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Ðàññìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé õàðàê-
òåðèñòèê è ñîîòíîøåíèé íà íèõ, à òàêæå îïðåäåëåíèÿ ñêîðîñòåé ðàñïðîñòðà-
íåíèÿ ïðîäîëüíî-ïîïåðå÷íûõ âîëí äåôîðìàöèé â ñïëîøíîé ñðåäå, ìåõàíè-
÷åñêîå ïîâåäåíèå êîòîðîé îïèñûâàåòñÿ ïðîèçâîëüíûìè ïåðåêðåñòíûìè çàâè-
ñèìîñòÿìè ìåæäó ïåðâûìè èíâàðèàíòàìè òåíçîðîâ è âòîðûìè èíâàðèàíòàìè
äåâèàòîðîâ íàïðÿæåíèé è äåôîðìàöèé. Èññëåäóþòñÿ óñëîâèÿ âîçíèêíîâåíèÿ
÷èñòî ïðîäîëüíûõ è ÷èñòî ïîïåðå÷íûõ âîëí. Â êà÷åñòâå ïðèìåðà ïîñòðîåíû
âåêòîðíûå äèàãðàììû ïðîäîëüíî-ïîïåðå÷íûõ âîëí äåôîðìàöèé äëÿ òðåõ ìà-
òåìàòè÷åñêèõ ìîäåëåé ñïëîøíîé ñðåäû.

Êëþ÷åâûå ñëîâà: âîëíû äåôîðìàöèé, ïëîñêàÿ çàäà÷à, ôèçè÷åñêàÿ íåëè-
íåéíîñòü.

Ïðîäîëüíî-ïîïåðå÷íûå âîëíû äåôîðìàöèé âîçíèêàþò â ñïëîøíîé ñðåäå, çà-
ïîëíÿþùåé ïîëóïðîñòðàíñòâî x > 0, åñëè ê åãî ïîâåðõíîñòè ïðèëîæåíû íîðìàëü-
íûå p(t) è êàñàòåëüíûå q(t) íàãðóçêè, ìîíîòîííî âîçðàñòàþùèå âî âðåìåíè (ðèñ. 1).

Îáçîð íåêîòîðûõ ðåøåíèé äàííîé çàäà÷è èçëîæåí â ìîíîãðàôèè [1] è ðàáîòàõ
[2−6]. Ïðè ýòîì îòìå÷åíî, ÷òî ðàññìàòðèâàëèñü òåëà, ìåõàíè÷åñêîå ïîâåäåíèå êî-
òîðûõ îïèñûâàåòñÿ óðàâíåíèÿìè òåîðèè ïëàñòè÷åñêîãî òå÷åíèÿ, óðàâíåíèÿìè äè-
íàìèêè ãðóíòîâ Ñ.Ñ. Ãðèãîðÿíà è óðàâíåíèÿìè áèëèíåéíîé òåîðèè ïëàñòè÷íîñòè.

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàþòñÿ ñïëîøíûå ñðåäû, ìåõàíè÷åñêîå ïîâåäå-
íèå êîòîðûõ îïèñûâàåòñÿ ïðîèçâîëüíûìè ïåðåêðåñòíûìè çàâèñèìîñòÿìè ìåæäó
ïåðâûìè èíâàðèàíòàìè òåíçîðîâ σ è ε è âòîðûìè èíâàðèàíòàìè äåâèàòîðîâ Τ è Γ
íàïðÿæåíèé è äåôîðìàöèé:

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, âûï. 76 (2), 2014 ã.
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.ÃÃ),(T   ,Ã),(3 ε=εε=σ GK (1)

Çäåñü K(ε, Γ) − ìîäóëü îáúåìíîãî ðàñøèðåíèÿ (ñæàòèÿ), G(ε, Γ) − ìîäóëü ñäâèãà.
Ïóñòü íà ïîâåðõíîñòè ïîëóïðîñòðàíñòâà äåéñòâóþò ðàâíîìåðíî ðàñïðåäåëåí-

