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Ñòàòüÿ ïîñâÿùåíà ðàçâèòèþ øàãîâûõ ïî âðåìåíè ìåòîäîâ ÷èñëåííîãî
îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà, îñíîâàííûõ íà òåîðåìå îïåðàöèîííîãî
èñ÷èñëåíèÿ îá èíòåãðèðîâàíèè îðèãèíàëà. Âîçíèêàþùàÿ øàãîâàÿ ñõåìà îï-
ðåäåëÿåòñÿ âûáîðîì êâàäðàòóðíîé ôîðìóëû ñ êëþ÷îì è ñõåìîé ÷èñëåííîãî
ðåøåíèÿ çàäà÷è Êîøè, ïîðîæäàåìîé èíòåãðàëîì Âîëüòåððà. Êâàäðàòóðíàÿ
ôîðìóëà ñ êëþ÷îì âîçíèêàåò èç óñëîâèé èíòåãðèðîâàíèÿ ñèëüíî îñöèëëèðóþ-
ùèõ ôóíêöèé. Ïðåäëîæåííûé ìåòîä ïðîäåìîíñòðèðîâàí íà ïîñòðîåíèè îðè-
ãèíàëîâ ðåøåíèé îäíîìåðíîé ïîðîóïðóãîé çàäà÷è.

Êëþ÷åâûå ñëîâà: îáðàùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà, øàãîâûé ìåòîä,
ñõåìà Ðóíãå − Êóòòû, èíòåãðèðîâàíèå ñèëüíî îñöèëëèðóþùèõ ôóíêöèé, îäíî-
ìåðíàÿ ïîðîóïðóãàÿ çàäà÷à.

Ââåäåíèå

Â ðàáîòàõ [1−3] ïðåäëîæåí îðèãèíàëüíûé ïîäõîä ê ïîñòðîåíèþ øàãîâûõ ïî
âðåìåíè ñõåì ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ. Êëþ÷åâîé ïðîáëåìîé ïîñòðîåíèÿ òà-
êîé ñõåìû [3−5] ÿâëÿåòñÿ ÷èñëåííîå îáðàùåíèå èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàï-
ëàñà. Â ðàáîòàõ [6−8] ïðèìåíåí øàãîâûé ìåòîä ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçî-
âàíèÿ Ëàïëàñà. Â ðàáîòå [9] ïðèâîäèòñÿ ìîäèôèêàöèÿ ìåòîäà ñ ïåðåìåííûì øàãîì
èíòåãðèðîâàíèÿ ïðè ïîäñ÷åòå âåñîâûõ ìíîæèòåëåé êâàäðàòóðíîé ñóììû. Ðàñøèðå-
íèå øàãîâîãî ìåòîäà äàþò òàêæå ðàáîòû [10, 11], ïðåäëàãàþùèå èñïîëüçîâàíèå ñõåì
Ðóíãå − Êóòòû äëÿ ðåøåíèÿ çàäà÷è Êîøè, ïîðîæäåííîé ñïåöèàëüíîé ïðîöåäóðîé
îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà. Â ñòàòüå ðàññìàòðèâàåòñÿ îáîáùåíèå ïîä-
õîäîâ [6−11].

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, âûï. 75 (4), 2013 ã.

* Âûïîëíåíî ïðè ÷àñòè÷íîì ôèíàíñèðîâàíèè Ïðîãðàììîé ãîñóäàðñòâåííîé ïîääåðæêè
âåäóùèõ íàó÷íûõ øêîë ÐÔ (ãðàíò ÍØ-593.2014.8) è ÐÔÔÈ (ãðàíòû 14-08-31415-ìîë_à,
14-08-31410-ìîë_à, 14-08-00811-À, 12-08-00984-à, 13-08-97091-ð_ïîâîëæüå_à, 12-01-00698-à,
13-08-00658-à).
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Ïîñòàíîâêà çàäà÷è è ìåòîä ðåøåíèÿ

Ïðÿìîå è îáðàòíîå èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Ëàïëàñà ñîîòâåòñòâåííî îï-
ðåäåëÿþòñÿ ôîðìóëàìè:
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Ðàññìîòðèì ìåòîä, îïèðàþùèéñÿ íà òåîðåìó îá èíòåãðèðîâàíèè îðèãèíàëà, −

øàãîâûé ìåòîä ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà.
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Çàìåíèì èíòåãðàë (1) êâàäðàòóðíîé ñóììîé, âåñîâûå ìíîæèòåëè êîòîðîé îïðå-
äåëÿþòñÿ ñ ïîìîùüþ èçîáðàæåíèÿ ïî Ëàïëàñó f  è ëèíåéíîãî ìíîãîøàãîâîãî ìå-
òîäà (ñ ó÷åòîì ðåçóëüòàòîâ, ïîëó÷åííûõ â [1−3]):
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L − êîëè÷åñòâî ðàñ÷åòíûõ óçëîâ äëÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ ïî óãëó ϕ, R − ïà-
ðàìåòð ìåòîäà.

