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Ïðèâîäèòñÿ àëãîðèòì è ìåòîä ÷èñëåííîãî ðåøåíèÿ çàäà÷è îïòèìèçàöèè
ôîðìû îñåñèììåòðè÷íîãî óäàðíèêà, îáåñïå÷èâàþùåé ìèíèìàëüíîå ïîëíîå
ñîïðîòèâëåíèå âíåäðåíèþ â ãðóíòîâóþ ñðåäó, â ðàìêàõ èçâåñòíîãî ìåòîäà ëî-
êàëüíûõ âàðèàöèé. Îáðàçóþùàÿ òåëà âðàùåíèÿ çàäàåòñÿ êóñî÷íî-ëèíåéíîé
êðèâîé, äàâëåíèå íà ïîâåðõíîñòè òåëà îïðåäåëÿåòñÿ â ñîîòâåòñòâèè ñ òðåõ-
÷ëåííîé êâàäðàòè÷íîé ìîäåëüþ ëîêàëüíîãî âçàèìîäåéñòâèÿ. Èññëåäóåòñÿ ñõî-
äèìîñòü ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïðè ÷èñëåííîì ðàñ÷åòå ôîðìû îï-
òèìàëüíîãî òåëà è ïîãðåøíîñòü îïðåäåëåíèÿ ñèëû ñîïðîòèâëåíèÿ â çàâèñè-
ìîñòè îò ÷èñëà óçëîâ îáðàçóþùåé.

Êëþ÷åâûå ñëîâà: ãðóíòîâàÿ ñðåäà, îïòèìèçàöèÿ ôîðìû, òåëî âðàùåíèÿ,
ìèíèìàëüíîå ïîëíîå ñîïðîòèâëåíèå, ìîäåëü ëîêàëüíîãî âçàèìîäåéñòâèÿ, ìå-
òîä ëîêàëüíûõ âàðèàöèé.

