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Ðàññìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ øàãîâûõ ïî âðåìåíè ìåòîäîâ ÷èñ-
ëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà, îñíîâàííûõ íà òåîðåìå îá èí-
òåãðèðîâàíèè îðèãèíàëà. Âûáîð øàãîâ ïî âðåìåíè îñóùåñòâëÿåòñÿ íà óçëàõ
ñõåìû Ðóíãå − Êóòòû.

Êëþ÷åâûå ñëîâà: îáðàùåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà, øàãîâûé ìåòîä,
ñõåìà Ðóíãå − Êóòòû.

Ââåäåíèå

Â ðàáîòàõ [1−3] ïðåäëîæåí íîâûé ìåòîä ïîñòðîåíèÿ øàãîâûõ ïî âðåìåíè ñõåì
ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ) íà îñíîâå èíòåãðàëà Âîëüòåððà â ñâåðòêàõ −
ìåòîä êâàäðàòóð ñâåðòîê. Äëÿ ïîñòðîåíèÿ ãðàíè÷íî-ýëåìåíòíîé ñõåìû â ðàìêàõ
òàêîãî ïîäõîäà íåîáõîäèìî ðåøèòü ïðîáëåìó îáðàùåíèÿ èíòåãðàëüíîãî ïðåîáðàçî-
âàíèÿ Ëàïëàñà [3−5]. Â ðàáîòàõ [6−9] áûë ïðèìåíåí âàðèàíò ìåòîäà êâàäðàòóð
ñâåðòîê − øàãîâûé ìåòîä ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà. Èñïîëü-
çîâàíèå ñõåì Ðóíãå − Êóòòû ïîçâîëÿåò ñòðîèòü íîâûå åãî ìîäèôèêàöèè [10, 11]. Íà-
ñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà âîïðîñó ïîñòðîåíèÿ øàãîâûõ ìåòîäîâ ÷èñëåííîãî îáðà-
ùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà íà óçëàõ ñõåìû Ðóíãå − Êóòòû ñ öåëüþ ðàçâèòèÿ ñî-
îòâåòñòâóþùèõ ãðàíè÷íî-ýëåìåíòíûõ ìîäåëåé ðåøåíèÿ òðåõìåðíûõ êðàåâûõ çàäà÷
äèíàìèêè, óïðóãîñòè, âÿçêî- è ïîðîóïðóãîñòè.

Ïîñòàíîâêà çàäà÷è

Ïðÿìîå è îáðàòíîå èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Ëàïëàñà îïðåäåëÿþòñÿ âûðà-
æåíèÿìè:
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ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, âûï. 75 (3), 2013 ã.

* Âûïîëíåíî ïðè ÷àñòè÷íîì ôèíàíñèðîâàíèè ÔÖÏ «Íàó÷íûå è íàó÷íî-ïåäàãîãè-
÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè» íà 2009−2013 ãã. (ÃÊ 14.740.11.0872, ñîãëàøåíèÿ
14.Â37.21.1249, 14Â37.21.1137), Ïðîãðàììîé ãîñïîääåðæêè âåäóùèõ íàó÷íûõ øêîë ÐÔ (ãðàíò
ÍØ-2843.2012.8) è ÐÔÔÈ (ãðàíòû 12-01-00698-à, 12-08-00984-à, 12-08-31572, 13-08-00658).



179

,),(
π2
1),(

~

~
∫
∞+ω

∞−ω

=
i

i

stdsesxu
i

txu

ãäå ω+ω= is ~
 − êîìïëåêñíàÿ ïåðåìåííàÿ, ââåäåííàÿ â ïîëóïëîñêîñòè ,~~

0ω>ω ïðÿ-
ìàÿ ÷åðòà íàä ñèìâîëîì îçíà÷àåò èçîáðàæåíèå ïî Ëàïëàñó.

Äëÿ ïîñòðîåíèÿ ñõåìû ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà òðàäè-
öèîííî èñïîëüçóåòñÿ èíòåãðàë, îïðåäåëÿþùèé îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà,
îäíàêî ñóùåñòâóþò è äðóãèå ñïîñîáû, â ÷àñòíîñòè, â ðàáîòàõ [1, 2] íà îñíîâå òåîðåìû
î ñâåðòêàõ ñôîðìóëèðîâàí ìåòîä êâàäðàòóð ñâåðòîê.

Ðàññìîòðèì ìåòîä, îïèðàþùèéñÿ íà òåîðåìó îá èíòåãðèðîâàíèè îðèãèíàëà, −
øàãîâûé ìåòîä ÷èñëåííîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà.