Àïïðîêñèìàöèÿ, èñïîëüçóåìàÿ ïðè âûâîäå ôîðìóë (2), (3), îñíîâàíà íà ïðèìå-
íåíèè ëèíåéíîãî ìíîãîøàãîâîãî ìåòîäà (ñ õàðàêòåðèñòè÷åñêîé ôóíêöèåé γ(z)) äëÿ
ðåøåíèÿ âîçíèêàþùåé â ïðîöåññå ïðåîáðàçîâàíèÿ èíòåãðàëà (1) çàäà÷è Êîøè äëÿ
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà:
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Íà âûáîð ìíîãîøàãîâîãî ìåòîäà íàëàãàþòñÿ ñëåäóþùèå óñëîâèÿ: ìåòîä äîë-
æåí áûòü ïîðÿäêà òî÷íîñòè p ≥ 1, ÿâëÿÿñü ñòðîãî íóëü-óñòîé÷èâûì èëè A-óñòîé÷è-
âûì. Ôóíêöèÿ )(sf  äîëæíà áûòü îãðàíè÷åíà â ïðàâîé ïîëóïëîñêîñòè îòíîñèòåëü-
íî ïðÿìîé (c − i∞, c + i∞), òî åñòü:
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Åñëè ôóíêöèÿ )(sf  àíàëèòè÷íà è îãðàíè÷åíà â îáëàñòè |arg (s − c)| < π − ϕ∼, ãäå
ϕ∼ < π/2, êðèòåðèé óñòîé÷èâîñòè ìîæåò áûòü îñëàáëåí äî A(α)-óñòîé÷èâîñòè.

Ê ñîîòâåòñòâóþùèì ïðèìåðàì ìíîãîøàãîâûõ ìåòîäîâ îòíîñÿòñÿ ìåòîäû äèô-
ôåðåíöèðîâàíèÿ íàçàä ïîðÿäêà p ≤ 6: äëÿ A-óñòîé÷èâîãî ìåòîäà äèôôåðåíöèðîâà-
íèÿ íàçàä âòîðîãî ïîðÿäêà (α = 90°) ìîæåì çàïèñàòü:
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Ïðè óñëîâèè òîãî, ÷òî ôóíêöèÿ )(sf  â óðàâíåíèè (3) âû÷èñëÿåòñÿ ñ íåêîòîðîé
ïîãðåøíîñòüþ ε, âûáîð L = N è ε=nR  äîïóñêàåò ïîãðåøíîñòü âû÷èñëåíèÿ ωn

ïîðÿäêà .)( εΟ

Ìîäèôèêàöèÿ øàãîâîãî ìåòîäà
ñ ïåðåìåííûì øàãîì èíòåãðèðîâàíèÿ ïî óãëó

Ìîäèôèêàöèÿ ôîðìóëû (3) äëÿ âû÷èñëåíèÿ ωn ñ ïåðåìåííûì øàãîì è ëèíåé-
íîé àïïðîêñèìàöèåé ôóíêöèè âûãëÿäèò ñëåäóþùèì îáðàçîì:
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Äëÿ ñëó÷àåâ êîãäà 
ϕinesf /)(  − ñèëüíî îñöèëëèðóþùàÿ ôóíêöèÿ, â ñî÷åòàíèè ñ

(5) öåëåñîîáðàçíî èñïîëüçîâàòü êîìáèíèðîâàííóþ ôîðìóëó, ó÷èòûâàþùóþ ñïåöè-
ôèêó èíòåãðèðîâàíèÿ òàêèõ ôóíêöèé [9]:
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Ôîðìóëû (5), (6) ïîçâîëÿþò ïåðåðàñïðåäåëÿòü ðàñ÷åòíûå óçëû ïî ïðîìåæóòêó
èçìåíåíèÿ ϕ äëÿ ïîëó÷åíèÿ áîëüøåé òî÷íîñòè ðåçóëüòàòà ïðè ñîõðàíåíèè âû÷èñ-
ëèòåëüíûõ çàòðàò.

