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Â ðàìêàõ ïëîñêîé ïîñòàíîâêè ðàññìîòðåíà íåñòàöèîíàðíàÿ çàäà÷à î êîí-
òàêòíîì âçàèìîäåéñòâèè àáñîëþòíî òâåðäîãî øòàìïà, îãðàíè÷åííîãî ãëàä-
êîé âûïóêëîé êðèâîé, ñ óïðóãîé ïîëóïëîñêîñòüþ. Çàêîí äâèæåíèÿ øòàìïà
ïðåäïîëàãàåòñÿ èçâåñòíûì. Ïîñòàíîâêà çàäà÷è âêëþ÷àåò óðàâíåíèÿ äâèæåíèÿ
ïëîñêîé òåîðèè óïðóãîñòè â ïîòåíöèàëàõ óïðóãèõ ñìåùåíèé, ñâÿçè ïîòåíöèà-
ëîâ ñ ïåðåìåùåíèÿìè è íàïðÿæåíèÿìè, íà÷àëüíûå óñëîâèÿ è ãðàíè÷íûå óñëî-
âèÿ ñìåøàííîãî òèïà. Ïîëàãàåòñÿ, ÷òî êîíòàêò ïðîèñõîäèò â óñëîâèÿõ ñâîáîä-
íîãî ïðîñêàëüçûâàíèÿ. Íà îñíîâàíèè ïðèíöèïà ñóïåðïîçèöèè íîðìàëüíûå
ïåðåìåùåíèÿ ãðàíèöû ïîëóïëîñêîñòè ïðåäñòàâëÿþòñÿ ñâåðòêîé íîðìàëüíûõ
íàïðÿæåíèé ñ ôóíêöèåé âëèÿíèÿ. Ôóíêöèÿ âëèÿíèÿ ÿâëÿåòñÿ ðåøåíèåì çàäà-
÷è Ëýìáà. Ìåòîä ðåøåíèÿ îñíîâàí íà ââåäåíèè àíàëèòè÷åñêèõ ïðåäñòàâëåíèé
äëÿ èñêîìûõ ôóíêöèé è ïðèìåíåíèè àíàëèòè÷åñêîãî àëãîðèòìà ñîâìåñòíîãî
îáðàùåíèÿ èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå − Ëàïëàñà. Ïðè ýòîì ñóùå-
ñòâåííî, ÷òîáû ôóíêöèÿ, îïèñûâàþùàÿ çàêîí äâèæåíèÿ øòàìïà, ÿâëÿëàñü îäíî-
ðîäíîé. Äëÿ ñëó÷àÿ äâèæåíèÿ ãðàíèö îáëàñòè êîíòàêòà ñî ñêîðîñòÿìè, íå ïðå-
âûøàþùèìè ñêîðîñòü ðàñïðîñòðàíåíèÿ âîëí Ðýëåÿ, ïîëó÷åíû àíàëèòè÷åñêèå
ñîîòíîøåíèÿ, ðàçðåøàþùèå çàäà÷ó.

Êëþ÷åâûå ñëîâà: íåñòàöèîíàðíûå êîíòàêòíûå çàäà÷è òåîðèè óïðóãîñòè,
ñìåøàííûå ãðàíè÷íûå óñëîâèÿ, ïîäâèæíàÿ ãðàíèöà îáëàñòè êîíòàêòà, ïðèí-
öèï ñóïåðïîçèöèè, èíòåãðàëüíûå ïðåîáðàçîâàíèÿ, îáîáùåííûå ôóíêöèè, àíà-
ëèòè÷åñêèå ïðåäñòàâëåíèÿ.