Øàãîâûé ìåòîä îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà

Ïóñòü íåîáõîäèìî âû÷èñëèòü èíòåãðàë:
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Ïðè âû÷èñëåíèè çàìåíÿåì ýòîò èíòåãðàë  êâàäðàòóðíîé ñóììîé, âåñîâûå ìíîæè-
òåëè êîòîðîé îïðåäåëÿþòñÿ ñ ïîìîùüþ èçîáðàæåíèÿ ïî Ëàïëàñó f è ëèíåéíîãî
ìíîãîøàãîâîãî ìåòîäà [1−3] (äàëüíåéøåå èçëîæåíèå èäåò ñ ó÷åòîì ðåçóëüòàòîâ ýòèõ
ðàáîò). Òðàäèöèîííûé øàãîâûé ìåòîä èíòåãðèðîâàíèÿ îðèãèíàëà ñîñòîèò â òîì,
÷òî èíòåãðàë (1) âû÷èñëÿåòñÿ ïî ñëåäóþùåìó àëãîðèòìó:
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Åäèíñòâåííàÿ àïïðîêñèìàöèÿ, êîòîðàÿ èñïîëüçóåòñÿ ïðè âûâîäå ôîðìóëû (2),
çàêëþ÷àåòñÿ â ïðèìåíåíèè ëèíåéíîãî ìíîãîøàãîâîãî ìåòîäà ðåøåíèÿ çàäà÷è Êîøè
äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà. Âñå îñòàëüíûå âû÷èñëåíèÿ
ïðîâîäÿòñÿ íåïîñðåäñòâåííî. Ìíîãîøàãîâûé ìåòîä äîëæåí áûòü ïîðÿäêà òî÷íîñòè
p ≥ 1, ÿâëÿÿñü ñòðîãî íóëü-óñòîé÷èâûì èëè A-óñòîé÷èâûì, à ôóíêöèÿ )(sf  îãðàíè-
÷åíà â ïðàâîé ïîëóïëîñêîñòè îòíîñèòåëüíî ïðÿìîé ),( ∞+∞− icic , òî åñòü:

.0,ïðè)( >μ∞<≤ μ− KsKsf

Åñëè ôóíêöèÿ )(sf  àíàëèòè÷íà è îãðàíè÷åíà â îáëàñòè ,)(arg φ−π<− cs  ãäå
φ < π/2, êðèòåðèé óñòîé÷èâîñòè ìîæåò áûòü îñëàáëåí äî A(α)-óñòîé÷èâîñòè.

Äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè γ(z) èìååì:
− ôóíêöèÿ γ(z) íå äîëæíà ñîäåðæàòü íóëåé è ïîëþñîâ âíóòðè çàìêíóòîãî åäèíè÷-

íîãî êðóãà (|z | ≤ 1), çà èñêëþ÷åíèåì îäíîêðàòíîãî íóëÿ ïðè |z | = 1,
− |arg γ (z)| ≤ π − α, ãäå |z | ≤ 1 ïðè α > φ,
− ),(1)(1 pt tΟet Δ+=γΔ Δ−− Δt → 0 ïðè p ≥ 1.
Ê ïðèìåðàì ìíîãîøàãîâûõ ìåòîäîâ îòíîñÿòñÿ ìåòîäû äèôôåðåíöèðîâàíèÿ íà-

çàä ïîðÿäêà p ≤ 6. Äëÿ A-óñòîé÷èâîãî ìåòîäà äèôôåðåíöèðîâàíèÿ íàçàä âòîðîãî
ïîðÿäêà (α = 90°) õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ èìååò âèä: .2223)( 2zzz +−=γ

Âòîðàÿ è ïîñëåäíÿÿ àïïðîêñèìàöèÿ, êîòîðàÿ èñïîëüçóåòñÿ â ìåòîäå, − ÷èñëåííîå
èíòåãðèðîâàíèå ñ L ðàâíûìè øàãàìè 2π/L ïðè îïðåäåëåíèè çíà÷åíèé :)( tn Δω
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Åñëè ôóíêöèÿ )(sf  â óðàâíåíèè (3) âû÷èñëÿåòñÿ ñ íåêîòîðîé ïîãðåøíîñòüþ ε,
âûáîð L = N è ε=nR  îïðåäåëÿåò ïîãðåøíîñòü âû÷èñëåíèÿ ωn ïîðÿäêà ).( εΟ

Ìîäèôèêàöèÿ øàãîâîãî ìåòîäà íà óçëàõ ñõåìû Ðóíãå −−−−− Êóòòû

Ðàññìîòðèì ìåòîä Ðóíãå − Êóòòû, çàïèñàííûé ñ ïîìîùüþ òàáëèöû Áóò÷åðà:

,T

T
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Ac

,mmRA ×∈ ., mRcb ∈  Äëÿ íåãî èìååò ìåñòî ôóíêöèÿ óñòîé÷èâîñòè [11]:

