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Ïðîâåäåí àíàëèç êëàññè÷åñêîé çàäà÷è î ïîïåðå÷íîé óñòîé÷èâîñòè òîíêî-
ãî ñòåðæíÿ ïîä äåéñòâèåì äëèòåëüíîãî îñåâîãî ñæàòèÿ. Ïîêàçàíî, ÷òî ïî-
ïåðå÷íîå äâèæåíèå ñòåðæíÿ ñóùåñòâåííî çàâèñèò îò ñïîñîáà ïðèëîæåíèÿ íà-
ãðóçêè. Ë. Ýéëåðîì ðåøåíû äâå ñòàòè÷åñêèå ïðåäåëüíûå çàäà÷è: â ëèíåéíîì
ïðèáëèæåíèè íàéäåíà êðèòè÷åñêàÿ íàãðóçêà è âîçìîæíûå ôîðìû ïîòåðè óñ-
òîé÷èâîñòè, à ïðè íåëèíåéíîì ïîäõîäå íàéäåíû âñåâîçìîæíûå ðàâíîâåñíûå
ôîðìû (ýëàñòèêè Ýéëåðà). Â ðàáîòå Ì.À. Ëàâðåíòüåâà è À.Þ. Èøëèíñêîãî ñ
ó÷åòîì ñèë èíåðöèè ïîïåðå÷íîãî äâèæåíèÿ ðàññìîòðåíà ñæèìàþùàÿ íàãðóç-
êà, ñóùåñòâåííî ïðåâîñõîäÿùàÿ ýéëåðîâó íàãðóçêó. Óñòàíîâëåíî, ÷òî íàèáîëü-
øóþ ñêîðîñòü ðîñòà àìïëèòóäû ïîïåðå÷íîãî ïðîãèáà èìååò ôîðìà ñ áîëüøèì
÷èñëîì âîëí â ïðîäîëüíîì íàïðàâëåíèè. Íà áàçå íåëèíåéíîé äèíàìè÷åñêîé
ìîäåëè ïîêàçàíî, ÷òî â íà÷àëüíûå ìîìåíòû âðåìåíè ðåàëèçóåòñÿ ôîðìà ïðî-
ãèáà, ïðåäñêàçàííàÿ Ì.À. Ëàâðåíòüåâûì è À.Þ. Èøëèíñêèì, êîòîðàÿ â äàëü-
íåéøåì ïåðåõîäèò â óñòîé÷èâóþ ýëàñòèêó Ýéëåðà. Ïðè ýòîì êîíå÷íàÿ ôîðìà
ïðîãèáà çàâèñèò îò ñïîñîáà çàêðåïëåíèÿ êîíöîâ ñòåðæíÿ.

Êëþ÷åâûå ñëîâà: ñòåðæåíü, äèíàìè÷åñêàÿ óñòîé÷èâîñòü, ïðîäîëüíûå âîë-
íû, ïîïåðå÷íûå êîëåáàíèÿ, ïàðàìåòðè÷åñêèé ðåçîíàíñ, áèåíèÿ, ýëàñòèêè Ýé-
ëåðà.