íûå íàãðóçêè p(t) è q(t), áåñêîíå÷íî ïðîòÿæåííûå â íàïðàâëåíèè îñåé y è z (ñì.
ðèñ. 1). Â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 íîðìàëüíûå è êàñàòåëüíûå íàãðóçêè íà
ïîâåðõíîñòè ïîëóïðîñòðàíñòâà îòñóòñòâóþò: p(0) = 0, q(0) = 0. Â ýòîì ñëó÷àå ïðî-
äîëüíî-ïîïåðå÷íûå âîëíû ÿâëÿþòñÿ, âîîáùå ãîâîðÿ, âîëíàìè äåôîðìàöèé ñëàáîãî
ðàçðûâà. Ïðåäïîëîæèì, ÷òî âîëíû ñèëüíîãî ðàçðûâà âíóòðè ïîëóïðîñòðàíñòâà ñ
òå÷åíèåì âðåìåíè íå îáðàçóþòñÿ.

Ïîëóïðîñòðàíñòâî ñîîòâåòñòâóåò óñëîâèÿì ïëîñêîé çàäà÷è, åñëè
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Ôèçè÷åñêèå óðàâíåíèÿ èìåþò âèä:
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Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (5) â äèíàìè÷åñêèå óðàâíåíèÿ ðàâíîâåñèÿ è ó÷èòû-
âàÿ çàâèñèìîñòè (1) è (4), ïîëó÷èì:
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Ïðèñîåäèíÿÿ ê ñèñòåìå (6) óðàâíåíèÿ ñîâìåñòíîñòè
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ïîëó÷àåì ñèñòåìó ÷åòûðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà â ÷àñò-
íûõ ïðîèçâîäíûõ îòíîñèòåëüíî âåëè÷èí ,/ xx ∂ε∂ ,/ xxy ∂γ∂ ,/ tvx ∂∂ ,/ tvy ∂∂ ,/ tx ∂ε∂

,/ txy ∂γ∂ ,/ xvx ∂∂ ./ xvy ∂∂  Â ìàòðè÷íîé ôîðìå ñèñòåìà óðàâíåíèé (6), (7) èìååò âèä:
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Âåêòîð-ñòîëáåö u  èìååò ñëåäóþùóþ ñòðóêòóðó:
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Õàðàêòåðèñòè÷åñêèå êðèâûå óðàâíåíèÿ (8) îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ óðàâ-
íåíèÿ ,0=α− BA  èëè â ðàçâåðíóòîé ôîðìå:
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ïðè÷åì
.4)()( 2112
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221122112,1 aaaaaaM +−±+= (11)

Äèôôåðåíöèàëüíûå óðàâíåíèÿ (10) îïðåäåëÿþò, âîîáùå ãîâîðÿ, ÷åòûðå ñåìåé-
ñòâà õàðàêòåðèñòè÷åñêèõ êðèâûõ. Ñèñòåìà óðàâíåíèé (6), (7) áóäåò ãèïåðáîëè÷åñ-
êîãî òèïà, åñëè âñå αi,j âåùåñòâåííûå.

Íàéäåì ñîîòíîøåíèÿ âäîëü õàðàêòåðèñòè÷åñêèõ íàïðàâëåíèé. Ââåäåì âåêòîð
].[ 4321 llll=l  Êîìïîíåíòû âåêòîðà l  ÿâëÿþòñÿ ðåøåíèåì óðàâíåíèÿ

.0)( =α−⋅ BAl
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Ñëåäîâàòåëüíî, èìååò ìåñòî:
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Èñïîëüçóÿ äàëåå çàâèñèìîñòè (12), óðàâíåíèå (13) ïðèâåäåì ê âèäó:
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Èòàê, âäîëü ÷åòûðåõ ñåìåéñòâ õàðàêòåðèñòèê (10) âûïîëíÿþòñÿ ñîîòíîøåíèÿ (14).
Èñïîëüçóÿ ñîîòíîøåíèÿ (3), ñèñòåìó (6) â òåðìèíàõ ïåðåìåùåíèé ïðèâåäåì ê

âèäó:
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Ñèñòåìà (7) ïðè ýòîì óäîâëåòâîðÿåòñÿ òîæäåñòâåííî. Óðàâíåíèÿ (15) îïèñûâà-
þò ïðîöåññ ðàñïðîñòðàíåíèÿ ïðîäîëüíî-ïîïåðå÷íûõ âîëí äåôîðìàöèé.