Ââåäåíèå

Êîìïëåêñíîå èññëåäîâàíèå ïðîöåññîâ êîíòàêòíîãî âçàèìîäåéñòâèÿ æåñòêîãî
òåëà ñ ãðóíòîâîé ñðåäîé ïðè óäàðå è ïðîíèêàíèè, êàê è áîëüøèíñòâî äðóãèõ âàæ-
íûõ ïðîáëåì òåîðèè óäàðà, íåîáõîäèìî ñîäåðæèò ýêñïåðèìåíòàëüíûå è òåîðåòè-
÷åñêèå ìåòîäû. Îáçîð òåîðåòè÷åñêèõ ðàáîò â ýòîì íàïðàâëåíèè [1, 2] ñâèäåòåëü-
ñòâóåò, ÷òî áîëüøèíñòâî èç íèõ, è îñîáåííî ïîñâÿùåííûõ ðåøåíèþ çàäà÷ îïòèìè-
çàöèè [3−13], îñíîâàíî íà ïðèìåíåíèè ðàçëè÷íûõ ìîäèôèêàöèé ìîäåëåé ëîêàëü-
íîãî âçàèìîäåéñòâèÿ (ÌËÂ). Âàæíûì ðåçóëüòàòîì ýòèõ è ïðåäøåñòâóþùèõ ðàáîò
ÿâëÿåòñÿ îïðåäåëåíèå êëàññà àáñîëþòíî îïòèìàëüíûõ òåë [3, 4], ñîïðîòèâëåíèå
êîòîðûõ ïðè çàäàííîé ïëîùàäè îñíîâàíèÿ íå çàâèñèò îò äëèíû òåë è îïðåäåëÿåòñÿ
ëèøü ñêîðîñòüþ èõ äâèæåíèÿ è ñâîéñòâàìè ñðåäû. Â äîñòàòî÷íî îáùåé ïîñòàíîâêå
ðàçðàáîòàíû [7] ìåòîäû ïîñòðîåíèÿ ïðîñòðàíñòâåííûõ ôîðì òåë, îïòèìàëüíûõ ïî
ñîïðîòèâëåíèþ è/èëè ãëóáèíå ïðîíèêàíèÿ [4, 5]. Ïîêàçàíî [6], ÷òî â êëàññå ïðî-
ñòðàíñòâåííûõ êîíôèãóðàöèé çàäà÷à ïîèñêà îáðàçóþùåé òåëà ñ çàäàííûìè çíà÷å-
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íèÿìè ïëîùàäè îñíîâàíèÿ è ìàêñèìàëüíî äîïóñòèìîé äëèíû ìîæåò èìåòü áåñêî-
íå÷íî ìíîãî ðåøåíèé. Âñå òàêèå òåëà ÿâëÿþòñÿ êîíè÷åñêèìè, òî åñòü íîðìàëü ê
ïîâåðõíîñòè òåëà ñîñòàâëÿåò ñ íàïðàâëåíèåì äâèæåíèÿ ïîñòîÿííûé îïòèìàëüíûé
óãîë, îïðåäåëÿåìûé ñêîðîñòüþ òåëà è õàðàêòåðèñòèêàìè ãðóíòà. Â ðàáîòàõ [13−15]
ïîêàçàíî, ÷òî ïîãðåøíîñòü îïðåäåëåíèÿ ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ â ìÿãêèé
ãðóíò îñòðûõ êîíè÷åñêèõ òåë íà îñíîâå çàêîíà ëîêàëüíîñòè íå ïðåâûøàåò îøèáêè
÷èñëåííîé ìåòîäèêè − âåëè÷èíû ïîðÿäêà 1%. Ïðèìåíåíèå ìîäèôèêàöèè ÌËÂ [13−
18] íà áàçå ðåøåíèÿ çàäà÷è î ðàñøèðåíèè ñôåðè÷åñêîé ïîëîñòè ïîçâîëÿåò ó÷èòû-
âàòü äèíàìè÷åñêóþ ñæèìàåìîñòü è ñîïðîòèâëåíèå ñäâèãó ãðóíòîâîé ñðåäû â ðàì-
êàõ ìîäåëè Ãðèãîðÿíà. Â òî æå âðåìÿ èçâåñòíî [4, 7], ÷òî ïðè äëèíå, ìåíüøåé äëè-
íû àáñîëþòíî îïòèìàëüíîãî êîíóñà, òåëî âðàùåíèÿ ìèíèìàëüíîãî ñîïðîòèâëåíèÿ
âíåäðåíèþ ñ çàäàííîé äëèíîé è ðàäèóñîì ìèäåëÿ ñîäåðæèò òîðåö. Äëÿ ðåøåíèÿ
ýòîé çàäà÷è íåîáõîäèìî ïðèìåíÿòü ÷èñëåííûå ìåòîäû.

Ðàíåå ÷èñëåííî ðåøàëèñü çàäà÷è ïîèñêà îáðàçóþùåé òåëà ñ ïðèòóïëåíèåì,
âíåäðÿþùåãîñÿ íà ìàêñèìàëüíóþ ãëóáèíó [8−12]. Â íàñòîÿùåé ñòàòüå ïðèâîäèòñÿ
ðåøåíèå çàäà÷è îïðåäåëåíèÿ ãåîìåòðèè òåëà âðàùåíèÿ ìèíèìàëüíîãî ñîïðîòèâëåíèÿ
âíåäðåíèþ ïðè çàäàííûõ äëèíå è ðàäèóñå ïîïåðå÷íîãî ñå÷åíèÿ.

1. Ðàññìàòðèâàåòñÿ ñòàäèÿ ðàçâèòîãî ïðîíèêàíèÿ óäàðíèêà äëèíîé L ñ ðàäèó-
ñîì ìèäåëÿ R ïðè ïîñòîÿííîé ñêîðîñòè âíåäðåíèÿ V0 (ðèñ. 1), ïðè÷åì îáòåêàíèå
èñêîìîé ãîëîâíîé ÷àñòè óäàðíèêà ãðóíòîì ïðîèñõîäèò áåçîòðûâíî. Ïîëíàÿ îñåâàÿ
ñèëà ñîïðîòèâëåíèÿ F ïðîíèêàþùåìó òåëó îïèñûâàåòñÿ âûðàæåíèåì [8]:
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Äëÿ òîãî ÷òîáû ðåøåíèå r* ñèñòåìû óðàâíåíèé (3) îïðåäåëÿëî ëîêàëüíûé ìèíè-
ìóì ôóíêöèè D(r), íåîáõîäèìà ïîëîæèòåëüíàÿ îïðåäåëåííîñòü ìàòðèöû ),( *rf ′
ñîñòàâëåííîé èç âòîðûõ ïðîèçâîäíûõ îò D, ÷òî ëåãêî ïðîâåðÿåòñÿ.

Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ â èòåðàöèîííîì ïðîöåññå (4) ðàññìîòðèì
âûðàæåíèå (2) ïðè N = 1; ñîîòâåòñòâóþùèé íàáîð êîîðäèíàò îïðåäåëÿåò ôîðìó
îáðàçóþùåé − óñå÷åííûé êîíóñ. Ðåøåíèå äàííîé çàäà÷è â ðàìêàõ îäíî÷ëåííîé ÌËÂ
ìîæåò áûòü ïîëó÷åíî â êîíå÷íîì âèäå [13]. Â ñëó÷àå êîãäà íàïðÿæåíèå îïðåäåëÿåòñÿ
òîëüêî êâàäðàòîì íîðìàëüíîé ñêîðîñòè, èç (2) ñëåäóåò âûðàæåíèå äëÿ áåçðàçìåðíîé
ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ óñå÷åííîãî êîíóñà
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Ïðîèçâîäíàÿ 0/drdD  îáðàùàåòñÿ â íîëü ïðè çíà÷åíèÿõ 0r , óäîâëåòâîðÿþùèõ
óðàâíåíèþ

.0)1(1)2( 3
00

22
0 )( =−++− rrlr (6)

Ìèíèìóì ñèëû ñîïðîòèâëåíèÿ (5) äîñòèãàåòñÿ äëÿ ðåøåíèÿ óðàâíåíèÿ (6) <*
0r

,1<  êîòîðîå íå çàâèñèò îò êîýôôèöèåíòà À è ñêîðîñòè óäàðà. Ïðè ýòîì âûïîëíÿåòñÿ
ñîîòíîøåíèå .)( *

0
*
0 rrD =  Ñ ó÷åòîì ýòîãî ñîîòíîøåíèÿ, à òàêæå (6), ñèëà ñîïðîòèâ-

ëåíèÿ âíåäðåíèþ (5) îïòèìàëüíîãî óñå÷åííîãî êîíóñà ïðè çíà÷åíèÿõ l >> 1 ìîæåò
áûòü ïðåäñòàâëåíà â âèäå ),(2 842 −−− +−= lOllD  òîãäà êàê ñèëà ñîïðîòèâëåíèÿ
âíåäðåíèþ îñòðîãî êîíóñà ).()1( 84212 −−−− +−=+= lOlllDc

Òàêèì îáðàçîì, îòëè÷èå ñèë ÿâëÿåòñÿ âåëè÷èíîé ïîðÿäêà l −4, à ñ óâåëè÷åíèåì
áåçðàçìåðíîé äëèíû òåëà âëèÿíèå ôîðìû òåë íà ñèëó ñîïðîòèâëåíèÿ âíåäðåíèþ
ñòàíîâèòñÿ âñå ìåíüøå. Îòìåòèì òàêæå, ÷òî â ðàññìîòðåííîì ñëó÷àå, êîãäà ÌËÂ
ñîäåðæèò òîëüêî îäèí ÷ëåí ñ êîýôôèöèåíòîì À (íàïðÿæåíèå ïðîïîðöèîíàëüíî êâàä-
ðàòó ñêîðîñòè), ôîðìà îïòèìàëüíîãî òåëà íå çàâèñèò íè îò ñêîðîñòè åãî äâèæåíèÿ,
íè îò êîýôôèöèåíòà ìîäåëè.

2. Ðàñ÷åòû ïðîâåäåíû ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ êâàäðàòè÷íîé ïî
ñêîðîñòè ÌËÂ: ,17,0~ =B  ,1,0~ =C  ñîîòâåòñòâóþùèõ ñèëå ñîïðîòèâëåíèÿ ñóõîé ïåñ-
÷àíîé ñìåñè åñòåñòâåííîãî ñîñòàâà [13]. Êîýôôèöèåíò ïîâåðõíîñòíîãî òðåíèÿ
kòð = 0,3, áåçðàçìåðíàÿ äëèíà óäàðíèêà ,5=l  ñêîðîñòü ïðîíèêàíèÿ V0 = 400 ì/ñ.