Ââåäåíèå

Ïðîâåäåí àíàëèç êëàññè÷åñêîé çàäà÷è î ïîïåðå÷íîé óñòîé÷èâîñòè òîíêîãî ñòåð-
æíÿ ïîä äåéñòâèåì îñåâîãî ñæàòèÿ. Â çàâèñèìîñòè îò ïðîäîëæèòåëüíîñòè ñæàòèÿ
ñëåäóåò ðàçëè÷àòü êðàòêîâðåìåííîå è äëèòåëüíîå âîçäåéñòâèå. Êðàòêîâðåìåííûì
ñ÷èòàåì âîçäåéñòâèå, ïðè êîòîðîì âðåìÿ óäàðà ñîèçìåðèìî ñî âðåìåíåì ïðîáåãà
ïðîäîëüíîé âîëíû äåôîðìàöèè ïî äëèíå ñòåðæíÿ. Êðàòêîâðåìåííîå âîçäåéñòâèå
âûçûâàåò ïðîäîëüíûå âîëíû, êîòîðûå ìíîãîêðàòíî ïðîáåãàþò ïî äëèíå ñòåðæíÿ,
îòðàæàÿñü îò åãî êîíöîâ. Ýòîò âîëíîâîé ïðîöåññ â ëèíåéíîì ïðèáëèæåíèè ìîæåò
ïîðîäèòü ïàðàìåòðè÷åñêèå ðåçîíàíñû ñ íåîãðàíè÷åííûì ðîñòîì àìïëèòóäû ïîïå-
ðå÷íûõ êîëåáàíèé. Ïðè íàëè÷èè ñîïðîòèâëåíèé àìïëèòóäû êîíå÷íûå, íî íåðåàëü-
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íî áîëüøèå. Äëÿ ïîëó÷åíèÿ ðåàëüíîé êàðòèíû äâèæåíèÿ èñïîëüçóåòñÿ êâàçèëèíåé-
íûé ïîäõîä, ïðè êîòîðîì íå òîëüêî ïðîäîëüíûå âîëíû ïîðîæäàþò ïîïåðå÷íûå êî-
ëåáàíèÿ, íî è, íàîáîðîò, ïîïåðå÷íûå êîëåáàíèÿ âëèÿþò íà ïðîäîëüíûå. Â ðåçóëüòà-
òå êîëåáàíèÿ èìåþò õàðàêòåð áèåíèé ñ ïîñëåäîâàòåëüíûì îáìåíîì ýíåðãèåé ïðî-
äîëüíûõ è ïîïåðå÷íûõ êîëåáàíèé. Ïðè íàëè÷èè ñîïðîòèâëåíèé áèåíèÿ çàòóõàþò.
Ïîäðîáíåå êðàòêîâðåìåííûé óäàð çäåñü íå îáñóæäàåòñÿ (ñì. [1−5]).

Ïðè èññëåäîâàíèè äëèòåëüíîãî ñæàòèÿ îðèåíòèðàìè ñëóæàò ðàáîòû Ë. Ýéëåðà
[6], Ì.À. Ëàâðåíòüåâà è À.Þ. Èøëèíñêîãî [7, 8], À.Ñ. Âîëüìèðà [9] è äð. Ïîïåðå÷-
íîå äâèæåíèå ñòåðæíÿ ñóùåñòâåííî çàâèñèò îò ñïîñîáà ïðèëîæåíèÿ íàãðóçêè.
Ë. Ýéëåðîì ðåøåíû äâå ñòàòè÷åñêèå ïðåäåëüíûå çàäà÷è: â ëèíåéíîì ïðèáëèæåíèè
íàéäåíà êðèòè÷åñêàÿ íàãðóçêà è âîçìîæíûå ôîðìû ïîòåðè óñòîé÷èâîñòè, à ïðè
íåëèíåéíîì ïîäõîäå íàéäåíû âñåâîçìîæíûå ðàâíîâåñíûå ôîðìû ñòåðæíÿ, íàãðó-
æåííîãî íà êîíöàõ (ýëàñòèêè Ýéëåðà). Ïîñëåäóþùèå èññëåäîâàíèÿ ó÷èòûâàþò ñèëû
èíåðöèè ñòåðæíÿ. Â ðàáîòå Ì.À. Ëàâðåíòüåâà è À.Þ. Èøëèíñêîãî ðàññìîòðåíà
ñæèìàþùàÿ íàãðóçêà, ñóùåñòâåííî ïðåâîñõîäÿùàÿ ýéëåðîâó íàãðóçêó, è óñòàíîâëå-
íî, ÷òî íàèáîëüøóþ ñêîðîñòü ðîñòà àìïëèòóäû ïîïåðå÷íîãî ïðîãèáà èìååò ôîðìà
ñ áîëüøèì ÷èñëîì âîëí â ïðîäîëüíîì íàïðàâëåíèè. Íèæå íà áàçå íåëèíåéíîé äè-
íàìè÷åñêîé ìîäåëè ïîêàçàíî, ÷òî â íà÷àëüíûå ìîìåíòû âðåìåíè ñíà÷àëà ðåàëèçó-
åòñÿ ôîðìà ïðîãèáà, ïðåäñêàçàííàÿ Ì.À. Ëàâðåíòüåâûì è À.Þ. Èøëèíñêèì, à çàòåì
îíà ïåðåõîäèò â óñòîé÷èâóþ ýëàñòèêó Ýéëåðà. À.Ñ. Âîëüìèð èññëåäîâàë ïîïåðå÷-
íóþ óñòîé÷èâîñòü ñòåðæíÿ íà íà÷àëüíîì ýòàïå íàãðóæåíèÿ â ïðåäïîëîæåíèè, ÷òî
ïðîäîëüíàÿ âîëíà ñæàòèÿ åùå íå äîøëà äî ïðîòèâîïîëîæíîãî êîíöà ñòåðæíÿ. Ïî-
òåðÿ óñòîé÷èâîñòè íà÷èíàåòñÿ, åñëè äëèíà ðàñòóùåãî ñî âðåìåíåì ñæàòîãî ó÷àñò-
êà ñòåðæíÿ äîñòàòî÷íà äëÿ ñòàòè÷åñêîé ïîòåðè óñòîé÷èâîñòè.

