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Ðàññìàòðèâàåòñÿ ðàçâèòèå øàãîâûõ ïî âðåìåíè ãðàíè÷íî-ýëåìåíòíûõ ñõåì
êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ðåøåíèé êðàåâûõ çàäà÷ òðåõìåðíîé äèíàìè-
êè óïðóãîñòè è ïîðîóïðóãîñòè. Ãðàíè÷íî-ýëåìåíòíàÿ ñõåìà îïèðàåòñÿ íà øà-
ãîâûé ïî âðåìåíè ìåòîä ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà íà
óçëàõ ñõåìû Ðóíãå − Êóòòû. Ïðèìåíÿåòñÿ øàãîâàÿ ñõåìà ñ êëþ÷îì, âîçíèêàþ-
ùàÿ íà îñíîâå èíòåãðèðîâàíèÿ ñèëüíî îñöèëëèðóþùèõ ôóíêöèé. Îáùèé ïîä-
õîä ïðîäåìîíñòðèðîâàí íà ÷èñëåííûõ ïðèìåðàõ.

Êëþ÷åâûå ñëîâà: ìåòîä ãðàíè÷íûõ ýëåìåíòîâ, øàãîâàÿ ñõåìà, ñõåìà
Ðóíãå − Êóòòû, èíòåãðèðîâàíèå ñèëüíî îñöèëëèðóþùèõ ôóíêöèé, òðåõìåðíàÿ
äèíàìèêà, óïðóãîñòü, ïîðîóïðóãîñòü.

Ââåäåíèå

Â ðàáîòàõ [1−3] ïðåäëîæåí îðèãèíàëüíûé ïîäõîä ê ïîñòðîåíèþ øàãîâûõ ïî
âðåìåíè ñõåì ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ). Â ðàáîòàõ [4−6] èñïîëüçîâàíà
ñõåìà ÌÃÝ, îïèðàþùàÿñÿ íà øàãîâûé ìåòîä ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâà-
íèÿ Ëàïëàñà. Â ðàáîòàõ [4, 7] ôîðìóëèðóåòñÿ ìîäèôèêàöèÿ ìåòîäà ñ ïåðåìåííûì
øàãîì èíòåãðèðîâàíèÿ ïðè ïîäñ÷åòå âåñîâûõ ìíîæèòåëåé êâàäðàòóðíîé ñóììû.
Èíîå ðàñøèðåíèå ãðàíè÷íî-ýëåìåíòíîé ñõåìû ïðåäñòàâëåíî â ñòàòüÿõ [8, 9], ïðåä-
ëàãàþùèõ ñîâìåñòíîå èñïîëüçîâàíèå ÌÃÝ ñ ìåòîäàìè Ðóíãå − Êóòòû. Âñëåä çà [10]
â ýòîé ñòàòüå ðàññìàòðèâàåòñÿ ñîâìåñòíîå ïðèìåíåíèå øàãîâîé ñõåìû íà óçëàõ ìå-
òîäîâ Ðóíãå − Êóòòû ñ ÌÃÝ äëÿ ðåøåíèÿ òðåõìåðíûõ óïðóãèõ è ïîðîóïðóãèõ çàäà÷.

Ìîäåëè óïðóãîé è ïîðîóïðóãîé ñðåä

Ôîðìàëüíîå ïðèìåíåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà (ïàðàìåòð s) ê ñèñòåìå äèô-
ôåðåíöèàëüíûõ óðàâíåíèé Ëàìå äëÿ èçîòðîïíîé óïðóãîé ñðåäû ñâîäèò åå ê ñëåäó-
þùåé çàäà÷å ýëëèïòè÷åñêîãî òèïà îòíîñèòåëüíî èçîáðàæåíèÿ ïåðåìåùåíèÿ :~

iu

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, âûï. 76 (1), 2014 ã.

* Âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû 14-08-31415-ìîë_à, 14-08-00811-
à, 12-08-00984-à, 13-08-97091-ð_ïîâîëæüå_à) è Ïðîãðàììîé ãîñóäàðñòâåííîé ïîääåðæêè
âåäóùèõ íàó÷íûõ øêîë ÐÔ (ãðàíò ÍØ-593.2014.8).
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Ãðàíè÷íûå èíòåãðàëüíûå óðàâíåíèÿ