Ìîäèôèêàöèÿ øàãîâîãî ìåòîäà íà óçëàõ ñõåìû Ðóíãå −−−−− Êóòòû
Ðàññìîòðèì ìåòîä Ðóíãå − Êóòòû, çàïèñàííûé ñ ïîìîùüþ òàáëèöû Áóò÷åðà:
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Äëÿ êîððåêòíîé ôîðìóëèðîâêè øàãîâîé ñõåìû äîëæíû áûòü âûïîëíåíû ñëåäó-
þùèå óñëîâèÿ [11]:

1) ìåòîä Ðóíãå − Êóòòû äîëæåí áûòü A-óñòîé÷èâûì;
2) |R(z)| < 1 ïðè y ≠ 0, ãäå R(z) = 1 + zbT(I − zA)−1[I] − ôóíêöèÿ óñòîé÷èâîñòè,

[I] = (1, ..., 1)T;
3) R(∞) = 0;
4) ∃A−1.
Åñëè ïðèíÿòü bTA−1 = (0, ..., 0, 1), òî ìåòîä àâòîìàòè÷åñêè L-óñòîé÷èâ.
Ïðèìåíÿÿ ìåòîä Ðóíãå − Êóòòû âìåñòî ëèíåéíîãî ìíîãîøàãîâîãî ìåòîäà äëÿ

ðåøåíèÿ çàäà÷è Êîøè (4), ïîëó÷èì [11]:
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Ôîðìóëû (5), (6) ñîõðàíÿþò ñâîé ôîðìàëüíûé âèä è â ñëó÷àå ñõåìû îáðàùåíèÿ
ïðåîáðàçîâàíèÿ Ëàïëàñà íà îñíîâå ìåòîäà Ðóíãå − Êóòòû, íî â íèõ èñïîëüçóåòñÿ
ñîîòâåòñòâóþùàÿ ìàòðè÷íàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ.

Â êà÷åñòâå êîíêðåòíîãî ïðèìåðà ñõåìû Ðóíãå − Êóòòû, óäîâëåòâîðÿþùåé ñôîð-
ìóëèðîâàííûì óñëîâèÿì, âûáåðåì ñõåìó Ðàäî [11].

×èñëåííûå ðåçóëüòàòû

Ðåøåíà çàäà÷à î äåéñòâèè îñåâîé ñèëû F = 1 Í/ì2 íà ïîðîóïðóãèé ñòåðæåíü [3].
Îòêëèêè ïåðåìåùåíèé è äàâëåíèé, âûçâàííûå ñèëîé F, íàáëþäàþòñÿ ñîîòâåòñòâåííî
â òî÷êàõ y = 3 ì è y = 0 ì äëÿ ñòåðæíÿ äëèíîé l = 3 ì. ×èñëåííûå ðåçóëüòàòû ïîëó÷å-
íû äëÿ ìàòåðèàëà ñ ïàðàìåòðàìè: óïðóãèå ìîäóëè ìàòåðèàëà K = 4,8⋅109 Í/ì2, G =
= 7,2⋅109 Í/ì2; îáúåìíûå ìîäóëè ñêåëåòà è íàïîëíèòåëÿ Ks = 3,6⋅1010 Í/ì2, Kf =
= 3,3⋅109 Í/ì2; ïëîòíîñòè ñêåëåòà è íàïîëíèòåëÿ ρs = 2458 êã/ì3, ρf = 1000 êã/ì3;
êîýôôèöèåíò ïðîíèöàåìîñòè k = 1,9⋅10−10 ì4/(Í⋅ñ); êîýôôèöèåíò ïîðèñòîñòè φ =
= 0,19. Âûáåðåì îòðåçîê âðåìåíè 0,02 ñ, ÷òî ñîñòàâëÿåò ïðèáëèçèòåëüíî 5,5 ïåðèî-
äà ôóíêöèé ïî âðåìåíè. Äëÿ îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà èñïîëüçîâàí êî-
ýôôèöèåíò R = 0,997. Íà ðèñ. 1, 2 ïðèâåäåíû ñîîòâåòñòâåííî âèä äåéñòâèòåëüíîé
(ℜ) è ìíèìîé (ℑ) ÷àñòåé ñïåêòðà ïåðåìåùåíèé è äàâëåíèé.