Óñòàíîâëåíà âîçìîæíîñòü ïîÿâëåíèÿ íåóñòîé÷èâîñòè ïðè âíåçàïíî ïðèëîæåí-
íîé îñåâîé íàãðóçêå, ìåíüøåé ýéëåðîâîé íàãðóçêè [10]. Ýòà íåóñòîé÷èâîñòü ìîæåò
ïîÿâèòüñÿ ëèøü ïðè ïîñòîÿííî äåéñòâóþùåé ñèëå, ïðèëîæåííîé ê êîíöó ñòåðæíÿ,
è ñâÿçàíà ñ ïàðàìåòðè÷åñêèì ðåçîíàíñîì. Â ëèíåéíîì ïðèáëèæåíèè àìïëèòóäà
íåîãðàíè÷åííî ðàñòåò. Ââåäåíèå â ðàññìîòðåíèå íåëèíåéíûõ ÷ëåíîâ ïåðåâîäèò
ñèñòåìó â ðåæèì áèåíèé ñ ïîñëåäîâàòåëüíîé ïåðåêà÷êîé ýíåðãèè ïðîäîëüíûõ êîëå-
áàíèé â ïîïåðå÷íûå è íàîáîðîò. Èññëåäîâàíî âëèÿíèå íà ðåçóëüòàò ñèë ñîïðîòèâ-
ëåíèÿ è äëèòåëüíîñòè ïåðåäíåãî ôðîíòà èìïóëüñà.

Â íàñòîÿùåé ñòàòüå îáñóæäàåòñÿ âîïðîñ î âëèÿíèè ñïîñîáà ïðèëîæåíèÿ ïîñòî-
ÿííî äåéñòâóþùåé ïðîäîëüíîé íàãðóçêè íà äèíàìè÷åñêóþ ïîòåðþ óñòîé÷èâîñòè
òîíêîãî ñòåðæíÿ. Äëÿ ïðèëîæåííîé ñòàòè÷åñêîé íàãðóçêè, ñóùåñòâåííî ïðåâûøà-
þùåé êðèòè÷åñêóþ ýéëåðîâó íàãðóçêó, íà íà÷àëüíîì ýòàïå äâèæåíèÿ ðåøåíèå â
ëèíåéíîé ïîñòàíîâêå ïîëó÷åíî â ðàáîòå [7], ïðè÷åì íàèáîëüøóþ ñêîðîñòü ðîñòà
àìïëèòóäû ïðè ïîòåðå óñòîé÷èâîñòè èìååò îäíà èç ñòàðøèõ ôîðì. Ïðîâåäåí ãåî-
ìåòðè÷åñêè íåëèíåéíûé àíàëèç è óñòàíîâëåíî, ÷òî ñ òå÷åíèåì âðåìåíè ôîðìà óï-
ðóãîé ëèíèè ïåðåõîäèò â îäíó èç ýëàñòèê Ýéëåðà. Ïðè ýòîì êîíå÷íàÿ ôîðìà ëèíèè
ñóùåñòâåííî çàâèñèò îò ñïîñîáà íàãðóæåíèÿ è çàêðåïëåíèÿ êîíöîâ ñòåðæíÿ.