Ïóñòü ω(x, t) = 0 − óðàâíåíèå ïîâåðõíîñòè ðàçðûâà [7]. Ïðèìåíÿÿ ê ñèñòåìå
(15) êèíåìàòè÷åñêèå óñëîâèÿ ñîâìåñòíîñòè
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Ïîñêîëüêó çíà÷åíèÿ ñêîðîñòåé ðàñïðîñòðàíåíèÿ âîëí N ïî íîðìàëè ê ôðîíòó
îïðåäåëÿþòñÿ ñîîòíîøåíèåì
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òî ñèñòåìà (16) ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé çàïèøåòñÿ â âèäå:
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Ïðèðàâíèâàÿ íóëþ îïðåäåëèòåëü ñèñòåìû (17), ò.å. ïîëàãàÿ äëÿ êîýôôèöèåíòîâ
ïðåðûâíîñòè 
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Ôîðìóëà (18) îïðåäåëÿåò äâå íåçàâèñèìûå ñêîðîñòè ðàñïðîñòðàíåíèÿ ïðîäîëü-
íî-ïîïåðå÷íûõ âîëí äåôîðìàöèé â ñïëîøíîé ñðåäå.

Âûïèøåì êîýôôèöèåíòû, âõîäÿùèå â ôîðìóëû (16) è, ñîîòâåòñòâåííî, â ôîð-
ìóëó (18). Ïðè ýòîì áóäåì ïîìíèòü, ÷òî â ãëàâíûõ îñÿõ γxy = γyx = 0, îäíàêî ∂γxy/∂x ≠
≠ 0 è ∂γyx/∂y ≠ 0. Íà îñíîâàíèè ñîîòíîøåíèé (4) ïîëó÷àåì .4/3/Ã =ε  Ñëåäîâà-
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Ðàññìîòðèì óñëîâèÿ âîçíèêíîâåíèÿ è ðàñïðîñòðàíåíèÿ ÷èñòî ïðîäîëüíûõ è
÷èñòî ïîïåðå÷íûõ âîëí äåôîðìàöèé.

Â ëîêàëüíîé ñèñòåìå êîîðäèíàò, ñîâïàäàþùåé â êàæäîé òî÷êå ñïëîøíîé ñðåäû
ñ íàïðàâëåíèÿìè ãëàâíûõ äåôîðìàöèé (íàïðÿæåíèé), ââåäåì âåêòîð λ  ñ ñîñòàâëÿ-
þùèìè )(

21
 , uu λλ  â êàæäîé òî÷êå ñïëîøíîé ñðåäû. Ïóñòü λn − ïðîåêöèÿ âåêòîðà

λ  íà íîðìàëü ê ïåðåäíåìó ôðîíòó âîëíû (ðèñ. 2), ò.å. ,21 21
ll uun λ+λ=λ  ãäå l1 =

= cos α, l2 = sin α − íàïðàâëÿþùèå êîñèíóñû íîðìàëè ê ïåðåäíåìó ôðîíòó âîëíû.

Ñëó÷àé 1. Ïóñòü l1 = 1, l2 = 0, ò.å. ãëàâíîå íàïðàâëåíèå x1 ñîâïàäàåò ñ íàïðàâëå-
íèåì íîðìàëè ê ôðîíòó âîëíû (α = 0). Ñèñòåìà (17) ïðèìåò âèä:
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Îòñþäà ïîëó÷àåì:

.   , 222
2

112
1 ρ

=
ρ

=
aNaN

Ðàññìîòðèì ðàñïðîñòðàíåíèå âîëíû N1. Åñëè N = N1, òî ñèñòåìà (21) ïðèâîäèò-
ñÿ ê âèäó:

⎩
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=λρ−
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,0)(
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1
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22 u
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Na