Ââåäåíèå

Íåñòàöèîíàðíûå çàäà÷è ñ ïîäâèæíûìè ãðàíèöàìè îáëàñòè âçàèìîäåéñòâèÿ ÿâ-
ëÿþòñÿ íà ñåãîäíÿøíèé äåíü îäíèìè èç íàèìåíåå èññëåäîâàííûõ ïðîáëåì ìåõàíè-
êè äåôîðìèðóåìîãî òâåðäîãî òåëà. Èõ àêòóàëüíîñòü ñâÿçàíà ñ òåì, ÷òî, êàê èçâåñò-
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íî, âñå ïðèðîäíûå ÿâëåíèÿ â òîé èëè èíîé ñòåïåíè íåñòàöèîíàðíû. È â òî æå âðåìÿ
ñàìûå îïàñíûå ñ òî÷êè çðåíèÿ ïðî÷íîñòè ñîñòîÿíèÿ âîçíèêàþò âî âðåìÿ ïðîòåêà-
íèÿ ïðîöåññîâ íåñòàöèîíàðíîãî âçàèìîäåéñòâèÿ òåë. Ïðîâåäåíèå èññëåäîâàíèé â
îáëàñòè íåñòàöèîíàðíûõ ïðîöåññîâ ìåõàíèêè äåôîðìèðóåìûõ òâåðäûõ òåë, âûÿâ-
ëåíèå èõ õàðàêòåðíûõ îñîáåííîñòåé è ïîëó÷åíèå àíàëèòè÷åñêèõ ðåøåíèé íåñòàöè-
îíàðíûõ êîíòàêòíûõ çàäà÷ ÿâëÿþòñÿ àêòóàëüíûìè äëÿ ñîâðåìåííîé êîñìè÷åñêîé è
àâèàöèîííîé òåõíèêè, ñóäîñòðîåíèÿ, àâòîìîáèëåñòðîåíèÿ è äðóãèõ îòðàñëåé ïðî-
ìûøëåííîñòè.

Ðàçëè÷íûå âîïðîñû, ñâÿçàííûå ñ ðåøåíèåì íåñòàöèîíàðíûõ çàäà÷ äëÿ òåë è
êîíñòðóêöèé (ñîçäàíèå ìàòåìàòè÷åñêèõ ìîäåëåé íåñòàöèîíàðíîãî âçàèìîäåéñòâèÿ,
òåîðåòè÷åñêèå, ÷èñëåííûå è ýêñïåðèìåíòàëüíûå ìåòîäû èññëåäîâàíèÿ íåñòàöèî-
íàðíûõ çàäà÷ äèíàìèêè, â òîì ÷èñëå äëÿ ñðåä ñ óñëîæíåííûìè ñâîéñòâàìè), èçëîæå-
íû â ìîíîãðàôèÿõ À.Ã. Ãîðøêîâà, Ä.Â. Òàðëàêîâñêîãî [1], Â.Ã. Áàæåíîâà, Ë.À. Èãóì-
íîâà [2], Â.Á. Ïîðó÷èêîâà [3], Ë.È. Ñëåïÿíà, Þ.Ñ. ßêîâëåâà [4], à òàêæå â ðÿäå ðàáîò
[5−18].

Îäíàêî íàðÿäó ñî çíà÷èòåëüíûì ÷èñëîì ïóáëèêàöèé, ïîñâÿùåííûõ ÷èñëåííî-
ìó èññëåäîâàíèþ íåñòàöèîíàðíûõ êîíòàêòíûõ çàäà÷, èìååòñÿ ëèøü îãðàíè÷åííûé
êðóã ðàáîò, ïîñâÿùåííûõ ïîèñêó àíàëèòè÷åñêèõ ðåøåíèé. Ðåøåíèå ïëîñêèõ íåñòà-
öèîíàðíûõ êîíòàêòíûõ çàäà÷ ñ ïîäâèæíûìè ãðàíèöàìè ñ èñïîëüçîâàíèåì ïðèíöè-
ïà ñóïåðïîçèöèè ñâîäèòñÿ ê èññëåäîâàíèþ äâóìåðíîãî ãðàíè÷íîãî èíòåãðàëüíîãî
óðàâíåíèÿ, ÿäðîì èíòåãðàëüíîãî îïåðàòîðà êîòîðîãî ÿâëÿåòñÿ ïîâåðõíîñòíàÿ ôóíê-
öèÿ âëèÿíèÿ. Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà ðàçðàáîòêå ìåòîäà àíàëèòè÷åñêîãî ðå-
øåíèÿ òàêîãî óðàâíåíèÿ.

1. Ïîñòàíîâêà çàäà÷è

Â äåêàðòîâîé ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò 0xz ðàññìîòðèì îäíîðîäíóþ
èçîòðîïíóþ ëèíåéíî óïðóãóþ ïîëóïëîñêîñòü z ≥ 0. Â íà÷àëüíûé ìîìåíò âðåìåíè
t = 0 â ïîëóïëîñêîñòü íà÷èíàåò âäàâëèâàòüñÿ ãëàäêèé øòàìï, çàêîí äâèæåíèÿ êîòî-
ðîãî çàäàåòñÿ óðàâíåíèåì w = f (x, t), ãäå w − íîðìàëüíûå ïåðåìåùåíèÿ ãðàíèöû
ïîëóïëîñêîñòè (ðèñ. 1).

