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Ðàññìîòðåíà çàäà÷à îá îïðåäåëåíèè íàïðÿæåííî-äåôîðìèðîâàííîãî
ñîñòîÿíèÿ òåðìîóïðóãîé îäíîêîìïîíåíòíîé ñðåäû ñ ó÷åòîì íàëè÷èÿ äèôôóçè-
îííûõ ïîòîêîâ. Âëèÿíèå äèôôóçèîííûõ ïðîöåññîâ íà íàïðÿæåííî-äåôîðìè-
ðîâàííîå ñîñòîÿíèå ñðåäû ó÷èòûâàåòñÿ ñ ïîìîùüþ ëîêàëüíî-ðàâíîâåñíîé ìî-
äåëè òåðìîóïðóãîé äèôôóçèè, âêëþ÷àþùåé â ñåáÿ ñâÿçàííóþ ñèñòåìó óðàâíå-
íèé äâèæåíèÿ óïðóãîãî òåëà è óðàâíåíèÿ òåïëî- è ìàññîïåðåíîñà. Ðåøåíèå
èùåòñÿ ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà è ðàçëîæåíèÿ ïî ñîáñòâåííûì
ôóíêöèÿì â âèäå ñâåðòîê ôóíêöèé Ãðèíà ñ ãðàíè÷íûìè óñëîâèÿìè. Âûïîëíåí
òåñòîâûé ðàñ÷åò. Ïðåäëîæåííûé àëãîðèòì áåç èçìåíåíèé ìîæåò áûòü èñïîëü-
çîâàí ïðè ðåøåíèè ëþáîé ëèíåéíîé íåñòàöèîíàðíîé çàäà÷è òåðìîìåõàíè÷åñ-
êîé äèôôóçèè, â ñëó÷àå åñëè ãðàíè÷íûå óñëîâèÿ ïðåäñòàâëÿþò ñîáîé ëèíåé-
íûå êîìáèíàöèè ÷åòíûõ ïðîèçâîäíûõ ïåðåìåùåíèé è íå÷åòíûõ ïðîèçâîäíûõ
òåìïåðàòóðû è êîíöåíòðàöèè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, è ñ íåêîòî-
ðûìè ìîäèôèêàöèÿìè äëÿ íå÷åòíûõ ïðîèçâîäíûõ ïåðåìåùåíèé è ÷åòíûõ ïðî-
èçâîäíûõ òåìïåðàòóðû è êîíöåíòðàöèè.

Êëþ÷åâûå ñëîâà: òåðìîóïðóãàÿ äèôôóçèÿ, èíòåãðàëüíûå ïðåîáðàçîâàíèÿ,
ðÿäû Ôóðüå, ôóíêöèè Ãðèíà.

Ââåäåíèå

Ïðè èññëåäîâàíèè íåñòàöèîíàðíûõ ïðîöåññîâ â ñïëîøíûõ ñðåäàõ çà÷àñòóþ
òðåáóåòñÿ ó÷åò ðàçëè÷íûõ âçàèìîäåéñòâóþùèõ ìåæäó ñîáîé ïîëåé: ìåõàíè÷åñêèõ,
òåïëîâûõ è äèôôóçèîííûõ. Íàëè÷èå äèôôóçèîííûõ ïîòîêîâ ïðèâîäèò ê ïåðåðàñ-
ïðåäåëåíèþ êîìïîíåíòîâ âåùåñòâà, ïîýòîìó â äèôôóçèîííîé çîíå âîçíèêàþò äå-
ôîðìàöèè è òåïëîïåðåíîñ, êîòîðûå, îêàçûâàÿ âçàèìíîå âëèÿíèå äðóã íà äðóãà, âëè-
ÿþò è íà âåëè÷èíó äèôôóçèîííîãî ïîòîêà. Êðîìå òîãî, âçàèìíîå âëèÿíèå îêàçûâà-
þò äðóã íà äðóãà è äðóãèå ïîëÿ, ïðîÿâëÿþùèåñÿ â âèäå ýëåêòðîìàãíèòíûõ âîëí,
íàãðåâà ïðîâîäíèêîâ, ïüåçîýôôåêòà è îáðàòíîãî ïüåçîýôôåêòà, òåðìîýëåêòðè÷åñ-
êèõ ýôôåêòîâ (ÿâëåíèÿ Çååáåêà, Ïåëüòüå, Òîìïñîíà) è ýëåêòðîñòðèêöèè, ìàãíèòî-
óïðóãèõ ýôôåêòîâ è ìàãíèòîñòðèêöèè, ýëåêòðîäèôôóçèè è ò.ä. Íàèáîëåå îáùèå

ÏÐÎÁËÅÌÛ ÏÐÎ×ÍÎÑÒÈ È ÏËÀÑÒÈ×ÍÎÑÒÈ, ò. 79, ¹ 1, 2017 ã.

* Âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò ¹ 17-08-00663 À).
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ïîñòàíîâêè òàêèõ çàäà÷ â ðàìêàõ ãåîìåòðè÷åñêè ëèíåéíîé ëîêàëüíî-ðàâíîâåñíîé
òåîðèè òåðìîìåõàíîäèôôóçèè ïðèâåäåíû â [1−8].

Â ñòàòüå ðàññìàòðèâàåòñÿ îäíîìåðíàÿ íåñòàöèîíàðíàÿ çàäà÷à äëÿ òåðìîìåõàíî-
äèôôóçèè, à òàêæå ïðåäëàãàåòñÿ ìåòîä åå ðåøåíèÿ, îñíîâàííûé íà èñïîëüçîâàíèè
èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà, ðÿäîâ Ôóðüå (â çàäà÷å äëÿ ñëîÿ) èëè ñèíóñ-,
êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå (â çàäà÷å äëÿ ïîëóïðîñòðàíñòâà). Äîñòîèíñòâîì ìåòî-
äà ÿâëÿåòñÿ òî, ÷òî òðàíñôîðìàíòû Ëàïëàñà ÿâëÿþòñÿ ðàöèîíàëüíûìè ôóíêöèÿìè,
÷òî ïîçâîëÿåò ýôôåêòèâíî èñïîëüçîâàòü âû÷åòû äëÿ íàõîæäåíèÿ èõ îðèãèíàëîâ.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ îäíîìåðíàÿ íåñòàöèîíàðíàÿ çàäà÷à òåðìîóïðóãîñòè
äëÿ îäíîðîäíîé ñðåäû ñ ó÷åòîì ìàññîïåðåíîñà. Ñâÿçàííàÿ ñèñòåìà óðàâíåíèé äâè-
æåíèÿ, òåïëî- è ìàññîïåðåíîñà â ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìå êîîðäèíàò
èìååò âèä (øòðèõ îçíà÷àåò ïðîèçâîäíóþ ïî ïðîñòðàíñòâåííîé êîîðäèíàòå, òî÷êà −
ïðîèçâîäíóþ ïî âðåìåíè) [1−5]:

.,, ϑ′′−′′′Λ+η=η′′ηβ−′+ϑ=ϑ′′κη′α+ϑ′+=′′ MuDuBbuu &&&&&& (1)

Â êà÷åñòâå îáëàñòè ðåøåíèÿ çàäà÷è ðàññìàòðèâàåòñÿ ñëîé è ïîëóïðîñòðàíñòâî.
Áóäåì ïîëàãàòü, ÷òî íà ãðàíèöàõ ñëîÿ çàäàíû ïåðåìåùåíèÿ, òåïëîîáìåí è äèôôóçè-
îííûå ïîòîêè:

),(),(),(),( 221210121110 τ=ϑ′τ=ϑ′τ=τ=
====

fffufu xxxx
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Íà÷àëüíûå óñëîâèÿ ïîëàãàþòñÿ íóëåâûìè:
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Â (1)−(3) âñå âåëè÷èíû ÿâëÿþòñÿ áåçðàçìåðíûìè. Èõ ñâÿçü ñ ðàçìåðíûìè àíà-
ëîãàìè (ïðè îäèíàêîâîì íà÷åðòàíèè îíè îáîçíà÷åíû ñèìâîëîì *) èìååò âèä:
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ãäå t − âðåìÿ; x3 − äåêàðòîâà êîîðäèíàòà, íàïðàâëåííàÿ âãëóáü ñðåäû; u3 − ïåðåìå-
ùåíèå; L − õàðàêòåðíûé ðàçìåð (â ñëó÷àå ñëîÿ − åãî òîëùèíà); η* = n − n0 − ïðèðà-
ùåíèå êîíöåíòðàöèè; n è n0 − òåêóùàÿ è íà÷àëüíàÿ êîíöåíòðàöèè âåùåñòâà; λ è μ −
óïðóãèå ïîñòîÿííûå Ëàìå; ρ − ïëîòíîñòü; b* − òåìïåðàòóðíàÿ ïîñòîÿííàÿ; α* − êî-
ýôôèöèåíò, õàðàêòåðèçóþùèé îáúåìíîå ðàñøèðåíèå ñðåäû çà ñ÷åò äèôôóçèè; D* −
êîýôôèöèåíò ñàìîäèôôóçèè; R − óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ; ϑ* = T − T0 −
ïðèðàùåíèå òåìïåðàòóðû; T è T0 − òåêóùàÿ è íà÷àëüíàÿ òåìïåðàòóðû ñðåäû; κ* −
êîýôôèöèåíò òåïëîïðîâîäíîñòè; γ − êîýôôèöèåíò àêòèâàöèè (äëÿ òâåðäûõ ðàñòâî-
ðîâ γ = 1); cεn − óäåëüíàÿ îáúåìíàÿ òåïëîåìêîñòü ïðè ïîñòîÿííîé êîíöåíòðàöèè è
äåôîðìàöèè.
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 Çàìå÷àíèå 1. Äëÿ ïîëóïðîñòðàíñòâà óñëîâèå íà ãðàíèöå x = 1 çàìåíÿåòñÿ íà
óñëîâèå îãðàíè÷åííîñòè ðåøåíèÿ ïðè x → ∞ [6].

