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Ðàññìàòðèâàåòñÿ îäíîìåðíàÿ ïîðîóïðóãàÿ çàäà÷à î äåéñòâèè ñêà÷êà îñå-
âîé ñèëû íà êîíñîëüíûé ñòåðæåíü. Çàäà÷à èìååò àíàëèòè÷åñêîå ðåøåíèå â
èçîáðàæåíèÿõ ïî Ëàïëàñó. Îðèãèíàëû ðåøåíèé ñòðîÿòñÿ íà îñíîâå ìåòîäà Äóð-
áèíà è øàãîâîãî ïî âðåìåíè ìåòîäà ÷èñëåííîãî ïðåîáðàçîâàíèÿ Ëàïëàñà. Äàíî
ñðàâíåíèå îðèãèíàëîâ, ïîëó÷åííûõ íà îñíîâå ïðèìåíåííûõ ìåòîäîâ.

Êëþ÷åâûå ñëîâà: ïîðîóïðóãîñòü, ìåòîä ãðàíè÷íûõ ýëåìåíòîâ, ïðåîáðàçî-
âàíèå Ëàïëàñà, ìåòîä ãðàíè÷íî-èíòåãðàëüíûõ óðàâíåíèé, àëãîðèòì Äóðáèíà
è øàãîâûé ìåòîä.

Ââåäåíèå

Èññëåäîâàíèå âîëíîâûõ ïðîöåññîâ â ïîðèñòî-óïðóãèõ òåëàõ ïðåäñòàâëÿåò íàó÷-
íûé è ïðàêòè÷åñêèé èíòåðåñ. Â èññëåäîâàíèÿõ ïðèìåíÿåòñÿ ìîäåëü Áèî ïîðèñòî-
óïðóãîé ñðåäû. Òåîðèÿ Áèî [1−3] ÿâëÿåòñÿ ðàñøèðåíèåì êëàññè÷åñêîé òåîðèè óïðó-
ãîñòè íà ñëó÷àé äâóõôàçíîé ñðåäû ñ ó÷åòîì ââîäà äîïîëíèòåëüíûõ ïàðàìåòðîâ, ó÷è-
òûâàþùèõ âçàèìîäåéñòâèå ôàç. Ñóùåñòâåííûì äîñòèæåíèåì äèíàìè÷åñêîé ïîðî-
óïðóãîñòè ñòàëî îïèñàíèå òðåõ òèïîâ âîëí äëÿ òðåõìåðíîãî ñëó÷àÿ: äâóõ âîëí
ñæàòèÿ è îäíîé âîëíû ñäâèãà. Ñóùåñòâîâàíèå äîïîëíèòåëüíîé âîëíû ñæàòèÿ ýêñ-
ïåðèìåíòàëüíî ïîäòâåðæäåíî Plona [4]. Íà ïðèìåðå èññëåäîâàíèÿ ýôôåêòà òðåòüåé
âîëíû ïðîâåäåíî ñðàâíåíèå ìåòîäîâ ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàï-
ëàñà.

Ïîñòàíîâêà çàäà÷è

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé îäíîìåðíîãî ðàñïðîñòðàíåíèÿ ïîðî-
óïðóãèõ âîëí â èçîáðàæåíèÿõ èìååò âèä:
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ãäå E = K + 4/3⋅G − ìîäóëü Þíãà; K, G − îáúåìíûé ìîäóëü è ìîäóëü ñäâèãà ïîðèñ-
òîãî òåëà; ρ, ρf  è ρa − ïëîòíîñòè ïîðèñòîãî òåëà, íàïîëíèòåëÿ è ïðèñîåäèíåííîé
ìàññû, ϕ − ïîðèñòîñòü, k − êîýôôèöèåíò ïðîíèöàåìîñòè, s − ïàðàìåòð ïðåîáðàçîâà-
íèÿ Ëàïëàñà.

