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Ðàññìàòðèâàåòñÿ â òðåõìåðíîé ïîñòàíîâêå ÷èñëåííîå ðåøåíèå çàäà÷è
ìåòîäîì ãðàíè÷íîãî ýëåìåíòà â ñî÷åòàíèè ñ èíòåãðàëüíûì ïðåîáðàçîâàíèåì
Ëàïëàñà î äåéñòâèè íåñòàöèîíàðíîé ñèëû íà äåôîðìèðóåìûé ïîðèñòî-óïðóãèé
øòàìï, æåñòêî âçàèìîäåéñòâóþùèé ñ ïîðèñòî-óïðóãèì ïîëóïðîñòðàíñòâîì.
Ïîñòðîåíû îòêëèêè ïåðåìåùåíèé è ïîòîêà. Íà îòêëèêàõ ïåðåìåùåíèé
ïðîäåìîíñòðèðîâàí ýôôåêò ôîðìèðîâàíèÿ âîëíû Ðýëåÿ.

Êëþ÷åâûå ñëîâà: ãðàíè÷íûé ýëåìåíò, ïîðèñòî-óïðóãèé ìàòåðèàë, ïîëó-
ïðîñòðàíñòâî, òðåõìåðíàÿ ïîñòàíîâêà, äåôîðìèðóåìûé øòàìï, íåñòàöèîíàð-
íàÿ äèíàìèêà.

1. Ïîñòàíîâêà êðàåâîé çàäà÷è ïîðèñòî-óïðóãîé äèíàìèêè
Óðàâíåíèÿ äâèæåíèÿ ïîðèñòî-óïðóãîé äåôîðìèðóåìîé ñðåäû â îáëàñòè Ω èìå-

þò âèä [1]:
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Ýòè óðàâíåíèÿ äîïîëíÿþòñÿ ôèçè÷åñêèì ñîîòíîøåíèåì, ãåîìåòðè÷åñêèìè ñîîòíî-
øåíèÿìè è äèíàìè÷åñêèì çàêîíîì Äàðñè [1]:
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*) Ðàáîòà âûïîëíåíà â ðàìêàõ ÔÖÏ «Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâà-
öèîííîé Ðîññèè» íà 2009–2013 ãîäû, Ïðîãðàììû ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ íà-
ó÷íûõ øêîë ÐÔ (ãðàíò ÍØ-2843.2012.8) è ïðè ïîääåðæêå ÐÔÔÈ (ãðàíòû 12-01-00698-à, 12-
08-00984-à, 12-08-31572\12).
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ãäå σij – êîìïîíåíòû òåíçîðà íàïðÿæåíèÿ, f
ii fF ,  – êîìïîíåíòû ïëîòíîñòåé îáúåì-

íîé ñèëû è ïåðâîé è âòîðîé ôàç; s
iu  – âåêòîð ïåðåìåùåíèÿ ñêåëåòà, wi – âåêòîð ïå-

ðåìåùåíèÿ ôèëüòðàöèè (ïðîñà÷èâàíèÿ), p – ïîðîâîå äàâëåíèå; ρ, ρf, ρa – ïëîòíîñòè
äâóõôàçíîé ñðåäû, óïðóãîãî ñêåëåòà, íàïîëíèòåëÿ è ïðèñîåäèíåííîé ìàññû; s

klε ,
f
klε  – êîìïîíåíòû òåíçîðà äåôîðìàöèè óïðóãîãî ñêåëåòà è íàïîëíèòåëÿ; K, G –

îáúåìíûé ìîäóëü è ìîäóëü ñäâèãà ñêåëåòà; κ – ïðîíèöàåìîñòü; φ = V f/V, ãäå V f –
îáúåì âçàèìîñâÿçàííûõ ïîð â îáðàçöå îáúåìà V.

Çäåñü è äàëåå ïðèìåíÿåòñÿ ñîãëàøåíèå Ýéíøòåéíà äëÿ ñóììèðîâàíèÿ, çàïÿòàÿ
îáîçíà÷àåò ÷àñòíîå äèôôåðåíöèðîâàíèå ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì, òî÷êà
íàä ôóíêöèåé îáîçíà÷àåò äèôôåðåíöèðîâàíèå ïî âðåìåíè.