2. Àëãîðèòì ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è

Ðàññìîòðèì àëãîðèòì ðåøåíèÿ çàäà÷è (1)−(3). Ïóñòü )2,1;3,1,( == lkqGqkl  −
ôóíêöèè Ãðèíà çàäà÷è (1)−(3). Îíè ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷, âêëþ÷àþùèõ â ñåáÿ
óðàâíåíèÿ (1), íà÷àëüíûå óñëîâèÿ (3) è ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ:
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ãäå δ(t) − äåëüòà-ôóíêöèÿ Äèðàêà, δjk − ñèìâîë Êðîíåêåðà. Òîãäà ðåøåíèå (1)−(3)
ïðåäñòàâëÿåòñÿ â âèäå (çâåçäî÷êà îáîçíà÷àåò ñâåðòêó ïî âðåìåíè):
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Îòìåòèì, ÷òî èç (1), (2) è (4) ñ èñïîëüçîâàíèåì çàìåíû ïðîñòðàíñòâåííîé ïåðå-
ìåííîé y = 1 − x ìîæíî ïîëó÷èòü ñëåäóþùóþ ñâÿçü ôóíêöèé Ãðèíà:
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Òàêèì îáðàçîì, äëÿ îïðåäåëåíèÿ èñêîìûõ âåëè÷èí u, ϑ è η äîñòàòî÷íî íàéòè
òîëüêî ôóíêöèè Gqk1. Ïîýòîìó äàëåå áóäåì ðàññìàòðèâàòü çàäà÷ó (1)−(3) ïðè f12 =
= f22 = f32 ≡ 0.

Çàìå÷àíèå 2. Ââèäó âûøåèçëîæåííîãî, ïîñëåäíèé èíäåêñ â çàïèñè ôóíêöèé
Ãðèíà îïóñòèì, ïîëàãàÿ Gqk ≡ Gqk1. Â ýòîì ñëó÷àå ôîðìóëû (5) ïðèìóò âèä:
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Ïðèìåíèì òåïåðü ê (1)−(3) ïðåîáðàçîâàíèå Ëàïëàñà ïî âðåìåíè è ïðåäñòàâèì
ðåøåíèå â âèäå ðÿäîâ ïî ñîáñòâåííûì ôóíêöèÿì [1, 7, 8]. Ïîëó÷àåì ñèñòåìó ëèíåé-
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Ýòî îçíà÷àåò, ÷òî ñîîòâåòñòâóþùèé ðÿä â (10) ñõîäèòñÿ â îáîáùåííîì ñìûñëå ê
äåëüòà-ôóíêöèè Äèðàêà îò ïðîñòðàíñòâåííîé ïåðåìåííîé x. Ïðåäñòàâèì ïîñëåäíþþ
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ãäå ôóíêöèè Gqk(ω, τ) îïðåäåëÿþòñÿ ïî ôîðìóëàì òèïà (18) è (20) ñ ó÷åòîì çàìåíû
λn íà ω.

Îáðàùåíèå ñèíóñ- è êîñèíóñ-ïðåîáðàçîâàíèé Ôóðüå â (21) îñóùåñòâëÿåòñÿ ÷èñ-
ëåííî [6, 11].
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ñòðàíñòâåííîé ïåðåìåííîé x. Ñàìè ôóíêöèè ïðè ýòîì ïîíèìàþòñÿ êàê ïðîèçâîä-
íûå íóëåâîãî, òî åñòü ÷åòíîãî ïîðÿäêà. Åñëè æå ãðàíè÷íûå óñëîâèÿ ÿâëÿþòñÿ ëè-
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SURFACE GREEN'S FUNCTION IN NON-STATIONARY PROBLEMS
OF THERMOMECHANICAL DIFFUSION

Davydov S.A.1, Zemskov A.V.1,2, Tarlakovskii D.V.1,2

1Moscow Aviation Institute (MAI), Moscow, Russian Federation
2Institute of Mechanics Lomonosov Moscow State University, Moscow, Russian Federation

The problem of determining the stress-strain state of a thermal-elastic one-component medium,
accounting for the presence of diffusion flows, is considered. The effect of diffusion processes is
accounted for using a local equilibrium model of thermal elastic diffusion, which includes a coupled
system of equations of motion of elastic body and an equation of mass- and heat-transfer. A solution
is sought using the Laplace transform and eigenfunction decomposition in the form of convolutions
of Green functions with boundary conditions. A test example is calculated. The present algorithm
can be applied to analyzing any nonstationary problem of thermal-mechanical diffusion on condition
that the boundary conditions are in the form of linear combinations of even derivatives of
displacements and odd derivatives of temperature and concentration over the spatial variable, or,
with some modifications, for odd displacement derivatives and even derivatives of temperature
and concentration.
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