Ôîðìàëüíî ðåøåíèå êðàåâûõ çàäà÷ ìîæåò áûòü ñâåäåíî ê ðåøåíèþ ãðàíè÷íîãî
èíòåãðàëüíîãî óðàâíåíèÿ âèäà
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− ñîîòâåòñòâåííî ôóíäàìåíòàëüíûå è ñèíãóëÿðíûå ðåøåíèÿ ñèñòåìû äèôôåðåíöè-
àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåõìåðíîé òåîðèè ïîðîóïðóãîñòè [3,
11]. Ïàðàìåòð γ çäåñü îïðåäåëÿåò ïðèíàäëåæíîñòü óðàâíåíèÿ ê òåîðèè ïîðîóïðó-
ãîñòè (γ = 1) èëè óïðóãîñòè (γ = 0). Â óïðóãîé ïîñòàíîâêå ),,,(),( syxUsxU s=

).,,(),( syxTsxT s=
Âûäåëåíèå îñîáåííîñòåé ÃÈÓ ïîçâîëÿåò ïðîâåñòè ðåãóëÿðèçàöèþ è ïîñòðîèòü

ãðàíè÷íî-ýëåìåíòíóþ ñõåìó [3, 12].
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Îáðàùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà: øàãîâàÿ ñõåìà
íà óçëàõ ìåòîäà Ðóíãå −−−−− Êóòòû
Äëÿ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà
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Â êà÷åñòâå êîíêðåòíîãî ïðèìåðà ñõåìû Ðóíãå − Êóòòû, óäîâëåòâîðÿþùåé âñåì
íåîáõîäèìûì óñëîâèÿì, âûáåðåì ñõåìó Ðàäî [9].

Ìîäèôèêàöèÿ ôîðìóëû äëÿ âû÷èñëåíèÿ ωn ñ ïåðåìåííûì øàãîì èíòåãðèðîâà-
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íèÿ òàêèõ ôóíêöèé [4, 7]:

[ ] ,)(,)(~)()(~)(
22

)(
1

0
1121

21
1

t
zsssfwDssfwDeRt k

k

L

k
kkkk

inkk
n

n

kk

Δ
γ

=+
ϕ−ϕ

π
=Δω ∑

−

=
++

ϕ+ϕ
−

+
− +

,
2

1 kknw ϕ−ϕ
−= +

⎪⎩

⎪
⎨

⎧

≤

>
−

±
=

 ,                                      

,     sincossin
)(

*

*2
2,1

ïðè

ïðè

wwe

wwi
w

www
w

w
wD

wim

ãäå w* − êëþ÷ äëÿ èíòåãðèðîâàíèÿ ñèëüíî îñöèëëèðóþùèõ ôóíêöèé (â äàííîì ñëó÷àå
w* = 3).

Çàäà÷à îá óïðóãîì ïðèçìàòè÷åñêîì òåëå

Ðàññìàòðèâàåòñÿ çàäà÷à î äåéñòâèè òîðöåâîé ñèëû íà îäíîðîäíîå óïðóãîå ïðè-
çìàòè÷åñêîå òåëî ñ æåñòêî çàêðåïëåííûì êîíöîì. Êðàåâàÿ çàäà÷à ïðèâåäåíà íà
ðèñ. 1.
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Ãðàíè÷íûå óñëîâèÿ íà òîðöàõ:
x3 = 0:
− èçâåñòíûå: u1 = 0, u2 = 0, u3 = 0,
− íåèçâåñòíûå: t1, t2, t3;
x3 = l:
− èçâåñòíûå: t1 = 0, t2 = 0, t3 = 1 Í/ì2,
− íåèçâåñòíûå: u1, u2, u3;
íà áîêîâîé ïîâåðõíîñòè:
− èçâåñòíûå: t1 = 0, t2 = 0, t3 = 0,
− íåèçâåñòíûå: u1, u2, u3.
Îòêëèêè ïåðåìåùåíèé, âûçâàííûå ñèëîé F = 1 Í/ì2, íàáëþäàþòñÿ â òî÷êå A

êîíñîëè äëèíîé l = 3 ì. Äëÿ ðàñ÷åòîâ âçÿòû ñëåäóþùèå ïàðàìåòðû ìàòåðèàëà: E =
= 2,11⋅1011 Í/ì2; ν = 0; ρ = 7850 êã/ì3 (ñ = 5184,5 ì/ñ).