1. Ïðîäîëüíûå âîëíû â ñòåðæíå

Â ëèíåéíîì ïðèáëèæåíèè ðàñïðîñòðàíåíèå ïðîäîëüíûõ âîëí â ñòåðæíå îïè-
ñûâàåòñÿ óðàâíåíèåì
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ãäå u(x, t) − ïðîäîëüíîå ïåðåìåùåíèå, ïðè÷åì ïðàâûé êîíåö çàêðåïëåí; ñ − ñêî-
ðîñòü çâóêà.

Áóäåì ðàññìàòðèâàòü òðè âàðèàíòà ãðàíè÷íûõ óñëîâèé íà ëåâîì êîíöå x = 0
(ðèñ. 1).

Íà ðèñóíêå ïîêàçàíû îæèäàåìûå ôîðìû ïîïåðå÷íîãî ïðîãèáà w(x, t):
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ãäå ε0 > 0 − äåôîðìàöèÿ ïðîäîëüíîãî ñæàòèÿ. Â ñëó÷àå (2) ñòåðæåíü ñæèìàåòñÿ
ïîñòîÿííîé ñèëîé P = ESε0 (E − ìîäóëü óïðóãîñòè, S − ïëîùàäü ïîïåðå÷íîãî ñå÷å-
íèÿ). Â ñëó÷àå (3) êîíåö ñòåðæíÿ äâèæåòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ v = ε0c (ýòîò
ñëó÷àé ìîæåò áûòü ðåàëèçîâàí, â ÷àñòíîñòè, ïðè ïðîäîëüíîì óäàðå ñî ñêîðîñòüþ v
òåëîì ñ áîëüøîé ìàññîé). Íàêîíåö, â ñëó÷àå (4) îáà êîíöà íåïîäâèæíû. Îñòàâëÿÿ â
ñòîðîíå óñëîâèå (4), ðàññìîòðèì ðåøåíèå äâóõ ïåðâûõ çàäà÷ ïðè íóëåâûõ íà÷àëü-
íûõ óñëîâèÿõ u(x, 0) = ut(x, 0) = 0. Â äàëüíåéøåì íàñ èíòåðåñóåò äåôîðìàöèÿ ïðî-
äîëüíîãî ñæàòèÿ ε(x, t), ïîýòîìó äëÿ êðàåâûõ çàäà÷ (1), (2) è (1), (3) íàõîäèì ñîîò-
âåòñòâåííî
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Ôîðìóëû (5) è (6) ïîëó÷åíû ðàçëîæåíèåì â ðÿäû Ôóðüå ïî ñîáñòâåííûì ôóí-
êöèÿì ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷. Ôóíêöèè ε(1)(x, t) è ε(2)(x, t) êóñî÷íî-ïîñòîÿí-
íû, ïðè÷åì ïðè ôèêñèðîâàííîì x ôóíêöèÿ ε(1)(x, t) ïåðèîäè÷íà ïî t ñ ïåðèîäîì
T = 4L/c, à ôóíêöèÿ ε(2)(x, t) âîçðàñòàåò (ðèñ. 2). Íà ðèñóíêå ïîêàçàíû ôóíêöèè ε(k)(x, t)
ïðè x = L/2.

Ïðè 0 ≤ t ≤ 2L/c èìååò ìåñòî ðàâåíñòâî ε(1)(x, t) = ε(2)(x, t), äëÿ ïðîâåðêè êîòîðî-
ãî ïðåäñòàâëÿåì ðåøåíèå â âèäå ñóììû áåãóùèõ âîëí u(x, t) = f (x − ct) + g(x + ct) è
ó÷èòûâàåì, ÷òî ïðè îòðàæåíèè âîëíû îò çàêðåïëåííîãî êîíöà çíàê ôóíêöèè u(x, t)
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íå ìåíÿåòñÿ, à ïðè îòðàæåíèè îò ñâîáîäíîãî êîíöà çíàê ìåíÿåòñÿ íà ïðîòèâîïî-
ëîæíûé.