è òàê êàê ,2
122 Na ρ≠  òî .0

2
=λu  Ýòî îçíà÷àåò, ÷òî èç äâóõ ñîñòàâëÿþùèõ âåêòîðà

λ  îäíà ðàâíà íóëþ, ñëåäîâàòåëüíî, ïðîåêöèè nλ  è 
1uλ ñîâïàäàþò ñ ñàìèì âåêòî-

ðîì ;λ  äðóãèìè ñëîâàìè, ãëàâíîå íàïðàâëåíèå x1 è íîðìàëü ê ôðîíòó âîëíû n  ñî-
âïàäàþò ñ âåêòîðîì ñêîðîñòè N1. Èìååò ìåñòî òîëüêî ïðîäîëüíàÿ âîëíà.

Ïðè ðàñïðîñòðàíåíèè âîëíû N2 (N = N2) ñèñòåìà (21) ïðèâîäèòñÿ ê âèäó:

⎪⎩

⎪
⎨
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=λ⋅
=λρ−
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2

1
2
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u

uNa

à òàê êàê ,2
211 Na ρ≠ òî ,0

1
=λu  ò.å. ïðîåêöèè nλ  è 

2uλ ñîâïàäàþò ñ ñàìèì âåêòîðîì
.λ  Ñëåäîâàòåëüíî, ãëàâíîå íàïðàâëåíèå x1 è íîðìàëü ê ôðîíòó âîëíû n  ïåðïåíäè-

êóëÿðíû ê âåêòîðó ñêîðîñòè N2. Èìååò ìåñòî òîëüêî ïîïåðå÷íàÿ âîëíà.
Ñëó÷àé 2. Ïóñòü l1 = 0, l2 = 1, ò. å. ãëàâíîå íàïðàâëåíèå x2 ñîâïàäàåò ñ íàïðàâëå-

íèåì íîðìàëè ê ôðîíòó âîëíû (α = 90°). Ñèñòåìà (17) áóäåò èìåòü âèä:
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(22)

Îòñþäà ñëåäóåò, ÷òî N = 0, ò.å. â íàïðàâëåíèè x2 âîëíà íå ðàñïðîñòðàíÿåòñÿ.
Íà ðèñ. 3 ïîêàçàíû âåêòîðíûå äèàãðàììû ìãíîâåííûõ ñêîðîñòåé ïðîäîëüíî-

ïîïåðå÷íûõ âîëí äåôîðìàöèé, ïîñòðîåííûå ïî óðàâíåíèÿì (20) äëÿ òðåõ ìàòåìà-
òè÷åñêèõ ìîäåëåé ñïëîøíîé ñðåäû. Ñïëîøíûå ëèíèè ñîîòâåòñòâóþò ïðèâåäåííûì
ñêîðîñòÿì ,)/2( 2

10 NGρ  øòðèõîâûå − ñêîðîñòÿì .)/2( 2
20 NGρ  Èñõîäíûå äàííûå:

.5,0;1155,0Ã;75,0Ã/Ã ;1/Ã;1547,1/ 00 ===== fgGK sss

Ðèñ. 3
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Ìîäåëü 1. Ìåõàíè÷åñêîå ïîâåäåíèå ñïëîøíîé ñðåäû îïèñûâàåòñÿ ëèíåéíûì
çàêîíîì, ò.å. äåôîðìàöèîííûå çàâèñèìîñòè (1) èìåþò âèä:

.ÃT   , 00 GK =ε=σ (23)

Ìîäåëü 2. Ìåõàíè÷åñêîå ïîâåäåíèå ñïëîøíîé ñðåäû îïèñûâàåòñÿ êâàäðàòè÷-
íûì çàêîíîì â îòíîøåíèè ñäâèãîâûõ äåôîðìàöèé. Äåôîðìàöèîííûå çàâèñèìîñòè
(1) â ýòîì ñëó÷àå ðàâíû:

.Ã
Ã2
Ã1T   , 00 ⎟⎟

⎠

⎞
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⎝

⎛
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s
GK (24)