Ôîðìàëüíîå ïðèìåíåíèå ïðåîáðàçîâàíèÿ Ëàïëàñà ñ ïàðàìåòðîì s ê óðàâíåíè-
ÿì ïîçâîëÿåò ñâåñòè ñèñòåìó óðàâíåíèé ê äèôôåðåíöèàëüíîé ôîðìå çàïèñè â âèäå
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ â èçîáðàæåíèÿõ ïî Ëàïëàñó [1]:
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Çäåñü  α = 1 – K/Ks – êîýôôèöèåíò ýôôåêòèâíîãî íàïðÿæåíèÿ,
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ãäå Ks – îáúåìíûé ìîäóëü çåðåí ñêåëåòà, Kf – îáúåìíûé ìîäóëü íàïîëíèòåëÿ.
Äîáàâèì ãðàíè÷íûå óñëîâèÿ:

υ=υ ),( sx  íà ,uS  qsxttsxtsxt ninii === ),(,),(),( 4  íà ,σS (3)

ãäå Su è Sσ – ÷àñòè ãðàíèöû S òåëà Ω, ïî êîòîðûì çàäàíû ñîîòâåòñòâåííî îáîáùåí-
íûå ïåðåìåùåíèÿ è ïîâåðõíîñòíûå ñèëû; tni – ãðàíè÷íûå çíà÷åíèÿ èçîáðàæåíèÿ ïî
Ëàïëàñó ïîâåðõíîñòíîé ñèëû; q – ãðàíè÷íûå çíà÷åíèÿ èçîáðàæåíèÿ ïî Ëàïëàñó
ïîðîâîãî ïîòîêà.

Óðàâíåíèÿ (1)–(3) ïîëíîñòüþ îïèñûâàþò êðàåâóþ çàäà÷ó â èçîáðàæåíèÿõ òðåõ-
ìåðíîé èçîòðîïíîé äèíàìè÷åñêîé òåîðèè ïîðîóïðóãîñòè.

Ðàññìîòðèì êóñî÷íî-îäíîðîäíîå òåëî Ω â òðåõìåðíîì åâêëèäîâîì ïðîñòðàí-
ñòâå   ñ äåêàðòîâîé ñèñòåìîé êîîðäèíàò R3. Ãðàíèöó òåëà îáîçíà÷èì ÷åðåç S, ãðàíè-
öû îäíîðîäíûõ ÷àñòåé Ωk (k = 1, ..., K) – ÷åðåç Sk. Ïðåäïîëàãàåòñÿ, ÷òî Ωk ÿâëÿþòñÿ
èçîòðîïíûìè ïîðèñòî-óïðóãèìè òåëàìè. Ïàðàìåòðû ìàòåðèàëà êàæäîé îäíîðîä-
íîé ÷àñòè Ωk ìàðêèðóåì âåðõíèì èíäåêñîì k. Äèíàìè÷åñêîå ñîñòîÿíèå êàæäîé ÷à-
ñòè òåëà Ωk îïèñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé â îáîáùåííûõ
ïåðåìåùåíèÿõ [2]:

),,(,0 kkkkk puuB =υ=
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ãäå ),( sxkυ  – èçîáðàæåíèå ïî Ëàïëàñó ñ ïàðàìåòðîì s  âåêòîðà îáîáùåííûõ ïåðå-
ìåùåíèé òî÷êè ).,,( 321 xxxx =  Ïóñòü îðèãèíàë ïî âðåìåíè îáîáùåííîãî âåêòîðà
ïåðåìåùåíèé óäîâëåòâîðÿåò íóëåâûì íà÷àëüíûì óñëîâèÿì.

Áóäåì ðàññìàòðèâàòü ñëåäóþùèå òèïû ãðàíè÷íûõ óñëîâèé äëÿ Ωk:
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ãäå ksS′  – ãðàíèöà êîíòàêòà ÷àñòåé Ωk è Ωs. Ôóíêöèè ),( sxf k
l  è ),( sxgk

l  ÿâëÿþòñÿ
çàäàííûìè èçîáðàæåíèÿìè ñîîòâåòñòâóþùèõ ãðàíè÷íûõ âåêòîðîâ.

2. Ðåçóëüòàòû ÷èñëåííûõ èññëåäîâàíèé
Èñïîëüçóÿ ãðàíè÷íûå èíòåãðàëüíûå óðàâíåíèÿ [3] è ãðàíè÷íî-ýëåìåíòíóþ ñõåìó

[4, 5], ðàññìîòðèì çàäà÷ó î äåéñòâèè âåðòèêàëüíîé ñèëû P(t) = t 0f(t), t 0 = –1000 Í/ì2