2. Ïîïåðå÷íûå äåôîðìàöèè è êîëåáàíèÿ. Ðåøåíèÿ Ýéëåðà
è Ëàâðåíòüåâà −−−−− Èøëèíñêîãî

Ìàëûå ïîïåðå÷íûå êîëåáàíèÿ ñæàòîãî øàðíèðíî îïåðòîãî ñòåðæíÿ ïî ìîäåëè
Áåðíóëëè − Ýéëåðà îïèñûâàþòñÿ óðàâíåíèåì
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ãäå r − ðàäèóñ èíåðöèè ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ (r2 = J/S, J − ìîìåíò èíåðöèè).
Ñòàòè÷åñêàÿ çàäà÷à áèôóðêàöèè ðàâíîâåñèÿ ïåðâîíà÷àëüíî ñæàòîãî ïîñòîÿí-

íîé ñèëîé (ε(x, t) = ε0 = const) ñòåðæíÿ ñ çàêðåïëåííûìè êîíöàìè (ïðè óñëîâèè (4))
áûëà ðåøåíà Ë. Ýéëåðîì [6]. Ôîðìå ïîòåðè óñòîé÷èâîñòè ñ m ïîëóâîëíàìè w(x) =
= w0sin (mπx/L) ñîîòâåòñòâóåò äåôîðìàöèÿ ñæàòèÿ

.1,222 <<=μπμ=ε
L
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Ïðè m = 1 ïîëó÷àåì êëàññè÷åñêóþ ýéëåðîâó êðèòè÷åñêóþ íàãðóçêó εcr = μ2π2.
Ïðè äîñòàòî÷íî áîëüøîì çíà÷åíèè íà÷àëüíîé äåôîðìàöèè ñæàòèÿ ε0 âîçìîæíà

îäíîâðåìåííàÿ ïîòåðÿ óñòîé÷èâîñòè ïî íåñêîëüêèì ïåðâûì ôîðìàì, òî÷íåå, ïðè

⎥⎦
⎤

⎢⎣
⎡ μπε=≤ 2

00 )/(òm , ãäå ÷åðåç [z] îáîçíà÷åíà öåëàÿ ÷àñòü ÷èñëà z.

Â ðàáîòå [7] àâòîðû îáðàòèëè âíèìàíèå íà òî, ÷òî ïðè m0 > 1 ñêîðîñòü ðîñòà
àìïëèòóäû ïðè ïîòåðå óñòîé÷èâîñòè ìàêñèìàëüíà äëÿ îäíîé èç ñòàðøèõ ôîðì ïî-
òåðè óñòîé÷èâîñòè .2/ )( 0mm ≈  Äåéñòâèòåëüíî, ïðè ε(x, t) = ε0 = const, m ≤ m0
ðåøåíèå óðàâíåíèÿ (7) èìååò âèä

.,sin),( 44222
00 πμ−πε=α⎟

⎠
⎞

⎜
⎝
⎛ π

= α mme
L

xmwtxw m
tc m (9)

Ïðè ýòèõ m áóäåì õàðàêòåðèçîâàòü èíòåíñèâíîñòü ðîñòà àìïëèòóäû m-é ôîðìû
ïîòåðè óñòîé÷èâîñòè ïàðàìåòðîì αm. Íà ðèñ. 3 äëÿ μ = 0,002 ïîêàçàíû ãðàôèêè
ôóíêöèé αm(ε0) äëÿ m = 1, 2, ..., 8.

Ñ ðîñòîì äåôîðìàöèè ñæàòèÿ ε0 ðàñòåò êàê ìàêñèìàëüíàÿ èíòåíñèâíîñòü ðîñòà
àìïëèòóäû, òàê è íîìåð ñîîòâåòñòâóþùåé ôîðìû.

Ðèñ. 3

αm

1
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Ñêàçàííîå çäåñü ñïðàâåäëèâî ëèøü ïðè ìàëûõ ïðîãèáàõ. Îáñóäèì äàëüíåéøåå
èçìåíåíèå ôîðìû ñòåðæíÿ.

3. Ýëàñòèêè Ýéëåðà. Ýâîëþöèÿ ôîðìû ñòåðæíÿ ñ ðîñòîì âðåìåíè

Ðàâíîâåñíûå ôîðìû, êîòîðûå ïîñëå ïîòåðè óñòîé÷èâîñòè ïðèíèìàåò ñòåðæåíü,
ñæàòûé ïðîäîëüíûìè ñèëàìè, áûëè íàéäåíû Ýéëåðîì. Â ïðåäïîëîæåíèè î íåðàñ-
òÿæèìîñòè ñòåðæíÿ ýòè ôîðìû óäîâëåòâîðÿþò êðàåâîé çàäà÷å:

,0,sin,cos,02

2

Ls
ds
dy

ds
dxPy

ds
dEJ ≤≤ϕ=ϕ==+
ϕ

(10)
.0,0)()()0(

0
00 =

ϕ
=

ϕ
===

== Lss ds
d

ds
dLyLxy

Çäåñü s − äëèíà äóãè íà îñè ñòåðæíÿ, x(s), y(s), ϕ(s) − äåêàðòîâû êîîðäèíàòû òî÷êè
íà îñè ñòåðæíÿ è óãîë íàêëîíà îñè, E − ìîäóëü Þíãà, J − ìîìåíò èíåðöèè ñå÷åíèÿ.

Ââåäåì áåçðàçìåðíûå ïåðåìåííûå (ñî çâåçäî÷êîé)

{ } { } .,,,,, 2

2
0**** P

EJ
Lpsyx

L
syx

π
=

π
= (11)

Îïóñêàÿ çâåçäî÷êè, ïåðåïèøåì óðàâíåíèÿ (10):

.0,sin,cos,02

2

π≤≤ϕ=ϕ==+
ϕ s

ds
dy

ds
dxpy

ds
d

(12)

Ïðè p ≤ 1 ñèñòåìà (12) èìååò òîëüêî íóëåâîå ðåøåíèå. Óñòîé÷èâûå íåíóëåâûå
ðåøåíèÿ (ýëàñòèêè Ýéëåðà) äëÿ ðÿäà çíà÷åíèé p > 1 ïîêàçàíû íà ðèñ. 4 (ïðè p1 =
= 1,02; p2 = 1,1; p3 = 1,5; p4 = 2,184; p5 = 3; p6 = 10). Ñ ðîñòîì p ïîäâèæíûé êîíåö
ñòåðæíÿ ïðèáëèæàåòñÿ ê íåïîäâèæíîìó êîíöó, à ïðè p = p4 = 2,184 ñîâïàäàåò ñ
íèì. Ïðè p > p4 îáðàçóåòñÿ ïåòëÿ.

Âîçìîæíû è äðóãèå ýëàñòèêè Ýéëåðà, íàïðèìåð âèäà y (s) = y0sin ms, m > 1 ïðè
y0 << 1. Îäíàêî îíè íåóñòîé÷èâû, èáî íåîáõîäèìûì óñëîâèåì óñòîé÷èâîñòè ÿâëÿåò-
ñÿ îòñóòñòâèå òî÷åê ïåðåãèáà ó êðèâîé y(x).

Ðàññìîòðèì òåïåðü íåëèíåéíóþ äèíàìè÷åñêóþ çàäà÷ó äëÿ ðàñòÿæèìîãî ñòåðæ-
íÿ è äëÿ åå ïðèáëèæåííîãî ðåøåíèÿ èñïîëüçóåì äèñêðåòíóþ àïïðîêñèìàöèþ. Ñòåð-
æåíü çàìåíÿåì ñèñòåìîé èç n + 1 ìàòåðèàëüíûõ òî÷åê ñ ðàâíûìè ìàññàìè M.
Â íåäåôîðìèðîâàííîì ñîñòîÿíèè ðàññòîÿíèÿ ìåæäó ñîñåäíèìè òî÷êàìè ðàâíû
L0 = L/n. Òî÷êè ðàñïîëîæåíû â îäíîé ïëîñêîñòè è èìåþò äåêàðòîâû êîîðäèíàòû
xi(t), yi(t), i = 1, 2, …, n + 1. Êèíåòè÷åñêàÿ è ïîòåíöèàëüíàÿ ýíåðãèè ñèñòåìû àïï-
ðîêñèìèðóþòñÿ âûðàæåíèÿìè

Ðèñ. 4
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+
−++ (14)

Çäåñü εi − äåôîðìàöèè ðàñòÿæåíèÿ, ri − ðàññòîÿíèÿ ìåæäó ñîñåäíèìè òî÷êàìè, ϕi −
óãëû íàêëîíà îòðåçêîâ, ñîåäèíÿþùèõ ñîñåäíèå òî÷êè. Êîíñòàíòû C, D, M ñâÿçàíû
ñ ïàðàìåòðàìè îäíîðîäíîãî ñïëîøíîãî ñòåðæíÿ ñîîòíîøåíèÿìè C = ESL0, D =
= EJ/L0, M = ρSL0.