ℜ(u)⋅1013

0                 1              2              3              4              5              6    ϕ, ðàä

−2

−4

−6

ℜ(u)⋅1013

0                 0,1            0,2            0,3            0,4              ϕ, ðàä
−1

−2

−3

−4

1

ℑ(u)⋅1013

0                 1              2              3              4              5              6    ϕ, ðàä
−1

−2

−3

1

2

−1

1

−3

−5

ℑ(u)⋅1013

0                 0,1            0,2            0,3            0,4              ϕ, ðàä

−1

−2

−3
Ðèñ. 1
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Îáîçíà÷èì ÷åðåç  L îáùåå ÷èñëî óçëîâ ïî óãëó ϕ (ó÷èòûâàÿ äâóêðàòíîå èñïîëü-
çîâàíèå êàæäîãî ϕi äëÿ äâóõýòàïíîé ñõåìû Ðóíãå − Êóòòû), ÷åðåç N − îáùåå ÷èñëî
óçëîâ ïî âðåìåíè. Ðàññìîòðèì êóñî÷íî-ðàâíîìåðíóþ ñåòêó íà ïðîìåæóòêàõ
[0, π/2], [π/2, 3π/2], [3π/2, 2π] äëÿ äâóõ ìîäèôèêàöèé øàãîâîãî ìåòîäà ñ èñïîëüçîâà-
íèåì ïåðåìåííîãî øàãà ïî óãëó (ïîñòðîåííûõ ñîîòâåòñòâåííî íà îñíîâå ìåòîäà
Ýéëåðà è ñõåìû Ðàäî) è ðàâíîìåðíóþ ñåòêó ñ ñîõðàíåíèåì îáùåãî ÷èñëà óçëîâ L
äëÿ ìîäèôèêàöèè íà óçëàõ ñõåìû Ðàäî.

Ðåçóëüòàòû îáðàùåíèÿ äëÿ îòêëèêà ïåðåìåùåíèé u ïðè N = L/2 = 600 ïðåäñòàâ-
ëåíû íà ðèñ. 3. Êðàñíàÿ êðèâàÿ ñîîòâåòñòâóåò ñõåìå Ðàäî è ïîñòîÿííîìó øàãó ïî
óãëó ϕ; ñèíÿÿ − ìîäèôèêàöèè òðàäèöèîííîãî øàãîâîãî ìåòîäà ñ ïåðåìåííûì øà-
ãîì, êîëè÷åñòâî óçëîâ íà ïðîìåæóòêàõ − 560, 80, 560; çåëåíàÿ − ìîäèôèêàöèè íà
îñíîâå ñõåìû Ðàäî ñ ïåðåìåííûì øàãîì, êîëè÷åñòâî äâóêðàòíûõ óçëîâ íà ïðîìå-
æóòêàõ − 280, 40, 280. Çäåñü è äàëåå äëÿ ñðàâíåíèÿ ÷åðíûì öâåòîì ïðèâåäåí áîëåå
òî÷íûé âèä ðåøåíèÿ.

Ðèñ. 2

ℜ(p)⋅103

0                 1              2              3              4              5                   ϕ, ðàä
ℜ(p)⋅103

0                           0,5                        1,0                         ϕ, ðàä

0,5
−1

1

−0,5

−1,0

ℑ(p)⋅103

0                 1              2              3              4              5                    ϕ, ðàä

−0,5

−0,1

0,5

1,0

ℑ(p)⋅103

0                            0,5                          1                           ϕ, ðàä

0,8

−0,4

0,4
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Àíàëîãè÷íî íà ðèñ. 4 ïðåäñòàâëåíû ðåçóëüòàòû äëÿ N = L/2 = 1200 ñ ñîõðàíå-
íèåì ïðîïîðöèè êîëè÷åñòâà óçëîâ íà ïðîìåæóòêàõ äëÿ ñõåì ñ ïåðåìåííûì øàãîì.
Ñî÷åòàíèå ñõåìû Ðàäî ñ ïåðåìåííûì øàãîì èíòåãðèðîâàíèÿ óæå ïðè N = L/2 = 600
äàåò õàðàêòåðíûå îñöèëëÿöèè ðåøåíèÿ [9], ïîýòîìó äëÿ ðàñ÷åòîâ èñïîëüçîâàíà ìîäè-
ôèêàöèÿ íà îñíîâå ôîðìóë èíòåãðèðîâàíèÿ ñèëüíî îñöèëëèðóþùèõ ôóíêöèé (2), (6).