Ïðè êðàåâûõ óñëîâèÿõ ,0)0(~ ==yuy  ,/1)(~ slyy −==σ  0)(~ == lyp  ôîðìóëû
äëÿ àíàëèòè÷åñêîãî ðåøåíèÿ â èçîáðàæåíèÿõ ïî Ëàïëàñó èìåþò ñëåäóþùèé âèä [5]:
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λi − êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ èñõîäíîé ñèñòåìû, α − ýôôåêòèâíûé êî-
ýôôèöèåíò íàïðÿæåíèé, pu ~,~

 − ôóíêöèè ñìåùåíèé è ïîðîâîãî äàâëåíèÿ â èçîáðà-
æåíèÿõ.

Ðàññìîòðèì ðåøåíèå îäíîìåðíîé çàäà÷è î äåé-
ñòâèè îñåâîé ñèëû t2 = 1 Í/ì2 íà ïîðîóïðóãèé ñòåð-
æåíü (ðèñ. 1). Èññëåäóþòñÿ ïåðåìåùåíèå, äàâëå-
íèå è ïîòîê â òî÷êå À, óäàëåííîé íà 1,5 ì îò íà-
ãðóæåííîãî êîíöà (l1 = 1,5 ì).
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Ïðåîáðàçîâàíèå Ëàïëàñà

Ïóñòü  f (t) − ôóíêöèÿ îò t,   f (t) = 0 äëÿ t < 0. Ôóíêöèÿ ïðåîáðàçîâàíèÿ ïî Ëàï-
ëàñó è åå îáðàùåíèå îïðåäåëåíû ñëåäóþùèì îáðàçîì:
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Ïóñòü s = α + iω, òîãäà àëãîðèòì, ïðåäëîæåííûé Äóðáèíîì, èìååò âèä:
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Íà îñíîâå òåîðåìû î ñâåðòêàõ ñôîðìóëèðîâàí ìåòîä êâàäðàòóð ñâåðòîê [6, 7].
Ðàññìîòðèì ìåòîä, îïèðàþùèéñÿ íà òåîðåìó îá èíòåãðèðîâàíèè îðèãèíàëà, − øà-
ãîâûé ìåòîä ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà. Äëÿ ïðèìåíåíèÿ øà-
ãîâîãî ìåòîäà ðàññìîòðèì èíòåãðàë, êîòîðûé íåîáõîäèìî âû÷èñëèòü:
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Èíòåãðàë (1) çàìåíÿåòñÿ êâàäðàòóðíîé ñóììîé, âåñîâûå ìíîæèòåëè êîòîðîé
îïðåäåëÿþòñÿ ñ ïîìîùüþ èçîáðàæåíèÿ ïî Ëàïëàñó f  è ëèíåéíîãî ìíîãîøàãîâîãî
ìåòîäà [5−8]. Òðàäèöèîííûé øàãîâûé ìåòîä èíòåãðèðîâàíèÿ îðèãèíàëà ñîñòîèò â
òîì, ÷òî èíòåãðàë (1) âû÷èñëÿåòñÿ ïî ñëåäóþùåìó ñîîòíîøåíèþ:
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Ïðè âûâîäå ôîðìóëû (2) èñïîëüçóåòñÿ àïïðîêñèìàöèÿ, êîòîðàÿ çàêëþ÷àåòñÿ â

ïðèìåíåíèè ëèíåéíîãî ìíîãîøàãîâîãî ìåòîäà äëÿ ðåøåíèÿ çàäà÷è Êîøè äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

Ñëåäóþùàÿ àïïðîêñèìàöèÿ, êîòîðàÿ èñïîëüçóåòñÿ â ìåòîäå, − ÷èñëåííîå èí-
òåãðèðîâàíèå ïðè ïîëó÷åíèè çíà÷åíèé ωn(Δt) (ñ L ðàâíûìè øàãàìè 2π/L):
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 Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ
Íà îñíîâå ïðèâåäåííûõ ôîðìóë ñ èñïîëüçîâàíèåì øàãîâîãî ìåòîäà íàéäåíî

