ïðèìåíèìîñòü ãèïîòåçû ëîêàëüíîñòè äëÿ îïðåäåëåíèÿ ñèëû ñîïðîòèâëåíèÿ
âíåäðåíèþ â ìÿãêèé ãðóíò îñòðûõ êîíè÷åñêèõ òåë. Èçâåñòíî [11, 14], ÷òî ïðè äëè-
íå, ìåíüøåé äëèíû àáñîëþòíî îïòèìàëüíîãî êîíóñà, îïòèìàëüíûå òåëà âðàùåíèÿ
ñ çàäàííûìè äëèíîé è ðàäèóñîì ìèäåëÿ ñîäåðæàò òîðåö. Äëÿ ðåøåíèÿ ýòîé çàäà÷è
íåîáõîäèìî ïðèìåíÿòü ÷èñëåííûå ìåòîäû. Â íàñòîÿùåé ñòàòüå ðàçðàáîòàííàÿ ðà-
íåå ìåòîäèêà [23, 24] ðåøåíèÿ çàäà÷è îïðåäåëåíèÿ òåëà âðàùåíèÿ ìèíèìàëüíîãî
ñîïðîòèâëåíèÿ âíåäðåíèþ çàäàííûõ äëèíû è ðàäèóñà ïîïåðå÷íîãî ñå÷åíèÿ ìîäè-
ôèöèðóåòñÿ äëÿ ðàñ÷åòà òåë âðàùåíèÿ ìàêñèìàëüíîé ãëóáèíû ïðîíèêàíèÿ â ãðóíò.

1. Ðàññìîòðèì ñòàäèþ ðàçâèòîãî ïðîíèêàíèÿ óäàðíèêà äëèíîé L è ðàäèóñîì
ìèäåëÿ R, ïðåíåáðåæåì ñòàäèåé âíåäðåíèÿ ãîëîâíîé ÷àñòè èñêîìîãî óäàðíèêà, îá-
òåêàíèå êîòîðîé ãðóíòîì áóäåì ïîëàãàòü áåçîòðûâíûì. Ââåäåì öèëèíäðè÷åñêóþ
ñèñòåìó êîîðäèíàò rOz, ãäå Oz − îñü ñèììåòðèè, ñ íà÷àëîì îòñ÷åòà â âåðøèíå òåëà
− ïëîñêîì òîðöå ðàäèóñà r0 ≤ R, îáðàçóþùàÿ òåëà îïèñûâàåòñÿ âûïóêëîé êðè-
âîé r(z).

Ïîëíîå îñåâîå ñîïðîòèâëåíèå F ïðîíèêàþùåãî ñî ñêîðîñòüþ V0 òåëà èìååò
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Çäåñü ïåðâîå ñëàãàåìîå îáóñëîâëåíî íàïðÿæåíèÿìè, äåéñòâóþùèìè íà ïåðåäíèé
ïëîñêèé òîðåö òåëà íåèçâåñòíîãî ðàäèóñà r0, âòîðîå è òðåòüå ñëàãàåìûå − ñîîòâåò-
ñòâåííî íîðìàëüíûìè è êàñàòåëüíûìè íàïðÿæåíèÿìè, äåéñòâóþùèìè íà áîêîâóþ
ïîâåðõíîñòü òåëà, ρ0 − ïëîòíîñòü ãðóíòà, À, C − ïîñòîÿííûå êîýôôèöèåíòû äâóõ-
÷ëåííîé êâàäðàòè÷íîé ÌËÂ, τ − ïðî÷íîñòü ãðóíòà íà ñäâèã. Ïîäîáíàÿ ìîäåëü ïðè-
ìåíÿëàñü ðàíåå ïðè îïèñàíèè ãëèíèñòîãî ãðóíòà èëè ïëàñòèëèíà [3, 6, 19].