Òðàäèöèîííûé øàãîâûé ìåòîä ñ ïåðåìåííûì øàãîì îáíàðóæèâàåò ïîÿâëåíèå
îñöèëëÿöèé òîëüêî ïðè èçìåëü÷åíèè ñåòêè äî N = L/2 = 2400. Íà ðèñ. 5 ïðåäñòàâëå-
íû ðåçóëüòàòû, ïîëó÷åííûå íà ýòîé ñåòêå ñ åãî ïîìîùüþ (ñèíÿÿ êðèâàÿ), à òàêæå
ìåòîäîì íà îñíîâå ñõåìû Ðàäî ñ ïåðåìåííûì øàãîì áåç ó÷åòà (çåëåíàÿ êðèâàÿ) è ñ
ó÷åòîì (÷åðíàÿ êðèâàÿ) ôîðìóë èíòåãðèðîâàíèÿ ñèëüíî îñöèëëèðóþùèõ ôóíêöèé.

Ðèñ. 4
u⋅1010, ì

0                       0,005                0,010                     0,015                   t, ñ

−0,5

−1,0

−1,5

−2,0
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0              0,018      0,019          t, ñ
−0,5

−1,0

−1,5

−2,0
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−1,5

−2,0

−2,5
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Íà ðèñ. 6, 7 ïðåäñòàâëåíû ãðàôèêè äàâëåíèÿ p ïðè N = L/2 = 600, N = L/2 =
= 1200 ñîîòâåòñòâåííî; ñîõðàíåíî öâåòîâîå îáîçíà÷åíèå ñõåì, èñïîëüçîâàííîå â
ðèñ. 3, 4.

Ïðèìåíåíèå ïåðåìåííîãî øàãà èíòåãðèðîâàíèÿ ïî óãëó ϕ ñîâìåñòíî ñî ñõåìîé
Ðóíãå − Êóòòû ïîçâîëÿåò îáúåäèíèòü òàêèå äîñòîèíñòâà ýòèõ ïîäõîäîâ, êàê áûñòðàÿ
ñõîäèìîñòü ïðè èçìåëü÷åíèè ñåòîê, ìåíüøèé ñäâèã ðåøåíèÿ ïî âðåìåíè (çàïàçäû-
âàíèå èëè îïåðåæåíèå) è ëó÷øàÿ ïåðåäà÷à êà÷åñòâåííîãî õàðàêòåðà ðåøåíèÿ. Îä-
íàêî øàãîâûé ìåòîä ñ ïåðåìåííûì ïî ϕ øàãîì íà îñíîâå ñõåìû Ðóíãå − Êóòòû áî-
ëåå ÷óâñòâèòåëåí ê èçìåëü÷åíèþ ñåòîê â îòíîøåíèè âîçíèêíîâåíèÿ ïàðàçèòíûõ îñ-
öèëëÿöèé, ÷åì ìåòîä, îñíîâàííûé íà ñõåìå Ýéëåðà, ÷òî ïðåîäîëåâàåòñÿ ïîñðåä-
ñòâîì èñïîëüçîâàíèÿ ôîðìóë èíòåãðèðîâàíèÿ ñèëüíî îñöèëëèðóþùèõ ôóíêöèé.
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TIME-STEP METHOD OF LAPLACE TRANSFORMATION NUMERICAL
INVERSION BASED ON THE RUNGE −−−−− KUTTA SCHEME NODES

WITH A VARIABLE STEP OF INTEGRATION

L.A. Igumnov, Ya.Yu. Rataushko

The paper is dedicated to the development of time-step method for numerical inversion of Laplace
transformation, based on the original function integration theorem. Derived stepping scheme is
determined by the choice of quadrature formula with a key and the choice of numerical solution
scheme for Cauchy problem, which arises for the Volterra integral. Quadrature formula with a key
is a result of special highly oscillatory integration. The approach is used to numerically obtain
displacement & pore pressure originals for a one-dimensional poroelastic problem.

Keywords: Laplace transformation inversion, time-step method, Runge − Kutta scheme, highly
oscillatory quadrature, one-dimensional poroelastic problem.