Ìîäåëü 3. Ìåõàíè÷åñêîå ïîâåäåíèå ñïëîøíîé ñðåäû îïèñûâàåòñÿ ïåðåêðåñò-
íûìè çàâèñèìîñòÿìè ìåæäó èíâàðèàíòàìè íàïðÿæåííîãî è äåôîðìèðîâàííîãî ñî-
ñòîÿíèé:
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(25)

Ìîäåëü 1 ñîîòâåòñòâóåò óðàâíåíèÿì ëèíåéíîé òåîðèè óïðóãîñòè, ìîäåëü 2 ñî-
îòâåòñòâóåò òåîðèè ìàëûõ óïðóãîïëàñòè÷åñêèõ äåôîðìàöèé, ìîäåëü 3 ñîîòâåòñòâó-
åò äåôîðìàöèîííîé òåîðèè ïëàñòè÷íîñòè ñûïó÷åé ñðåäû [8].

Â ôîðìóëàõ (23)−(25) îáîçíà÷åíî: K0 − íà÷àëüíûé ìîäóëü îáúåìíîãî ðàñøèðå-
íèÿ (ñæàòèÿ); G0 − íà÷àëüíûé ìîäóëü ñäâèãà ïðè ÷èñòîì ñäâèãå; f − àíàëîã êîýôôè-
öèåíòà âíóòðåííåãî òðåíèÿ; g − êîýôôèöèåíò äèëàòàíñèè; Γs − ïðåäåëüíàÿ èíòåí-
ñèâíîñòü äåôîðìàöèé ñäâèãà, 0 ≤ Γ/Γs ≤ 1.

×èñëåííûå èññëåäîâàíèÿ ïîêàçûâàþò, ÷òî ñêîðîñòè ðàñïðîñòðàíåíèÿ ïðîäîëü-
íî-ïîïåðå÷íûõ âîëí äåôîðìàöèé ñóùåñòâåííî çàâèñÿò êàê îò ðàññìàòðèâàåìîãî
íàïðàâëåíèÿ ðàñïðîñòðàíåíèÿ âîëíû, òàê è îò óðîâíÿ íàïðÿæåííîãî è äåôîðìèðî-
âàííîãî ñîñòîÿíèÿ â ðàññìàòðèâàåìîé òî÷êå ñðåäû, à òàêæå îò ôèçè÷åñêèõ êîíñòàíò
ìàòåðèàëà ñïëîøíîé ñðåäû. Â ÷àñòíîñòè, äëÿ ìîäåëè 3 ñêîðîñòè âîëí N1 áîëüøå
ñêîðîñòåé âîëí N2 äëÿ ìàëûõ óðîâíåé ñäâèãîâûõ äåôîðìàöèé 0 < Γ/Γs < 0,5 è ìà-
ëûõ êîýôôèöèåíòîâ âíóòðåííåãî òðåíèÿ  f < 0,5 è, íàîáîðîò, äëÿ 0,5 < Γ/Γs < 1 è
f > 0,5 ñêîðîñòè N1 ìåíüøå ñêîðîñòåé N2.

Èçëîæåííûå â ñòàòüå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû ïðè ïîñòðîåíèè àë-
ãîðèòìîâ ðàñ÷åòà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïîëóïðîñòðàíñòâ, íà-
õîäÿùèõñÿ â óñëîâèÿõ ïëîñêîé äåôîðìàöèè, îò äåéñòâèÿ íà ïîâåðõíîñòè äèíàìè-
÷åñêèõ íàãðóçîê.
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THE LONGITUDINAL-TRANSVERSE WAVES OF DEFORMATIONS
OF THE WEAK GAP

S.V. Bakushev

The author considers the task of construction differential equations of characteristics and relations
on them, defining the speed of propagation longitudinal-cross deformation waves in continuum
mechanical behavior of which is described by arbitrary cross relations between the first invariants
of tensors and second invariants of stress and deformation deviators. They have researched the
conditions of originating purely longitudinal and purely cross waves. As an example vector diagrams
of long cross waves of deformation for three mathematical models of continuum are constructed.

Keywords: waves of deformations, plane problem, physical non-linearity.