Íà ðèñ. 2 äåìîíñòðèðóåòñÿ ñõîäèìîñòü èòåðàöèîííîãî ïðîöåññà (4) ïðè êîëè-
÷åñòâå óçëîâ îáðàçóþùåé N = 5. Ñðàâíèâàþòñÿ ôîðìû áîêîâîé ïîâåðõíîñòè, ïîëó-
÷åííûå ïðè ÷èñëå èòåðàöèé k = 0, 1, 2, 3 è 10 (øòðèõîâàÿ ëèíèÿ, ñèíÿÿ, çåëåíàÿ,
êðàñíàÿ è ÷åðíàÿ ëèíèè ñîîòâåòñòâåííî).

Ðèñóíêè 3, 4 èëëþñòðèðóþò âëèÿíèå êîëè÷åñòâà óçëîâ N íà ôîðìó îáðàçóþùåé
è çíà÷åíèå ñèëû ñîïðîòèâëåíèÿ. Ðàññìàòðèâàëèñü çíà÷åíèÿ N = 1, 2, 4, 8 è 16 (øòðè-
õîâàÿ, ñïëîøíàÿ ÷åðíàÿ è ñïëîøíàÿ ñèíÿÿ ëèíèè, êðàñíûé è çåëåíûé ìàðêåðû ñî-
îòâåòñòâåííî), äëÿ êàæäîãî èç êîòîðûõ ðàñ÷åò äîâîäèëñÿ äî ñõîäèìîñòè (÷èñëî èòå-
ðàöèé ïîðÿäêà 10). Èç ðèñ. 3 âèäíî, ÷òî ôîðìû îáðàçóþùåé îïòèìàëüíîãî òåëà
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âðàùåíèÿ óæå ïðè N = 4 è 8 ìàëî îòëè÷àþòñÿ äðóã îò äðóãà. Íà ðèñ. 4 ïðèâåäåíû
îòíîñèòåëüíûå îøèáêè â îïðåäåëåíèè ðàäèóñà ïðèòóïëåíèÿ òåëà (ñïëîøíàÿ ëèíèÿ)
è ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ (øòðèõîâàÿ ëèíèÿ), ïîëó÷åííûå ïî ôîðìóëàì
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rr

Èçìåíåíèå çíà÷åíèÿ ñèëû ñîïðîòèâëåíèÿ âíåäðåíèþ ñòàíîâèòñÿ ìåíåå 2% óæå
ïðè N = 2, âåëè÷èíà ðàäèóñà ïðèòóïëåíèÿ îïðåäåëÿåòñÿ ñ òîé æå ïîãðåøíîñòüþ
ïðè N = 16.

Îòìåòèì òàêæå, ÷òî ïðåäñòàâëåííûå â íàñòîÿùåé ðàáîòå çàòóïëåííûå ôîðìû
îïòèìàëüíîãî òåëà, ïðîíèêàþùåãî â ìÿãêóþ ãðóíòîâóþ ñðåäó, êà÷åñòâåííî ñîîòâåò-
ñòâóþò ïîëó÷åííûì ðàíåå ðåçóëüòàòàì [8−12], â êîòîðûõ ðàññìàòðèâàëèñü çàäà÷è
ïðîíèêàíèÿ îïòèìàëüíûõ òåë â ñðåäû òèïà ìåòàëëà è áåòîíà.
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NUMERICAL COMPUTATION OF THE FORM OF A BODY OF REVOLUTION
WITH THE MINIMAL RESISTANCE TO MOTION IN A SOIL MEDIUM

IN THE FRAME OF THE LOCAL INTERACTION MODEL

V.L. Êîtov, Å.Yu. Linnik

An algorithm and a method are presented for numerically analyzing the problem of form optimization
of an axisymmetric striker with minimal total resistance to the indentation in a soil in the frame of
the well-known local variation method. The generatrix of the body of revolution is given by a
piecewise-linear curve; the pressure on the body surface is determined following the trinomial
quadratic model of local interaction. The convergence of successive approximations when
numerically analyzing the optimal form of the body and the error in determining the resistance
force as a function of the number of nodes of the generatrix are investigated.

Keywords: soil medium, optimization of the form, body of revolution, minimal total resistance,
local interaction model, local variation method.