Ðàññìîòðèì äâå ÷àñòî âñòðå÷àþùèåñÿ çàäà÷è îïòèìèçàöèè: îïðåäåëåíèå òàêîé
âûïóêëîé êðèâîé r(z), äëÿ êîòîðîé ïîëíîå ñîïðîòèâëåíèå − ôóíêöèîíàë (1) − èìå-
åò ìèíèìóì; ïîèñê ôîðìû òåëà âðàùåíèÿ, îáåñïå÷èâàþùåé ìàêñèìàëüíóþ ãëóáè-
íó ïðîíèêàíèÿ S òåëà ìàññû m ïðè íà÷àëüíîé ñêîðîñòè V0, òî åñòü
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Òîãäà ãëóáèíà ïðîíèêàíèÿ òåëà âðàùåíèÿ äî ïîëíîé îñòàíîâêè áóäåò ðàâíà
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Ïðèáëèæåííîå ðåøåíèå íà îñíîâå èçâåñòíîãî ìåòîäà ëîêàëüíûõ âàðèàöèé [25]
ïðåäïîëàãàåò ñâåäåíèå èñõîäíîé çàäà÷è ê çàäà÷å áåçóñëîâíîé îïòèìèçàöèè: íàéòè
òàêîé íàáîð êîîðäèíàò (r0, ..., rN−1) äëÿ êóñî÷íî-ëèíåéíîé âûïóêëîé îáðàçóþùåé
òåëà âðàùåíèÿ, ÷òî âåëè÷èíà D(r0, ..., rN−1), ïðåäñòàâëÿþùàÿ ñîáîé èëè èíòåãðàëü-
íóþ ñèëó ñîïðîòèâëåíèÿ âíåäðåíèþ F, èëè ãëóáèíó ïðîíèêàíèÿ S, âçÿòóþ ñ ïðîòèâî-
ïîëîæíûì çíàêîì, äîñòèãàåò ìèíèìóìà.

Òàêèì îáðàçîì, âåêòîð íåèçâåñòíûõ ïàðàìåòðîâ r = {ri}, 1,0 −= Ni , îïðåäåëÿ-
åò îäèí èç ëîêàëüíûõ ýêñòðåìóìîâ, äëÿ êîòîðûõ ñîñòàâëÿåòñÿ ñèñòåìà óðàâíåíèé
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íà, ñîîòíîøåíèÿ êîòîðîãî ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:
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Âûðàæåíèÿ äëÿ êîìïîíåíò ëåâîé è ïðàâîé ÷àñòåé ñèñòåìû (5) â ñëó÷àå êóñî÷-
íî-ëèíåéíîãî ïðåäñòàâëåíèÿ îáðàçóþùåé ïðèâåäåíû â [23]. Â ñòàòüå [24] ýòè âåëè-
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ãäå ε − çàäàííàÿ òî÷íîñòü.
Ìîäèôèöèðîâàííûé òàêèì îáðàçîì àëãîðèòì [23, 24] ïîçâîëÿåò åäèíîîáðàçíî

ïðîâîäèòü âû÷èñëåíèÿ ïðè êóñî÷íî-ëèíåéíîì ïðåäñòàâëåíèè îáðàçóþùåé äëÿ îï-
ðåäåëåíèÿ êàê ôîðìû òåëà âðàùåíèÿ ìèíèìàëüíîãî ñîïðîòèâëåíèÿ âíåäðåíèþ ñ
ïîñòîÿííîé ñêîðîñòüþ V0, òàê è ìàêñèìàëüíîé ãëóáèíû ïðîíèêàíèÿ ïðè çàäàííîé
íà÷àëüíîé ñêîðîñòè. Äëÿ ïðèìåíåíèÿ àëãîðèòìà íåîáõîäèìî êîíêðåòèçèðîâàòü ñïî-
ñîá ðàñ÷åòà âåëè÷èíû D.

2. Ðàññìîòðèì ïðîíèêàíèå óäàðíèêîâ â ïëàñòè÷íûé ãðóíò (ãëèíà èëè ïëàñòè-
ëèí) ñ íà÷àëüíîé ïëîòíîñòüþ ρ0 = 2 ã/ñì3 è ïðî÷íîñòüþ íà ñäâèã τ =1 ÌÏà. Äëÿ
ýòîãî ãðóíòà îïðåäåëåíû [6, 19] ñëåäóþùèå çíà÷åíèÿ êîýôôèöèåíòîâ ÌËÂ: A= 1,
C= 10. Îòíîñèòåëüíîå óäëèíåíèå óäàðíèêà .5/ == RLl