Ðåçóëüòàòû âû÷èñëåíèé ïðè N = L/2 = 500, N = L/2 = 1000 ïðåäñòàâëåíû íà
ðèñ. 2, 3 ñîîòâåòñòâåííî, ãäå N − êîëè÷åñòâî øàãîâ ïî âðåìåíè, L − îáùåå êîëè÷å-
ñòâî óçëîâ ïî óãëó ϕ (ñ ó÷åòîì äâóêðàòíîãî èñïîëüçîâàíèÿ óçëîâ). Èñïîëüçîâàíû
ìîäèôèêàöèè øàãîâîãî ìåòîäà îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà íà îñíîâå ìå-
òîäà Ýéëåðà è íà îñíîâå ñõåìû Ðàäî. Äëÿ èíòåãðèðîâàíèÿ ïî óãëó ϕ ñ ïåðåìåííûì
øàãîì ðàññìîòðåíà êóñî÷íî-îäíîðîäíàÿ ñåòêà íà ïðîìåæóòêàõ [0, π/2], [π/2, 3π/2],
[3π/2, 2π] ñ ïðîöåíòíûì ðàñïðåäåëåíèåì óçëîâ 47,5; 5; 47,5. Ãðàíè÷íî-ýëåìåíòíàÿ
ñåòêà ñîäåðæèò 224 êâàäðàòíûõ ýëåìåíòà. Íà ðèñ. 2 è 3 îáîçíà÷åíî:

øàãîâûé ìåòîä íà îñíîâå ìåòîäà Ýéëåðà, ïåðåìåííûé øàã;
øàãîâûé ìåòîä íà îñíîâå ñõåìû Ðàäî, ïîñòîÿííûé øàã;
øàãîâûé ìåòîä íà îñíîâå ñõåìû Ðàäî, ïåðåìåííûé øàã;
àíàëèòè÷åñêîå ðåøåíèå.
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Ïîäõîä, îñíîâàííûé íà ñõåìå Ðàäî, íåçàâèñèìî îò ÷èñëà óçëîâ àïïðîêñèìàöèè
äàåò ìåíüøåå çàïàçäûâàíèå è â öåëîì áëèçîê ïî òî÷íîñòè àïïðîêñèìàöèè ðåøåíèÿ
ê òðàäèöèîííîìó øàãîâîìó ìåòîäó. Íà ñåòêå N = L/2 = 500 îò÷åòëèâî âèäåí âûèã-
ðûø îò èñïîëüçîâàíèÿ ïåðåìåííîãî øàãà èíòåãðèðîâàíèÿ. Îäíàêî íà ñåòêå N =
= L/2 = 1000 ðåøåíèÿ, ïîëó÷åííûå ñ ïîìîùüþ ñõåìû Ðàäî, íà÷èíàÿ ïðèìåðíî ñ
ñåðåäèíû ðàññìîòðåííîãî ïðîìåæóòêà âðåìåíè, èñêàæåíû íàðàñòàþùèìè îñöèë-
ëÿöèÿìè. Ýòî îáúÿñíÿåòñÿ ÷èñëåííîé îøèáêîé, âíåñåííîé ïðè ðàñ÷åòàõ çíà÷åíèé
îáðàùàåìîé ôóíêöèè è îáóñëîâëåííîé äîñòàòî÷íî áîëüøèì øàãîì ïðîñòðàíñòâåí-
íîé ñåòêè è äîñòàòî÷íî ìàëûì − âðåìåííîé. Íà ðèñ. 4 ïðåäñòàâëåíî ñðàâíåíèå
ðåøåíèÿ, ïîëó÷åííîãî ñ èñïîëüçîâàíèåì ñõåìû íà îñíîâå ìåòîäà Ýéëåðà, ñ àíàëî-
ãè÷íûìè ðåçóëüòàòàìè (L/2 = 1000) ïðè ìåíüøåì ÷èñëå øàãîâ ïî âðåìåíè äëÿ ñõå-
ìû íà îñíîâå ìåòîäà Ðàäî. Íà ðèñ. 4 îáîçíà÷åíî:

øàãîâûé ìåòîä íà îñíîâå ìåòîäà Ýéëåðà, N = 1000;
øàãîâûé ìåòîä íà îñíîâå ñõåìû Ðàäî, N = 800;
øàãîâûé ìåòîä íà îñíîâå ñõåìû Ðàäî, N = 500;
àíàëèòè÷åñêîå ðåøåíèå.