÷èñëåííîå ðåøåíèå çàäà÷è î ñòåðæíå, ìàòåðèàë êîòîðîãî èìååò ñëåäóþùèå ïàðà-
ìåòðû: K = 4,8⋅109 Í/ì2, G = 7,2⋅109 Í/ì2, ρ = 2458 êã/ì3, ϕ = 0,19, Ks = 3,6⋅109 Í/ì2,
ρf = 1000 êã/ì3, Kf = 3,3⋅109 Í/ì2, k = 1,9⋅10−10 ì4/(Í⋅ñ). Äëèíà ïîðîóïðóãîãî ñòåðæ-
íÿ ïðèíÿòà ðàâíîé 9 ì. Íà ðèñ. 2 è 3 ïðèâåäåíû ðåçóëüòàòû èññëåäîâàíèÿ ñõîäèìî-
ñòè øàãîâîãî ìåòîäà îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà.

Íà ðèñóíêàõ ïðåäñòàâëåíû ñðàâíåíèÿ àíàëèòè÷åñêèõ è ÷èñëåííûõ ðåøåíèé äëÿ
äàâëåíèÿ (ðèñ. 4−6) è ïîòîêà (ðèñ. 7, 8) â òî÷êå A.
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Êîýôôèöèåíò ïðîíèöàåìîñòè
 k = 1,9⋅10−7 ì4/(Í⋅ñ)

Ïàðàìåòðû øàãîâîãî ìåòîäà
L = 2000, N = 2000
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Ðèñ. 3

Êîýôôèöèåíò ïðîíèöàåìîñòè
 k = 1,9⋅10−7 ì4/(Í⋅ñ)

Ïàðàìåòðû øàãîâîãî ìåòîäà
L = 2000, N = 2000
L = 1000, N = 1000

 ........... L = 500, N = 500
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Ðèñ. 4

Ïàðàìåòðû øàãîâîãî ìåòîäà
L = 2000, N = 2000

Êîýôôèöèåíò ïðîíèöàåìîñòè
 k = 1,9⋅10−10 ì4/(Í⋅ñ)

àíàëèòè÷åñêîå ðåøåíèå
 ........... øàãîâûé ìåòîä

ìåòîä Äóðáèíà
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p, Í/ì2
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Ðèñ. 5

Ïàðàìåòðû øàãîâîãî ìåòîäà
L = 2000, N = 2000

Êîýôôèöèåíò ïðîíèöàåìîñòè
 k = 1,9⋅10−7 ì4/(Í⋅ñ)

àíàëèòè÷åñêîå ðåøåíèå
 ........... øàãîâûé ìåòîä

ìåòîä Äóðáèíà
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Ðèñ. 7

Ïàðàìåòðû øàãîâîãî ìåòîäà
L = 2000, N = 2000

Êîýôôèöèåíò ïðîíèöàåìîñòè
 k = 1,9⋅10−7 ì4/(Í⋅ñ)

àíàëèòè÷åñêîå ðåøåíèå
 ........... øàãîâûé ìåòîä

ìåòîä Äóðáèíà
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Ðèñ. 6

Ïàðàìåòðû øàãîâîãî ìåòîäà
L = 2000, N = 2000

Êîýôôèöèåíò ïðîíèöàåìîñòè
 k = 1,9⋅10−6 ì4/(Í⋅ñ)

àíàëèòè÷åñêîå ðåøåíèå
 ........... øàãîâûé ìåòîä

ìåòîä Äóðáèíà
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Íà ðèñ. 9 è 10 ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî èññëåäîâàíèÿ âëèÿíèÿ êî-
ýôôèöèåíòà ïðîíèöàåìîñòè íà îòêëèê ïîðîâîãî äàâëåíèÿ è ïîòîêà â òî÷êå À.