Â [24] áûëî ïðîàíàëèçèðîâàíî ðàçëè÷èå ñèë ñîïðîòèâëåíèÿ âíåäðåíèþ àáñî-
ëþòíî îïòèìàëüíûõ òåë [12, 13] è ïîëó÷åííûõ îïòèìàëüíûõ ôîðì ïðè ðàçëè÷íûõ
çíà÷åíèÿõ óäëèíåíèÿ òåëà è ïðî÷íîñòè ñðåäû. Ê àíàëîãè÷íûì ðåçóëüòàòàì ïðèâî-
äèò èçìåíåíèå ñêîðîñòè ïðîíèêàíèÿ.

Äëÿ çàäàííûõ ïàðàìåòðîâ ñðåäû è òåëà áûëè îïðåäåëåíû çíà÷åíèÿ ñêîðîñòè
ïðîíèêàíèÿ V * (íà÷àëüíîé ñêîðîñòè óäàðà), ïðè êîòîðûõ ïëîùàäü ïåðåäíåãî ïëîñ-
êîãî òîðöà îïòèìàëüíîãî òåëà ñòàíîâèòñÿ ðàâíîé íóëþ, à ñàì êîíóñ çàäàííûõ äëè-
íû è íàèáîëüøåé ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ ÿâëÿåòñÿ àáñîëþòíî îïòèìàëüíûì
òåëîì. Äëÿ çàäà÷è, â êîòîðîé öåëåâîé ôóíêöèåé ÿâëÿåòñÿ ñèëà ñîïðîòèâëåíèÿ, êðè-
òè÷åñêàÿ ñêîðîñòü V * = 63 ì/ñ. Âî âòîðîì ñëó÷àå, êîãäà öåëåâàÿ ôóíêöèÿ åñòü ìàê-
ñèìàëüíàÿ ãëóáèíà ïðîíèêàíèÿ, V * = 93 ì/ñ. Äëÿ ñêîðîñòåé V < V * àáñîëþòíî îïòè-
ìàëüíûì òåëîì ÿâëÿåòñÿ êîíóñ áîëüøåãî óãëà ðàñòâîðà, äîïîëíåííûé äî çàäàííîé
äëèíû èãëîé íóëåâîãî ñå÷åíèÿ [11], èëè òåëî ñ ïëîñêèì òîðöîì.