Ââåäåì ñèñòåìó áåçðàçìåðíûõ âåëè÷èí (øòðèõîì îáîçíà÷åíû ðàçìåðíûå ïàðà-
ìåòðû):
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ãäå L − õàðàêòåðíûé ëèíåéíûé ðàçìåð; λ, μ è ρ − ïàðàìåòðû Ëàìå è ïëîòíîñòü
ìàòåðèàëà ïîëóïðîñòðàíñòâà; c1 è c2 − ñêîðîñòè âîëí ðàñòÿæåíèÿ-ñæàòèÿ è ñäâèãà;
τ − áåçðàçìåðíîå âðåìÿ; v − íåêîòîðàÿ ñêîðîñòü; u è w − êîìïîíåíòû âåêòîðà ïåðå-
ìåùåíèÿ âäîëü îñåé Ox è Oz; σzz è σxz − íîðìàëüíûå è êàñàòåëüíûå íàïðÿæåíèÿ; ϕ
è ψ − ñêàëÿðíàÿ è íåíóëåâàÿ êîìïîíåíòû âåêòîðíîãî ïîòåíöèàëà óïðóãèõ ñìåùåíèé.

Äâèæåíèå ïîëóïëîñêîñòè îïèñûâàþò âîëíîâûå óðàâíåíèÿ îòíîñèòåëüíî ïîòåí-
öèàëîâ ϕ è ψ [1]:
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Ïîòåíöèàëû ϕ è ψ ñâÿçàíû ñ êîìïîíåíòàìè âåêòîðà ïåðåìåùåíèé è òåíçîðà
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Íà÷àëüíûå óñëîâèÿ íóëåâûå:

.0
0

0
0

0 =
τ∂
ψ∂

=ψ=
τ∂
ϕ∂

=ϕ
=τ

=τ
=τ

=τ
(3)

Ïîëàãàÿ, ÷òî âíå îáëàñòè êîíòàêòà ãðàíèöà ïîëóïëîñêîñòè ñâîáîäíà îò íàïðÿ-
æåíèé, âûïîëíÿþòñÿ óñëîâèÿ ñâîáîäíîãî ïðîñêàëüçûâàíèÿ â çîíå êîíòàêòà è â áåñ-
êîíå÷íî óäàëåííîé òî÷êå ñðåäû âîçìóùåíèÿ îãðàíè÷åíû, ïðèõîäèì ê ñëåäóþùèì
ãðàíè÷íûì óñëîâèÿì:
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2. Ìåòîä ðåøåíèÿ

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è èñïîëüçóåì ïðèíöèï ñóïåðïîçèöèè [1, 9−11,
15, 16], ñîãëàñíî êîòîðîìó íà âñåé ãðàíèöå ïîëóïëîñêîñòè z = 0 íîðìàëüíûå ïåðå-
ìåùåíèÿ è íàïðÿæåíèÿ ñâÿçàíû ìåæäó ñîáîé èíòåãðàëüíûì ñîîòíîøåíèåì (çíàê
«**» îçíà÷àåò ñâåðòêó ïî îáåèì ïåðåìåííûì):
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Çäåñü G(x, t) − ïîâåðõíîñòíàÿ ôóíêöèÿ âëèÿíèÿ, ïðåäñòàâëÿþùàÿ ñîáîé íîðìàëü-
íûå ïåðåìåùåíèÿ ãðàíèöû ïîëóïëîñêîñòè êàê ðåøåíèå çàäà÷è (1)−(3) ñ ãðàíè÷íû-
ìè óñëîâèÿìè σ(x, τ) = δ(x)δ(τ), σxz(x, z, τ)|z = 0 = 0 (δ(x) − äåëüòà-ôóíêöèÿ Äèðàêà).