íà äåôîðìèðóåìûé ïîðèñòî-óïðóãèé øòàìï â ôîðìå ïàðàëëåëåïèïåäà 122 ×× ì3,
ðàñïîëîæåííûé íà ïîðèñòî-óïðóãîì ïîëóïðîñòðàíñòâå (ðèñ. 1). Â êà÷åñòâå çàêîíà
èçìåíåíèÿ ïðèëîæåííîé íàãðóçêè âîçüìåì ôóíêöèþ f(t) = P0(H(t) – H(t – 0,005)),
ãäå H(t) – ôóíêöèÿ Õåâèñàéäà. Äíåâíàÿ ïîâåðõíîñòü ïîëóïðîñòðàíñòâà ñâîáîäíàÿ
è ïðîíèöàåìàÿ: íà äíåâíîé ïîâåðõíîñòè çàäàíî ïîðîâîå äàâëåíèå p = 0 è ïîâåðõ-
íîñòíûå ñèëû ),3,1(0)( == itti  â îáëàñòè æåñòêîãî êîíòàêòà øòàìïà è ïîëóïðîñò-
ðàíñòâà çàäàí ïîòîê q = 0. Ðàñ÷åòû ïðîâîäèëèñü ñ èñïîëüçîâàíèåì ãðàíè÷íî-ýëå-
ìåíòíûõ ñåòîê ñ ðàçíîé ñòåïåíüþ äèñêðåòèçàöèè, ñâåäåíèÿ î êîòîðûõ ïðèâåäåíû â
òàáëèöå 1. Ñåòêà 1 ïðèâåäåíà íà ðèñ. 2, ñåòêà 2 – íà ðèñ. 3, ñåòêà 3 – íà ðèñ. 4, ñåòêà
4 – íà ðèñ. 5.

Òàáëèöà 1
Íîìåð Øòàìï Ïîëóïðîñòðàíñòâî
ñåòêè Êîë-âî ýëåìåíòîâ Êîë-âî òî÷åê Êîë-âî ýëåìåíòîâ Êîë-âî òî÷åê

1 64 66 132 134
2 256 258 548 550
3 576 580 1252 1254
4 1024 1026 2308 2310

Ðèñ. 1
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Â êà÷åñòâå ïîðèñòî-óïðóãîãî ìàòåðèàëà âîçüìåì âîäîíàñûùåíûé ïåñîê ñ
ïàðàìåòðàìè: K = 2,1⋅108 Í/ì2, G = 9,8⋅107  Í/ì2, ρ =1884 êã/ì3, φ = 0,48, Ks =
= 1,1⋅1010 Í/ì2, ρf = 1000 êã/ì3, Kf = 3,3⋅109 Í/ì2, k = 3,55⋅10–9 ì4/(Í⋅c). Ðàññìîòðèì
òî÷êó ïîëóïðîñòðàíñòâà íà ðàññòîÿíèè 15 ì îò ìåñòà íàãðóæåíèÿ. Ñõîäèìîñòü
ðåøåíèÿ â ïåðåìåùåíèÿõ ïðîäåìîíñòðèðîâàíà íà ðèñ. 6, 7, ñõîäèìîñòü ðåøåíèÿ
äëÿ ïîòîêà ïîêàçàíà íà ðèñ. 8.
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×èñëåííûå ðåçóëüòàòû, ïîñòðîåííûå íà ðàçíûõ ñåòêàõ, äåìîíñòðèðóþò õîðî-
øóþ ñõîäèìîñòü. Òàê êàê ðåøåíèÿ, ïîëó÷åííûå íà ñåòêàõ 3 è 4, äîñòàòî÷íî áëèçêè,
òî äëÿ ðàñ÷åòîâ âïîëíå ìîæíî èñïîëüçîâàòü ñåòêó 3, ãàðàíòèðóÿ äîñòîâåðíîñòü ïî-
ëó÷àåìûõ çíà÷åíèé ãðàíè÷íûõ îòêëèêîâ. Èç ãðàôèêîâ u1, u3 íà ðèñ. 6, 7 îò÷åòëèâî
âèäåí ýôôåêò ïðèõîäà âîëíû Ðýëåÿ. Âðåìÿ t = 0,01 ñ íà ãðàôèêàõ ïåðåìåùåíèé
ñîîòâåòñòâóåò âðåìåíè ïðèõîäà âîëíû Ðýëåÿ.
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BOUNDARY-ELEMENT ANALYSIS OF THE PROBLEM OF A PRISMATIC BODY
ACTING ON A HALF-SPACE IN A POROUS-ELASTIC FORMULATION

A.A. Belov, A.V. Amenitskiy, S.Yu. Litvinchuk, A.N. Petrov

The action of a non-stationary force on a deformed porous-elastic die rigidly interacting with a
porous-elastic half-space is analyzed in a 3D formulation, using BEM in combination with the
integral Laplace transform. The displacement and flow responses are constructed. The displacement
responses are used to demonstrate the effect of formation of Raleigh wave.

Keywords: boundary element, porous-elastic material, half-space, 3D formulation, deformed die,
non-stationary dynamics.