Âèäíî, ÷òî ñõåìà íà îñíîâå ìåòîäà Ðàäî ïîçâîëÿåò äîáèòüñÿ ãëàäêîñòè ãðàôèêà
çà ñ÷åò óâåëè÷åíèÿ øàãà ïî âðåìåíè, ïðè ýòîì íå ïðîèãðûâàÿ â òî÷íîñòè àïïðîêñè-
ìàöèè ðåøåíèÿ ïî ñðàâíåíèþ ñ ðåøåíèåì, ïîëó÷åííûì ïî òðàäèöèîííîìó øàãî-
âîìó ìåòîäó. Íà ñåòêå èç 896 ãðàíè÷íûõ ýëåìåíòîâ øàãîâàÿ ñõåìà íà îñíîâå ìåòîäà
Ðàäî òàêæå äàåò ëó÷øèå ðåçóëüòàòû (ðèñ. 5).
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 Íà ðèñ. 5 îáîçíà÷åíî:
øàãîâûé ìåòîä íà îñíîâå ìåòîäà Ýéëåðà, N = 1000;
øàãîâûé ìåòîä íà îñíîâå ñõåìû Ðàäî, N = 1000;
àíàëèòè÷åñêîå ðåøåíèå.

Çàäà÷à î ïîðîóïðóãîì ïðèçìàòè÷åñêîì òåëå

Ðàññìàòðèâàåòñÿ çàäà÷à î äåéñòâèè òîðöåâîé ñèëû íà ïîðîóïðóãîå ïðèçìàòè-
÷åñêîå òåëî ñ æåñòêî çàêðåïëåííûì êîíöîì (ñì. ðèñ. 1). Îòêëèêè ïåðåìåùåíèÿ u3 è
ïîðîâîãî äàâëåíèÿ p, âûçâàííûå ñèëîé f (t) = 1 Í/ì2, íàáëþäàþòñÿ ñîîòâåòñòâåííî
â òî÷êàõ A è B êîíñîëè äëèíîé l = 3 ì. Äëÿ ðàñ÷åòîâ âçÿòû ñëåäóþùèå ïàðàìåòðû
ìàòåðèàëà: K = 4,8⋅109 Í/ì2, G = 7,2⋅109 Í/ì2, ρ = 2458 êã/ì3, φ = 0,19, Ks =
= 3,6⋅1010 Í/ì2, ρf = 1000 êã/ì3, Kf = 3,3⋅109 Í/ì2, κ = 1,9⋅10−10 ì4/(Í⋅ñ).

Äëÿ âû÷èñëåíèÿ îòêëèêà ïåðåìåùåíèÿ (ïîðîâîãî äàâëåíèÿ) âûáðàíà ãðàíè÷íî-
ýëåìåíòíàÿ ñåòêà èç X = 224 ýëåìåíòîâ, N = 500 (125) øàãîâ ïî âðåìåíè; ðàñïðå-
äåëåíèå L óçëîâ ïî óãëó ϕ êóñî÷íî-ðàâíîìåðíîå íà ïðîìåæóòêàõ [0, 1/2], [1/2, π]
([0, π/2], [π/2, π]) â îòíîøåíèè 95% / 5%. Íà ðèñ. 6, 7 ïðåäñòàâëåíî ñîîòâåòñòâåííî
ñðàâíåíèå îòêëèêîâ ïåðåìåùåíèÿ è äàâëåíèÿ, ïîëó÷åííûõ ñ ïîìîùüþ øàãîâîé ñõå-
ìû íà îñíîâå ìåòîäà Ðàäî ïðè ðàçíûõ çíà÷åíèÿõ  L, ñ ðåçóëüòàòàìè øàãîâîé ñõåìû
íà îñíîâå ìåòîäà Ýéëåðà ïðè N = L = 2000 [6]. Óâåëè÷åíèå L ñâûøå 500 äëÿ ïåðåìå-
ùåíèé è 1000 äëÿ äàâëåíèé íå ïðèâîäèò ê äàëüíåéøåìó óòî÷íåíèþ ðåçóëüòàòîâ.

Âèäíî, ÷òî äëÿ ïîëó÷åíèÿ ðåçóëüòàòà ñ ïîìîùüþ øàãîâîãî ìåòîäà íà óçëàõ ñõå-
ìû Ðàäî äîñòàòî÷íî ìåíüøåãî ÷èñëà êàê øàãîâ ïî âðåìåíè, òàê è ðàñ÷åòíûõ óçëîâ
ïî óãëó ϕ. Ýòî ïîçâîëÿåò çíà÷èòåëüíî ñîêðàòèòü âû÷èñëèòåëüíûå çàòðàòû, ïîëó÷àÿ
ïðè ýòîì ëó÷øåå ðåøåíèå. Äëÿ èññëåäîâàíèÿ ñõîäèìîñòè ñõåìû ïðè èçìåëü÷åíèè
ïðîñòðàíñòâåííîé ñåòêè ðàññìîòðåíû ñåòêè èç X = 224, X = 504 è X = 896 ãðàíè÷-
íûõ ýëåìåíòîâ. Íà ðèñ. 8, 9 ïðèâåäåíî ñîîòâåòñòâåííî ñðàâíåíèå êðèâûõ ïåðåìå-
ùåíèÿ è äàâëåíèÿ, ïîëó÷åííûõ ñ ïîìîùüþ øàãîâîé ñõåìû íà îñíîâå ìåòîäà Ðàäî
íà ðàçíûõ ãðàíè÷íî-ýëåìåíòíûõ ñåòêàõ, è ðåçóëüòàòîâ øàãîâîé ñõåìû íà îñíîâå
ìåòîäà Ýéëåðà ïðè N = L = 2000 [6].