Âàðüèðîâàíèå ôóíêöèîíàëà Ãàìèëüòîíà dtT
t
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)(2

1
Π−∫  ïî xi, yi ïðèâîäèò ê óðàâ-

íåíèÿì äâèæåíèÿ
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⎞
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⎝

⎛
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ϕ
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ϕ
−ϕε−ϕε= −

−
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.,,2 ni K=

Óðàâíåíèÿ (15) îïèñûâàþò äâèæåíèå ñèñòåìû ñ 2n − 1 ñòåïåíÿìè ñâîáîäû. Â
íèõ äîïîëíèòåëüíî ââåäåíû ñëàãàåìûå, ó÷èòûâàþùèå ñèëû ñîïðîòèâëåíèÿ, ïðî-
ïîðöèîíàëüíûå ñêîðîñòè òî÷åê.

Ðàññìîòðèì íà÷àëüíûå óñëîâèÿ (âàðèàíò 1 íà ðèñ. 1), ñîîòâåòñòâóþùèå ïîñòà-
íîâêå Ëàâðåíòüåâà − Èøëèíñêîãî, ïðè êîòîðîé ñòåðæåíü ðàâíîìåðíî ñæàò ñèëîé
P = ESε0 è íåïîäâèæåí:

,;1...,,2,1),1)(1()0( 2

2

000 p
ESL
EJniinLxi
π

=ε+=+−ε−−= (16)

ãäå ε0 − íà÷àëüíàÿ äåôîðìàöèÿ ñæàòèÿ. Äëÿ âîçáóæäåíèÿ ïîïåðå÷íûõ êîëåáàíèé
ïðèìåì y2(0) = δ. Îñòàëüíûå íà÷àëüíûå óñëîâèÿ íóëåâûå.

Âîçüìåì n = 40, EJ/ES = 0,001, L = π, M = 1, ν = 0,1, δ = 0,01 è ðàññìîòðèì òðè
çíà÷åíèÿ ñæèìàþùåé ñèëû p1 = 1,5; p2 = 10; p3 = 20.

Íà ðèñ. 5(1−3) â ïîñëåäîâàòåëüíûå ìîìåíòû âðåìåíè ïðåäñòàâëåíû ðåçóëüòàòû
÷èñëåííîãî èíòåãðèðîâàíèÿ ñèñòåìû (15). Ïðè p1 = 1,5 âîçìîæíà ïîòåðÿ óñòîé÷è-
âîñòè òîëüêî ïî ïåðâîé ôîðìå (m = 1). Àìïëèòóäà ðàñòåò è â ïðåäåëå ñîâïàäàåò ñ
ýëàñòèêîé Ýéëåðà 3 íà ðèñ. 4. Ïðè p2 = 10 âîçìîæíà ïîòåðÿ óñòîé÷èâîñòè ïî òðåì
ïåðâûì ôîðìàì (m = 1, 2, 3), êîýôôèöèåíòû ðîñòà α1 = 3, α2 = 4,9, α3 = 3. Âèäåí
ïðåèìóùåñòâåííûé ðîñò ïðîãèáà ïî ôîðìå m = 2. Òî÷íî òàê æå ïðè p3 = 20 âîçìîæ-
íà ïîòåðÿ óñòîé÷èâîñòè ïî ÷åòûðåì ôîðìàì ïðè α1 = 4,36, α2 = 8, α3 = 9,95, α4 = 8
è íàáëþäàåòñÿ ðîñò àìïëèòóäû ïðè m = 3. Ïðè äàëüíåéøåì ðîñòå âðåìåíè â ñëó÷à-
ÿõ p2 = 10 è p3 = 20 ïðîèñõîäèò èñêàæåíèå êàðòèíû äåôîðìèðîâàíèÿ. Ïîäâèæíàÿ
òî÷êà ïðèáëèæàåòñÿ ê íåïîäâèæíîé, à çàòåì ïðîõîäèò åå ñ îáðàçîâàíèåì ïåòëè
(ñì. ðèñ. 4).
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Ðàññìîòðèì äðóãîé âàðèàíò ãðàíè÷íûõ óñëîâèé (âàðèàíò 3 íà ðèñ. 1), ïðè êîòî-
ðîì â íà÷àëüíûé ìîìåíò âðåìåíè ñòåðæåíü ñæàò â ñîîòâåòñòâèè ñ óñëîâèÿìè (16),
îäíàêî è ïîäâèæíàÿ òî÷êà îñòàåòñÿ íåïîäâèæíîé (ñèñòåìà èìååò 2n − 2 ñòåïåíåé
ñâîáîäû, ïåðâîå óðàâíåíèå (15) îòáðàñûâàåòñÿ). Ðåçóëüòàòû ðàñ÷åòîâ â ýòîì ñëó÷àå
ïðè p3 = 20 ïðåäñòàâëåíû íà ðèñ. 5(4). Ñíà÷àëà, êàê è íà ðèñ. 5(1−3), ïðîèñõîäèò
ïîòåðÿ óñòîé÷èâîñòè ïî òðåòüåé ôîðìå, à çàòåì íàáëþäàåòñÿ ïåðåõîä âî âòîðóþ è â
ïåðâóþ ôîðìó. Îêîí÷àòåëüíî áàëêà ïðèíèìàåò ôîðìó óñòîé÷èâîé àðêè. Çàìåòèì,
÷òî â êîíå÷íîì ïîëîæåíèè óñèëèå ñæàòèÿ óìåíüøèëîñü â 20 ðàç ïî ñðàâíåíèþ ñ
íà÷àëüíûì çíà÷åíèåì.

