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Ðàçâèòà ìåòîäèêà ãðàíè÷íî-ýëåìåíòíîãî ìîäåëèðîâàíèÿ ðåøåíèé êðàå-
âûõ çàäà÷ òðåõìåðíîé ïîðîóïðóãîé äèíàìèêè íà îñíîâå øàãîâûõ ñõåì. Äëÿ
ðåøåíèÿ êðàåâîé çàäà÷è â ïðåîáðàçîâàíèÿõ ïî Ëàïëàñó èñïîëüçóåòñÿ ìåòîä
ãðàíè÷íûõ ýëåìåíòîâ è øàãîâàÿ ïî âðåìåíè ñõåìà ÷èñëåííîãî îáðàùåíèÿ ïðå-
îáðàçîâàíèÿ Ëàïëàñà íà óçëàõ ñåìåéñòâà ìåòîäîâ Ðóíãå − Êóòòû. Ïðèìåíÿåòñÿ
âàðèàöèÿ øàãîâîé ñõåìû ñ ïåðåìåííûì øàãîì èíòåãðèðîâàíèÿ ïðè ïîëó÷å-
íèè êîýôôèöèåíòîâ îáùåé êâàäðàòóðû ñ ó÷åòîì ñèììåòðèè ïîäûíòåãðàëüíîé
ôóíêöèè è ñ èñïîëüçîâàíèåì ôîðìóë èíòåãðèðîâàíèÿ ñèëüíî îñöèëëèðóþùèõ
ôóíêöèé. Ñ ïîìîùüþ ðàçðàáîòàííîãî ïîäõîäà ðåøåíà çàäà÷à î äåéñòâèè âåð-
òèêàëüíîé ñèëû íà ïîâåðõíîñòü ïîðîóïðóãîãî ïîëóïðîñòðàíñòâà. Ñðàâíåíèå
ðåøåíèé ñ ðåçóëüòàòàìè, ïîëó÷åííûìè íà îñíîâå òðàäèöèîííîé øàãîâîé ñõå-
ìû, ïîçâîëÿåò ñóäèòü îá ýêîíîìèè âû÷èñëèòåëüíûõ çàòðàò ïðè èñïîëüçîâàíèè
ìåòîäîâ Ðóíãå − Êóòòû ñîâìåñòíî ñ øàãîâîé ñõåìîé ìåòîäà ãðàíè÷íûõ ýëå-
ìåíòîâ.

Êëþ÷åâûå ñëîâà: ìåòîä ãðàíè÷íûõ ýëåìåíòîâ, ïðåîáðàçîâàíèå Ëàïëàñà,
øàãîâàÿ ñõåìà, ìåòîäû Ðóíãå − Êóòòû, òðåõìåðíàÿ ïîðîóïðóãàÿ äèíàìèêà, ïî-
ëóïðîñòðàíñòâî.

Ââåäåíèå

Â ìîäåëèðîâàíèè äèíàìè÷åñêèõ ïðîöåññîâ ñ ïîìîùüþ ìåòîäà ãðàíè÷íûõ ýëå-
ìåíòîâ (ÌÃÝ) ìîæíî óñëîâíî âûäåëèòü äâà îñíîâíûõ ïîäõîäà: ðåøåíèå âî âðåìå-
íè íà îñíîâå øàãîâîé ñõåìû [1] è ðåøåíèå â ïðåîáðàçîâàíèÿõ Ëàïëàñà èëè Ôóðüå ñ
ïîñëåäóþùèì îáðàùåíèåì ïðåîáðàçîâàíèé [2]. Ïåðâûé èç ïîäõîäîâ èìååò ðÿä ñó-
ùåñòâåííûõ íåäîñòàòêîâ, òàêèõ êàê íåîáõîäèìîñòü íàõîæäåíèÿ ôóíäàìåíòàëüíûõ
ðåøåíèé âî âðåìåíè, çíà÷èòåëüíûå âû÷èñëèòåëüíûå çàòðàòû, íåáîëüøîé çàïàñ ñòà-
áèëüíîñòè. Â ðàáîòàõ [3, 4] áûë ïðåäëîæåí ìåòîä êâàäðàòóð ñâåðòîê, ïîëîæåííûé â
îñíîâó íîâîãî ïîäõîäà ê ïîñòðîåíèþ øàãîâûõ ãðàíè÷íî-ýëåìåíòíûõ ñõåì íà áàçå
ôóíäàìåíòàëüíûõ ðåøåíèé â ïðåîáðàçîâàíèÿõ ïî Ëàïëàñó. Ýòîò ìåòîä ïîçâîëÿåò
èçáàâèòüñÿ îò òðåáîâàíèÿ ñóùåñòâîâàíèÿ ôóíäàìåíòàëüíûõ ðåøåíèé âî âðåìåíè, à

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, âûï. 76 (3), 2014 ã.