Íà ðèñ. 6 îáîçíà÷åíî:
L = N = 500, L = 2N = 1000, L = 4N = 2000,

ðåøåíèå [6], àíàëèòè÷åñêîå ðåøåíèå.
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Íà ðèñ. 7 îáîçíà÷åíî:
L = 4N = 500, L = 8N = 1000, L = 16N = 2000,

ðåøåíèå [6], àíàëèòè÷åñêîå ðåøåíèå.
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Íà ðèñ. 8 îáîçíà÷åíî:
L = N = 500, X = 224; L = N = 500, X = 504; L = N = 500, X = 896;

ðåøåíèå [6]; àíàëèòè÷åñêîå ðåøåíèå.

Íà ðèñ. 9 îáîçíà÷åíî:
L = N = 1000, X = 224; L = N = 1000, X = 504; L = N = 1000, X = 896;

ðåøåíèå [6]; àíàëèòè÷åñêîå ðåøåíèå.

Ãðàôèêè ïîêàçûâàþò, ÷òî ðåøåíèÿ, ïîëó÷åííûå ïðè X = 504 è X = 896, áëèæå ê
àíàëèòè÷åñêîìó ðåøåíèþ, ÷åì ðåøåíèÿ, ïîëó÷åííûå íà ñàìîé êðóïíîé èç ñåòîê.
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Ðåøåíèå, ïîñòðîåííîå ñ ïîìîùüþ øàãîâîãî ìåòîäà íà îñíîâå ñõåìû Ýéëåðà, çà-
ìåòíî óñòóïàåò â ïðèáëèæåíèè êàê îòêëèêà ïåðåìåùåíèÿ, òàê è îòêëèêà ïîðîâîãî
äàâëåíèÿ øàãîâîìó ìåòîäó íà óçëàõ ñõåìû Ðàäî.

Â öåëîì øàãîâàÿ ïî âðåìåíè ãðàíè÷íî-ýëåìåíòíàÿ ñõåìà ñ ÷èñëåííûì îáðàùå-
íèåì ïðåîáðàçîâàíèÿ Ëàïëàñà ìåòîäîì íà îñíîâå ñõåìû Ðàäî ÷óâñòâèòåëüíåå ê ïî-
ãðåøíîñòÿì âû÷èñëåíèé ),(~ sf  ÷åì ñõåìà íà îñíîâå ìåòîäà Ýéëåðà, âñëåäñòâèå ÷åãî
íåîáõîäèìî ïðîÿâëÿòü áî′ëüøóþ îñòîðîæíîñòü ïðè ðàñ÷åòàõ. Òåì íå ìåíåå, ïðè íàä-
ëåæàùåì âûáîðå ïàðàìåòðîâ îíà ïîçâîëÿåò ïîëó÷àòü áîëåå òî÷íûå ðåçóëüòàòû ïðè
îùóòèìîì ñîêðàùåíèè âû÷èñëèòåëüíûõ çàòðàò.
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APPLICATION OF TIME-STEPPING BOUNDARY ELEMENT SCHEME
COMBINED WITH RUNGE −−−−− KUTTA METHOD

IN 3D ELASTIC AND POROELASTIC BODY DYNAMICS RESEARCH

L.A. Igumnov, Ya.Yu. Rataushko

The paper is dedicated to the development of time-stepping boundary element schemes for computer
modeling of 3D elastic and poroelastic dynamic boundary problems solutions. Boundary element
scheme is based on the time-step method for numerical inversion of Laplace transformation, in its
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turn built on Runge − Kutta scheme nodes. Time-stepping scheme with a key, derived from highly
oscillatory integration conditions, is applied. The overall approach is demonstrated in some numerical
examples.

Keywords: boundary element method, time-stepping scheme, Runge − Kutta scheme, highly
oscillatory quadrature, 3D dynamics, elasticity, poroelasticity.