Çàêëþ÷åíèå

Èññëåäîâàíà äèíàìè÷åñêàÿ ïîòåðÿ óñòîé÷èâîñòè òîíêîãî ñòåðæíÿ ïðè ïîñòî-
ÿííî äåéñòâóþùåé ïðîäîëüíîé íàãðóçêå. Åñëè ïðèëîæåíà ñòàòè÷åñêàÿ íàãðóçêà,
ñóùåñòâåííî ïðåâûøàþùàÿ êðèòè÷åñêóþ ýéëåðîâó íàãðóçêó, òî íà íà÷àëüíîì ýòà-
ïå äâèæåíèÿ íàèáîëüøóþ ñêîðîñòü ðîñòà àìïëèòóäû èìååò îäíà èç ñòàðøèõ ôîðì
ïîòåðè óñòîé÷èâîñòè. Ýòîò ðåçóëüòàò ïîëó÷àåòñÿ ïðè ëèíåéíîé ïîñòàíîâêå çàäà÷è.
Ñ ðîñòîì ïîïåðå÷íîãî ïðîãèáà ñëåäóåò îáðàòèòüñÿ ê ãåîìåòðè÷åñêè íåëèíåéíîé
ïîñòàíîâêå. Ñ òå÷åíèåì âðåìåíè ôîðìà óïðóãîé ëèíèè ïåðåõîäèò â îäíó èç ýëàñòèê
Ýéëåðà. Ïðè ýòîì êîíå÷íàÿ ôîðìà ëèíèè ñóùåñòâåííî çàâèñèò îò ñïîñîáà íàãðóæå-
íèÿ.
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STABILITY OF A ROD UNDER THE LONG-TERM AXIAL COMPRESSION

Morozov N.F., Tovstik P.E., Tovstik T.P.

The analysis of the classical problem of the lateral stability of a rod under action of the long-term
axial compression is carried out. The transverse motion of rod significantly depends on the way of
the load application. L. Eyler solved two static maximum tasks: in the linear approximation the
critical load and the possible forms of stability loss are found, and at the nonlinear approach all
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possible equilibrium forms are found (Euler's elastics). In the work by M.A. Lavrent'ev and A.Yu.
Ishlinsky, taking into account the transverse inertial forces, it is examined the case of load, sufficiently
exceeding the Euler one. It is established that the one of the forms with the large number of waves
has the maximum rate of growth. In this paper basing by the nonlinear dynamic model it is shown
that at the initial moments of loading the form predicted by M.A. Lavrent'ev and A.Yu. Ishlinsky
appears, and then it passes into the steady Euler's elastic. In this case the final form depends on the
method of the rod ends support.

Keywords: rod, dynamic stability, longitudinal waves, lateral vibrations, parametric resonance,
beating, Euler's elastics.