* Âûïîëíåíî ïðè ÷àñòè÷íîì ôèíàíñèðîâàíèè Ïðîãðàììîé ãîñóäàðñòâåííîé ïîääåðæ-
êè âåäóùèõ íàó÷íûõ øêîë ÐÔ (ãðàíò ÍØ-593.2014.9) è ÐÔÔÈ (ãðàíòû 12-01-00698à è
12-08-00984à).
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òàêæå ïîêàçûâàåò ãîðàçäî ëó÷øóþ ñòàáèëüíîñòü [5]. Ðàáîòû [6−8] èñïîëüçóþò àíà-
ëîãè÷íóþ ãðàíè÷íî-ýëåìåíòíóþ ñõåìó íà îñíîâå øàãîâîãî ìåòîäà ÷èñëåííîãî îá-
ðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà. Â [9] áûë ðàññìîòðåí âîïðîñ èñïîëüçîâàíèÿ ìå-
òîäà êâàäðàòóð ñâåðòîê ñîâìåñòíî ñ ìåòîäàìè Ðóíãå − Êóòòû. Ýòî ñî÷åòàíèå íàøëî
ïðèìåíåíèå â ðàáîòàõ [10, 11]. Â íàñòîÿùåé ñòàòüå â ðàìêàõ ìåòîäà ãðàíè÷íî-âðå-
ìåííûõ ýëåìåíòîâ äëÿ ðåøåíèÿ çàäà÷ äèíàìèêè òðåõìåðíûõ ïîðîóïðóãèõ òåë ïðè-
ìåíÿåòñÿ øàãîâàÿ ñõåìà ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà íà óçëàõ
ìåòîäîâ Ðóíãå − Êóòòû. Èñïîëüçóåòñÿ ìîäèôèêàöèÿ ñõåìû ñ ïåðåìåííûì øàãîì èí-
òåãðèðîâàíèÿ ñ ó÷åòîì ñèììåòðèè ïîäûíòåãðàëüíîé ôóíêöèè, ïîñòðîåííàÿ íà îñ-
íîâå êâàäðàòóð ñèëüíî îñöèëëèðóþùèõ ôóíêöèé.

Ìîäåëü ïîðîóïðóãîé ñðåäû

Êðàåâàÿ çàäà÷à äëÿ ïîëíîé ìîäåëè Áèî ëèíåéíîé íàñûùåííîé ïîðîóïðóãîé
ñðåäû â ïðåîáðàçîâàíèÿõ Ëàïëàñà îòíîñèòåëüíî ïåðåìåùåíèé iu  è ïîðîâîãî äàâëå-
íèÿ p  èìååò âèä [5]:
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ïðîíèöàåìîñòü; ρ, ρa, ρf − ïëîòíîñòè ìàòåðèàëà, ïðèñîåäèíåííîé ìàññû è íàïîë-
íèòåëÿ ñîîòâåòñòâåííî; Ks, Kf − îáúåìíûå ìîäóëè óïðóãîñòè ñêåëåòà è íàïîëíèòå-
ëÿ ñîîòâåòñòâåííî; s − ïàðàìåòð ïðåîáðàçîâàíèÿ Ëàïëàñà.