R(z) ],1[)(1 1T −−Ι+= zAzb   ãäå .)1...,,1(]1[ T=
Äëÿ êîððåêòíîé ôîðìóëèðîâêè øàãîâîé ñõåìû äîëæíû áûòü âûïîëíåíû ñëå-

äóþùèå óñëîâèÿ:
1) ìåòîä Ðóíãå − Êóòòû äîëæåí áûòü A-óñòîé÷èâûì;
2) |R(z)| < 1 ïðè y ≠ 0;
3) R(∞) = 0;
4) ∃A−1.
Äëÿ ïðîñòîòû ïîëàãàåì, ÷òî ),1,0...,,0(1T =−Ab  òîãäà ìåòîä àâòîìàòè÷åñêè

L-óñòîé÷èâ.
Èñïîëüçóÿ ôîðìàëèçîâàííûé ìåòîä Ðóíãå − Êóòòû âìåñòî ëèíåéíîãî ìíîãîøàãî-

âîãî ìåòîäà ðåøåíèÿ çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ïîëó÷àåì
ñëåäóþùóþ õàðàêòåðèñòè÷åñêóþ ôóíêöèþ:

.]1[)( 1T11 −−− −=Δ AbzAAz
Ïðåîáðàçóÿ èíòåãðàë (1), çàïèøåì [11]:
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Â êà÷åñòâå ñõåì ìåòîäà Ðóíãå − Êóòòû, óäîâëåòâîðÿþùèõ ñôîðìóëèðîâàííûì
óñëîâèÿì, âûáåðåì ñõåìû Ðàäî è Ëîáàòòî [11].

×èñëåííûå ðåçóëüòàòû

Ðàññìîòðèì ðåøåíèå çàäà÷è î äåéñòâèè ñêà÷êà äàâëåíèÿ íà òîðåö ïðèçìàòè-
÷åñêîãî òåëà äëèíîé l. Îòêëèê ïåðåìåùåíèé íàáëþäàåòñÿ â òî÷êå y. Ïàðàìåòðû
ìàòåðèàëà âûáðàíû ñëåäóþùèå: E = 2,11⋅1011 Í/ì2; ν = 0; ρ = 7850 êã/ì3 (ñ =
= 5184,5 ì/ñ). Ïóñòü íàãðóçêà F = 1 Í/ì2, à äëèíà òåëà l = y = 3 ì. Âûáåðåì îòðåçîê
âðåìåíè 0,015 ñ, çàõâàòûâàþùèé ïðèáëèçèòåëüíî 6,5 ïåðèîäà ôóíêöèè ïåðåìåùå-
íèÿ îò âðåìåíè. ×èñëî áàçîâûõ óçëîâ ïî ÷àñòîòå îáîçíà÷èì ÷åðåç L, ÷èñëî óçëîâ ïî
âðåìåíè − ÷åðåç N.

Íà ðèñ. 1à, á ïðèâåäåíû ãðàôèêè äåéñòâèòåëüíîé (ℜ) è ìíèìîé (ℑ) ÷àñòåé
èçîáðàæåíèÿ. Ðåçóëüòàòû îáðàùåíèÿ ïðè L = N = 500 ïðåäñòàâëåíû íà ðèñ. 2 (êðàñíàÿ
êðèâàÿ ñîîòâåòñòâóåò òðàäèöèîííîé ôîðìóëå øàãîâîãî ìåòîäà îáðàùåíèÿ ïðåîáðàçî-
âàíèÿ Ëàïëàñà, ïîëó÷åííîé íà îñíîâå ìåòîäà Ýéëåðà; ñèíÿÿ − ñõåìå Ëîáàòòî; çåëåíàÿ
− ñõåìå Ðàäî). Çäåñü è äàëåå äëÿ ñðàâíåíèÿ ïðèâåäåíî áîëåå òî÷íîå ðåøåíèå, ïîëó-
÷åííîå íà îñíîâå àíàëèòè÷åñêîé ôîðìóëû (÷åðíàÿ êðèâàÿ). Âèäíî, ÷òî íè îäíîìó
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èç ìåòîäîâ íå õâàòàåò âçÿòûõ óçëîâ äëÿ ïîëó÷åíèÿ íåîáõîäèìîé àìïëèòóäû ðåøåíèÿ.
Îäíàêî ñëåäóåò îòìåòèòü, ÷òî îáå ñõåìû ñåìåéñòâà Ðóíãå − Êóòòû äàþò ëó÷øèå ðå-
çóëüòàòû, ÷åì òðàäèöèîííûé ìåòîä. Àíàëîãè÷íûå ðåçóëüòàòû äëÿ L = N = 1000 ïîêà-
çàíû íà ðèñ. 3 è äëÿ L = N = 2000 − íà ðèñ. 4.
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Ìåòîäû Ðóíãå − Êóòòû èñïîëüçóþò äîïîëíèòåëüíûå íàáîðû îïîðíûõ óçëîâ â
ðàñ÷åòàõ. Ýòî óëó÷øàåò êà÷åñòâî ðåçóëüòàòîâ, íî òðåáóåò âðåìåííûõ çàòðàò íà îáðàáîò-
êó L~  äîïîëíèòåëüíûõ óçëîâ ( LL =~