Ñ óâåëè÷åíèåì ñêîðîñòè ïîÿâëÿåòñÿ ïåðåäíèé òîðåö ñ ðàäèóñîì, ðàñòóùèì äî
çíà÷åíèÿ, ðàâíîãî ïðèìåðíî R/10. Íà ðèñ. 1 ïðèâåäåíû îáðàçóþùèå òåë âðàùåíèÿ,
îáëàäàþùèõ ìèíèìàëüíûì ñîïðîòèâëåíèåì âíåäðåíèþ ñ ïîñòîÿííîé ñêîðîñòüþ
V0 (øòðèõîâàÿ ëèíèÿ) è ìàêñèìàëüíîé ãëóáèíîé ïðîíèêàíèÿ (ñïëîøíàÿ ëèíèÿ) ïðè
çàäàííûõ íà÷àëüíûõ ñêîðîñòÿõ óäàðà V0 =100 ì/ñ (à), 200 ì/ñ (á) è 1000 ì/ñ (â).
Îòìåòèì ñóùåñòâåííîå ðàçëè÷èå ôîðì ïðè çíà÷åíèÿõ ñêîðîñòåé, áëèçêèõ ê êðèòè-
÷åñêèì, è ñáëèæåíèå îáðàçóþùèõ ñ óâåëè÷åíèåì ñêîðîñòè. Ïðè ëèíåéíîé ïàðà-
ìåòðèçàöèè îáðàçóþùåé îïòèìàëüíîãî òåëà âðàùåíèÿ ñ òîðöîì (ðåøåíèå çàäà÷è ñ
óñå÷åííûì êîíóñîì âïåðâûå áûëî ïîëó÷åíî È. Íüþòîíîì) ðàäèóñ ïåðåäíåãî òîðöà
ïðè áîëüøèõ ñêîðîñòÿõ áûë ðàâåí ïðèìåðíî R/7.
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Äàëåå ïðèâîäèòñÿ ñðàâíåíèå õàðàêòåðèñòèê îïòèìàëüíûõ òåë ñ êîíóñîì çàäàí-
íûõ äëèíû è ïëîùàäè îñíîâàíèÿ. Íà ðèñ. 2 ñïëîøíûå
è øòðèõîâûå êðèâûå ñîîòâåòñòâóþò îòíîñèòåëüíûì âå-
ëè÷èíàì δS = (S/Sc − 1)⋅100% è δF = (F/Fc − 1)⋅100%,
ãäå Sc − ãëóáèíà ïðîíèêàíèÿ è Fc − ñèëà ñîïðîòèâëåíèÿ
âíåäðåíèþ êîíóñà. Ïðåèìóùåñòâà îïòèìàëüíûõ çàòóï-
ëåííûõ òåë âðàùåíèÿ ïðîÿâëÿþòñÿ ïðè âûñîêèõ ñêîðî-
ñòÿõ âíåäðåíèÿ è íàõîäÿòñÿ â ïðåäåëàõ 10−20% äëÿ çà-
äàííûõ ïàðàìåòðîâ ñðåäû è òåëà. Ñ ðîñòîì óäëèíåíèÿ l
îòëè÷èÿ ñèëîâûõ õàðàêòåðèñòèê îïòèìàëüíîãî çàòóï-
ëåííîãî òåëà ñ òîðöîì è êðóãîâîãî êîíóñà [23, 24] áóäóò
âîçðàñòàòü. Îòìåòèì òàêæå, ÷òî ïðè âûñîêèõ ñêîðîñ-
òÿõ âíåäðåíèÿ òåëî ñ ìèíèìàëüíîé ñèëîé ñîïðîòèâëåíèÿ âíåäðåíèþ îáëàäàåò òàê-
æå ìàêñèìàëüíîé ãëóáèíîé ïðîíèêàíèÿ.

Ñòàòüÿ ïîäãîòîâëåíà ïî ìàòåðèàëàì, äîëîæåííûì íà íàó÷íîé êîíôåðåíöèè
«Ïðîáëåìû ïðî÷íîñòè, äèíàìèêè è ðåñóðñà», ïîñâÿùåííîé 90-ëåòèþ àêàäåìèêà
ÐÀÍ Ô.Ì. Ìèòåíêîâà. Àâòîðû ñ÷èòàþò ñâîèì ïðèÿòíûì äîëãîì ïîçäðàâèòü Ôåäî-
ðà Ìèõàéëîâè÷à ñ þáèëååì è âûðàçèòü áëàãîäàðíîñòü çà âûñîêóþ îöåíêó îäíîé èç
ïåðâûõ ðàáîò àâòîðîâ ïî äàííîé òåìàòèêå [18] è ïðåäñòàâëåíèå åå ê ïå÷àòè.
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COMPARING THE FORMS OF THE BODIES OF REVOLUTION
OF MINIMAL RESISTANCE AND OF MAXIMAL DEPTH

OF PENETRATION INTO THE GROUND

Kotov V.L., Linnik Å.Yu., Tarasova À.À.

The results of a comparative analysis of numerical solutions of problems of determining the form
of the body of minimal resistance and maximal depth of penetration into a plastic soil are presented.
Optimal forms of the bodies of the assigned length and cross-section radius with a piecewise-
linear presentation of the generatrix are obtained in the framework of one of the modifications of
the local variation method. A binomial quadratic model of local interaction including inertial and
strength components is used. The difference between the resistance forces and penetration depths
of cones and those of the obtained optimal forms for various initial impact velocities has been
analyzed. For a medium with assigned parameters, critical velocities have been determined for
which the radius of the frontal flat end of an optimal body comes to be equal to zero, whereas the
cone of an assigned length and cross-section area is an absolutely optimal body. A considerable
difference between the forms for velocity values close to critical is noted, as well as the approach
of the generatrices with the increasing velocity.

Keywords: soil medium, body of revolution, minimal total resistance, maximal penetration depth,
local interaction model, optimization, local variation method.