Ãðàíè÷íî-ýëåìåíòíàÿ ìåòîäèêà

Ðåøåíèå êðàåâîé çàäà÷è ìîæåò áûòü ñâåäåíî ê ðåøåíèþ ãðàíè÷íîãî èíòåãðàëü-
íîãî óðàâíåíèÿ âèäà [5, 12, 13]:
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Äëÿ àïïðîêñèìàöèè ãðàíè÷íîé ïîâåðõíîñòè ðàññìàòðèâàåòñÿ åå ðàçáèåíèå íà
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ñîâîêóïíîñòü ÷åòûðåõóãîëüíûõ è òðåóãîëüíûõ âîñüìèóçëîâûõ áèêâàäðàòè÷íûõ ýëå-
ìåíòîâ, ïðè ýòîì òðåóãîëüíûå ýëåìåíòû ñ÷èòàþòñÿ âûðîæäåííûìè ÷åòûðåõóãîëü-
íûìè. Êàæäûé èç ýëåìåíòîâ îòîáðàæàåòñÿ íà ýòàëîííûé: ñîîòâåòñòâåííî êâàäðàò
ξ = (ξ1, ξ2) ∈ [−1,1]2 ëèáî òðåóãîëüíèê 0 ≤ ξ1 + ξ2 ≤ 1, ξ1 ≥ 0, ξ2 ≥ 0. Óçëû èíòåðïî-
ëÿöèè íåèçâåñòíûõ ãðàíè÷íûõ ôóíêöèé ÿâëÿþòñÿ ïîäìíîæåñòâîì ãåîìåòðè÷åñêèõ
óçëîâ íàëîæåííîé ãðàíè÷íî-ýëåìåíòíîé ñåòêè. Ëîêàëüíàÿ àïïðîêñèìàöèÿ ñòðîèò-
ñÿ ïî ñîãëàñîâàííîé èíòåðïîëÿöèîííîé ìîäåëè Ð.Â. Ãîëüäøòåéíà [14]: îáîáùåí-
íûå ãðàíè÷íûå ïåðåìåùåíèÿ àïïðîêñèìèðóþòñÿ ïî áèëèíåéíûì ãðàíè÷íûì ýëå-
ìåíòàì, â òî âðåìÿ êàê îáîáùåííûå óñèëèÿ ïðåäñòàâëÿþòñÿ íà ýëåìåíòàõ ïîñòîÿí-
íûìè. Äëÿ ïîëó÷åíèÿ äèñêðåòíîãî àíàëîãà ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé
(ÃÈÓ) èñïîëüçóåòñÿ ìåòîä êîëëîêàöèè. Â êà÷åñòâå óçëîâ êîëëîêàöèè âûáðàíî ìíî-
æåñòâî óçëîâ àïïðîêñèìàöèè èñõîäíûõ ãðàíè÷íûõ ôóíêöèé. Èíòåãðàëüíûå êîýô-
ôèöèåíòû äèñêðåòíûõ àíàëîãîâ ÃÈÓ è ãðàíè÷íî-âðåìåííûõ èíòåãðàëüíûõ óðàâ-
íåíèé (ÃÂÈÓ) âû÷èñëÿþòñÿ íà îñíîâå êâàäðàòóðíîé ôîðìóëû Ãàóññà ñ èñïîëüçîâà-
íèåì àëãîðèòìîâ ïîíèæåíèÿ ïîðÿäêà è óñòðàíåíèÿ îñîáåííîñòè [13].

Øàãîâàÿ ñõåìà íà óçëàõ ìåòîäîâ Ðóíãå −−−−− Êóòòû

Äëÿ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà

dtetfsf st∫
∞

−=
0

)()(

ðàññìîòðèì øàãîâóþ ñõåìó ÷èñëåííîãî îáðàùåíèÿ íà óçëàõ ìåòîäà Ðóíãå − Êóòòû,
ïðåäñòàâëåííîãî â âèäå òàáëèöû Áóò÷åðà:

.,,,T

T
mmm RcbRA

b
Ac

∈∈ ×

Øàãîâûé ìåòîä ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà áëèçîê ïî ñâîåé
ôîðìóëèðîâêå ê ìåòîäó êâàäðàòóð ñâåðòîê. Îäíàêî â òî âðåìÿ êàê ìåòîä êâàäðàòóð
ñâåðòîê îñíîâàí íà òåîðåìå î ñâåðòêå îðèãèíàëîâ, øàãîâûé ìåòîä ÷èñëåííîãî îá-
ðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà îñíîâàí íà òåîðåìå îá èíòåãðèðîâàíèè îðèãèíà-
ëà. Ïðèìåíèì ýòó òåîðåìó ê ïðîèçâîäíîé îðèãèíàëà èñêîìîé ôóíêöèè, ÷òîáû â
ðåçóëüòàòå èíòåãðèðîâàíèÿ ïîëó÷èòü ñàì èñêîìûé îðèãèíàë:
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Îïèðàÿñü íà [11], ìîæåì çàïèñàòü ñèñòåìó âûðàæåíèé äëÿ çíà÷åíèé îðèãèíàëà
ôóíêöèè:
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[6]. Âû÷èñëåíèÿ ïðîèçâîäÿòñÿ ñ ïåðåìåííûì øàãîì èíòåãðèðîâàíèÿ ïî àðãóìåíòó
ϕ è ëèíåéíîé àïïðîêñèìàöèåé èíòåãðèðóåìîé ôóíêöèè
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i − ìíèìàÿ åäèíèöà, R − ðàäèóñ îáëàñòè àíàëèòè÷íîñòè ôóíêöèè f , ϕ − ïàðàìåòð
øàãîâîé ñõåìû.

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ γ(z) èìååò âèä [11]:

.]1[)( 1T11 −−− −=γ AbzAAz

Çàäà÷à î ïîðîóïðóãîì ïîëóïðîñòðàíñòâå

Ðàññìàòðèâàåòñÿ çàäà÷à î äåéñòâèè âåðòèêàëüíîé ñèëû t3 = t0f(t), t0 = −1000 Í/ì2

íà ýëåìåíò ïîâåðõíîñòè îäíîðîäíîãî ïîðîóïðóãîãî ïîëóïðîñòðàíñòâà abcd ïëîùà-
äüþ 1 ì2 (ðèñ. 1). Â êà÷åñòâå çàêîíà èçìåíåíèÿ íàãðóçêè íà ó÷àñòîê âçÿòà ôóíêöèÿ
Õåâèñàéäà f (t) = H(t). Äíåâíàÿ ïîâåðõíîñòü ïîëóïðîñòðàíñòâà ñâîáîäíà è ïðîíè-
öàåìà: íà ïîâåðõíîñòè ïîðîâîå äàâëåíèå p = 0. Äëÿ ðàñ÷åòîâ èñïîëüçóþòñÿ ñëåäóþ-
ùèå ïàðàìåòðû ìàòåðèàëà (ñêàëüíàÿ ïîðîäà [5]): K = 8⋅109 Í/ì2, G = 6⋅109 Í/ì2,
ρ =  2458 êã/ì3, φ = 0,19, Ks = 3,6⋅1010 Í/ì2, ρf =  1000 êã/ì3, Kf = 3,3⋅109 Í/ì2, κ =
= 1,9⋅10−10 ì4/(Í⋅ñ).

Çàäà÷à ðåøàëàñü ìåòîäîì ãðàíè÷íî-âðåìåííûõ ýëåìåíòîâ ñ ïðèìåíåíèåì øà-
ãîâîé ñõåìû íà óçëàõ ìåòîäà Ðàäî (Radau IIA) [11]. Íà ðèñ. 2, 3 ïðîäåìîíñòðèðîâà-
íû îòêëèêè ãîðèçîíòàëüíûõ è âåðòèêàëüíûõ ïåðåìåùåíèé â òî÷êå íà ðàññòîÿíèè
15 ì îò öåíòðà íàãðóæåííîãî ó÷àñòêà, ðàññ÷èòàííûå ñ èñïîëüçîâàíèåì ãðàíè÷íî-
ýëåìåíòíîé ñåòêè èç 1680 ýëåìåíòîâ (ñåòêà 1). Â êà÷åñòâå ïàðàìåòðîâ øàãîâîé ñõå-
ìû âçÿòû: R = 0,997, ÷èñëî øàãîâ ïî âðåìåíè N = 250. ×èñëî óçëîâ èíòåãðèðîâàíèÿ
ïî àðãóìåíòó ϕ (ñ ó÷åòîì äâóêðàòíîñòè äëÿ ñõåìû Ðàäî) L ìåíÿëîñü. Äëÿ ñðàâíåíèÿ
ïðèâåäåíû ðåçóëüòàòû íà ñåòêå èç 1980 ýëåìåíòîâ (ñåòêà 2) è ðåøåíèå èç [8].
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 Íà ðèñ. 2, 3 öâåòíûìè ëèíèÿìè îáîçíà÷åíî: êðàñíàÿ ëèíèÿ − ðåøåíèå èç [8],
L = N =1000, æåëòàÿ − ñõåìà Ðàäî, ñåòêà 1, L = 4N = 1000, ñèíÿÿ − ñõåìà Ðàäî, ñåòêà 1,
L = 2N = 500, çåëåíàÿ − ñõåìà Ðàäî, ñåòêà 2, L = 2N = 500.