 äëÿ ðàññìàòðèâàåìûõ ìåòîäîâ). Íà ðèñ. 5−8
ïðåäñòàâëåíî ñðàâíåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ ñ ïîìîùüþ ñõåìû Ðàäî íà L×N
óçëàõ (çåëåíàÿ êðèâàÿ), ñ ðåçóëüòàòàìè, ïîëó÷åííûìè ñ ïîìîùüþ òðàäèöèîííîé
ôîðìóëû øàãîâîãî ìåòîäà íà 2L×N óçëàõ (êðàñíàÿ êðèâàÿ) è íà NL 22 ×  óçëàõ
(ñèíÿÿ êðèâàÿ).
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Äëÿ ðèñ. 5, 6 è 7 (8) ïðèíÿòî L = N = 500, L = N = 1000 è L = N = 2000 ñîîòâåòñòâåí-
íî. Êàê è ðàíåå, âåçäå ÷åðíûì öâåòîì ïðèâåäåíî áîëåå òî÷íîå ðåøåíèå.

Ðèñóíîê 7 íå ïîëíîñòüþ ðåïðåçåíòàòèâåí â îòíîøåíèè òðàäèöèîííîãî øàãîâî-
ãî ìåòîäà íà îñíîâå ñõåìû Ýéëåðà, òåðÿþùåãî óñòîé÷èâîñòü ïðè L = N = 2828, íà
ðèñ. 8 ïðèâåäåí âèä äâóõ ïðåäïîñëåäíèõ ïèêîâ ðåøåíèÿ.

Íà ðèñ. 9 ïðåäñòàâëåíà ýâîëþöèÿ ðåçóëüòàòîâ, ïîëó÷åííûõ ñ ïîìîùüþ ñõåìû
Ðàäî ïðè óâåëè÷åíèè ÷èñëà óçëîâ: êðàñíàÿ êðèâàÿ (L = N = 500), ñèíÿÿ êðèâàÿ (L =
= N = 1000), çåëåíàÿ êðèâàÿ (L = N = 2000).

Àíàëèç ïðåäñòàâëåííûõ ðåçóëüòàòîâ ïîêàçûâàåò, ÷òî ñõåìà Ðàäî íåçàâèñèìî îò
÷èñëà óçëîâ àïïðîêñèìàöèè äàåò íàèìåíüøèé ñäâèã ïî âðåìåíè (çàïàçäûâàíèå èëè
îïåðåæåíèå) è íàèëó÷øèì îáðàçîì ïðèáëèæàåò èñêîìóþ ôóíêöèþ â öåëîì. Ñõåìà
Ëîáàòòî, íåñìîòðÿ íà íåêîòîðîå ïðåèìóùåñòâî â ïðèáëèæåíèè ðåøåíèÿ ïî ñðàâ-
íåíèþ ñ ôîðìóëîé øàãîâîãî ìåòîäà íà îñíîâå ìåòîäà Ýéëåðà, äàåò õóäøóþ àïïðîê-
ñèìàöèþ, ÷åì ñõåìà Ðàäî. Â öåëîì ñõåìû ñåìåéñòâà Ðóíãå − Êóòòû õîðîøî çàðåêîìåí-
äîâàëè ñåáÿ â êà÷åñòâå îñíîâû äëÿ øàãîâîãî ìåòîäà îáðàùåíèÿ ïðåîáðàçîâàíèÿ
Ëàïëàñà, ïðåâîñõîäÿ òðàäèöèîííûé ìåòîä ïðàêòè÷åñêè ïî âñåì ïîêàçàòåëÿì.
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TIME-STEP METHOD OF LAPLACE TRANSFORMATION INVERSION BASED
ON THE RUNGE − KUTTA SCHEME NODES

L.A. Igumnov, Ya.Yu. Rataushko

The problem of constructing time-step methods for numeric inversion of Laplace transformation,
based on the original function integration theorem, is considered. Time steps choice is implemented
by means of Runge − Kutta scheme for ordinary differential equations Cauchy problem, Runge −
Kutta schemes being referenced to as coefficients from Butcher tableaux.

Keywords: Laplace transformation inversion, time-step method, Runge − Kutta schemes.