Â îòëè÷èå îò ïîäîáíûõ èññëåäîâàíèé â [5], ãäå ýôôåêò ïîÿâëåíèÿ òðåòüåé âîë-
íû ïðîäåìîíñòðèðîâàí íà îòêëèêå äàâëåíèé, çäåñü ïðèâåäåíû ãðàôèêè, äåìîíñò-
ðèðóþùèå ýôôåêò òðåòüåé âîëíû êàê íà îòêëèêå ïîðîâîãî äàâëåíèÿ, òàê è íà îòêëè-
êå ïîðîâîãî ïîòîêà.

Ñòîèò îòìåòèòü, ÷òî øàãîâûé ìåòîä äàåò áîëåå òî÷íûé ðåçóëüòàò, íåæåëè ìåòîä
Äóðáèíà, ïðè ýêâèâàëåíòíîé òðóäîåìêîñòè âû÷èñëåíèé.
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Ðèñ. 8
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Ðèñ. 9

Ïàðàìåòðû øàãîâîãî ìåòîäà
L = 2000, N = 2000

Êîýôôèöèåíò ïðîíèöàåìîñòè
 k = 1,9⋅10−6 ì4/(Í⋅ñ)

àíàëèòè÷åñêîå ðåøåíèå
 ........... øàãîâûé ìåòîä

ìåòîä Äóðáèíà

Ïàðàìåòðû øàãîâîãî ìåòîäà
L = 2000, N = 2000

Êîýôôèöèåíò ïðîíèöàåìîñòè

k = 1,9⋅10−10 ì4/(Í⋅ñ)
k = 1,9⋅10−7 ì4/(Í⋅ñ)

 ........... k = 1,9⋅10−6 ì4/(Í⋅ñ)
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0              1               2              3              4           t⋅103 ñ

Ðèñ. 10

Ïàðàìåòðû øàãîâîãî ìåòîäà
L = 2000, N = 2000

Êîýôôèöèåíò ïðîíèöàåìîñòè

k = 1,9⋅10−10 ì4/(Í⋅ñ)
k = 1,9⋅10−7 ì4/(Í⋅ñ)

 ........... k = 1,9⋅10−6 ì4/(Í⋅ñ)
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Çàêëþ÷åíèå

Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî èññëåäîâàíèÿ ýôôåêòà âîçáóæäåíèÿ ìåäëåí-
íîé âîëíû â îäíîìåðíîì ñëó÷àå íà îñíîâå àíàëèòè÷åñêîãî ðåøåíèÿ â èçîáðàæåíè-
ÿõ ïî Ëàïëàñó. Ïîëó÷åíû îðèãèíàëû ðåøåíèÿ äëÿ ñòåðæíÿ íà îñíîâå ìåòîäà Äóðáè-
íà ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà è íà îñíîâå øàãîâîãî ìåòîäà
÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà. Ïðîäåìîíñòðèðîâàíî, ÷òî ïðè íå-
êîòîðûõ ïàðàìåòðàõ ïîðîóïðóãîãî ìàòåðèàëà ìåòîä Äóðáèíà ñóùåñòâåííî óñòóïà-
åò ïî òî÷íîñòè øàãîâîìó ìåòîäó.
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COMPARISON OF NUMERICAL SOLUTION ORIGINALS
FOR 1D POROELASTIC PROBLEM BASED ON THE TIME-STEP METHOD

 AND THE DURBIN METHOD

L.A. Igumnov, A.N. Petrov, A.A. Ipatov

The issue of 1D poroelastic problem of the axial thrust applied to a column is considered. The
problem has analytic solution in Laplace transforms. Solution originals are computed basing on
the time-step method and the Durbin method of Laplace transformation inversion. A comparison
of results, obtained with the help of the mentioned methods, is given.

Keywords: poroelasticity, boundary element method, Laplace transformation, boundary integral
equations, Durbin method, time-step method.