Íà ðèñ. 4, 5 ïðåäñòàâëåíû îòêëèêè ïåðåìåùåíèé, ïîëó÷åííûå íà ñåòêå 2 ïðè
ðàçëè÷íûõ N è L. Ðåçóëüòàòû ñðàâíèâàþòñÿ ñ ðåøåíèåì èç [8] íà ñåòêå èç 2160
ýëåìåíòîâ.

Íà ðèñ. 4, 5 öâåòíûìè ëèíèÿìè îáîçíà÷åíî: êðàñíàÿ ëèíèÿ − ðåøåíèå èç [8],
L = N =1000, æåëòàÿ − ñõåìà Ðàäî, L = 2N = 250, ñèíÿÿ − ñõåìà Ðàäî, L = 2N = 500,
çåëåíàÿ − ñõåìà Ðàäî, L = 2N = 1000.

Íàñòîÿùåå èññëåäîâàíèå ïîäòâåðæäàåò ðåçóëüòàòû, ïîëó÷åííûå â [8]. Îäíàêî
äëÿ âû÷èñëåíèÿ îòêëèêà ïåðåìåùåíèé ñ èñïîëüçîâàíèåì øàãîâîé ïî âðåìåíè ñõå-
ìû íà óçëàõ ìåòîäà Ðàäî äîñòàòî÷íî 250 óçëîâ ïî âðåìåíè è 250 äâóêðàòíûõ óçëîâ
ïî àðãóìåíòó ϕ.
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Íà ðèñ. 6, 7 ïîêàçàíû îòêëèêè ïåðåìåùåíèé â òî÷êàõ ïîâåðõíîñòè ïîëóïðîñò-
ðàíñòâà íà ðàçëè÷íûõ ðàññòîÿíèÿõ îò öåíòðà ïðèëîæåíèÿ íàãðóçêè: l = 8; 11,7; 15;
18,47 è 23 ì.

Íà ðèñ. 6, 7 îáîçíà÷åíî: êðàñíàÿ ëèíèÿ − l = 8 ì, æåëòàÿ − l = 11,7 ì, ñèíÿÿ −
l = 15 ì, çåëåíàÿ − l = 18,47 ì, ÷åðíàÿ − l = 23 ì.

Âèäíî, ÷òî âðåìÿ ïðèõîäà âîëíû ïðÿìî ïðîïîðöèîíàëüíî, à àìïëèòóäà âîëíû
îáðàòíî ïðîïîðöèîíàëüíà ðàññòîÿíèþ äî öåíòðà îáëàñòè ïðèëîæåíèÿ íàãðóçêè.
Êîìïîíåíòû îòêëèêà ïåðåìåùåíèé â ðàçíûõ òî÷êàõ ïðîÿâëÿþò îäèí è òîò æå õà-
ðàêòåð èçìåíåíèÿ âî âðåìåíè.
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3D POROELASTODYNAMICS MODELING
WITH THE HELP OF TIME-STEPPING BOUNDARY ELEMENT SCHEME

L.A. Igumnov, S.Yu. Litvinchuk, Ya.Yu. Rataushko

Time-step boundary element schemes for computer modeling of 3D poroelastodynamic boundary
problem solutions is developed. To solve boundary value problems in Laplace domain boundary
element method is used, as well as time-step method built on Runge − Kutta scheme nodes is used
for numerical Laplace transform inversion. Time-step scheme with a varied integration step in
quadrature coefficients calculation, taking into account the integrand symmetry, and basing on the
highly oscillatory quadrature, is employed here. With the help of the developed approach a problem
of poroelastic half-space, surface subjected to a normal pressure, is treated. Comparison of the
solutions with the results obtained by means of traditional time-step scheme indicates computational
cost decrease when Runge − Kutta methods are involved into time-stepping procedure of the
boundary element scheme.

Keywords: boundary element method, Laplace transform, stepping scheme, Runge − Kutta methods,
3D poroelastodynamics, half-space.