Â ïðîñòðàíñòâå èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ëàïëàñà ïî âðåìåíè τ è Ôóðüå
ïî ïåðåìåííîé x èíòåãðàëüíûé îïåðàòîð â (5) ïåðåõîäèò â ïðîèçâåäåíèå èçîáðàæå-
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íèé (q − ïàðàìåòð ïðåîáðàçîâàíèÿ Ôóðüå, s − ïàðàìåòð ïðåîáðàçîâàíèÿ Ëàïëàñà,
âåðõíèé çíàê L â îáîçíà÷åíèè ôóíêöèè çäåñü è äàëåå îçíà÷àåò åå òðàíñôîðìàíòó ïî
Ëàïëàñó, à F − òðàíñôîðìàíòó ïî Ôóðüå) [1, 4, 14]:

).,(),(),( sqsqGsqw FLFLFL σ= (6)

Èçîáðàæåíèå Ôóðüå − Ëàïëàñà ôóíêöèè âëèÿíèÿ èìååò âèä [1]
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Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f (x, τ) ÿâëÿåòñÿ îäíîðîäíîé ñòåïåíè n + 1:
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Çàìåòèì, ÷òî ôóíêöèÿ GFL(q, s) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
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Çäåñü S2(θ) − ôóíêöèÿ Ðýëåÿ, ÿâëÿþùàÿñÿ àíàëèòè÷åñêîé ôóíêöèåé â ïëîñêîñòè
êîìïëåêñíîãî ïåðåìåííîãî θ âñþäó âíå ðàçðåçîâ (−η, −1), (1, η) è ïðèíèìàþùàÿ
äåéñòâèòåëüíûå çíà÷åíèÿ íà îñè Im θ = 0 âíå ýòèõ ðàçðåçîâ. Óðàâíåíèå R2(θ) = 0 íà
ôèçè÷åñêîì ëèñòå ðèìàíîâîé ïîâåðõíîñòè èìååò ëèøü îäèí íåòðèâèàëüíûé âåùå-
ñòâåííûé êîðåíü ,1−

Rc  ãäå cR <  η−1 < 1 − ñêîðîñòü âîëíû Ðýëåÿ.
Äëÿ äàëüíåéøåãî èññëåäîâàíèÿ ïîíàäîáÿòñÿ ïðåäåëüíûå çíà÷åíèÿ G0(τ/(x + i0)),

G0(τ/(x − i0)) ôóíêöèè G0(θ) ïðè ñòðåìëåíèè y → ±0. Ïðåäåëüíûå çíà÷åíèÿ ðàäèêà-
ëîâ β1(θ2), β2(θ2), âõîäÿùèõ â âûðàæåíèå äëÿ G0(θ), îïðåäåëÿåì íà ïëîñêîñòè êîì-
ïëåêñíîãî ïåðåìåííîãî θ ñ ðàçðåçàìè âäîëü äåéñòâèòåëüíîé îñè îò òî÷åê âåòâëåíèÿ
äî áåñêîíå÷íî óäàëåííîé òî÷êè (ðèñ. 2).

Îäíîçíà÷íûå âåòâè êîðíåé ôèêñèðóåì óñëîâèÿìè: β1(0) = 1, β2(0) = η. Àíàëè-
òè÷åñêè ïðîäîëæàÿ âûáðàííûå âåòâè îò θ = 0 äî òî÷åê âåðõíèõ è íèæíèõ áåðåãîâ
ðàçðåçîâ, ïîëó÷àåì:
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Ðèñ. 2

Im θ

−η       −1               0                     1         η                                       Re θ
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Èñïîëüçóÿ (8), íàõîäèì
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xi
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xi
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m
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(10)

Ïîëîæèì, ÷òî íàïðÿæåíèå σ(x, τ) ïðåäñòàâèìî â âèäå

).(*)(),( 0θτ=τσ QDx n (11)

Çäåñü è äàëåå çíàê «*» îçíà÷àåò ñâåðòêó ïî âðåìåíè τ. Ôóíêöèÿ Dn(τ), n = 0, ±1, …,
îïðåäåëåíà òàê:

.
)(

)(),()(0 m
n

m

mn d
DdDD
τ

τ
=ττδ=τ − (12)

Ïðè n > 0 ôóíêöèÿ Dn(τ) ïðåäñòàâëåíà òàê:

,0,
)!1(

)(
1

>
−
τ

=τ
−

n
n

D
n

n (13)

à ïðè n ≤ 0 îíà îïðåäåëÿåòñÿ ñ ïîìîùüþ (12):

.0),()( |)(| <τδ=τ nD n
n (14)

Òîãäà ñâåðòêà íåêîòîðîé ôóíêöèè g(τ) ñ ôóíêöèåé Dn(τ) îçíà÷àåò åå n-êðàòíîå
èíòåãðèðîâàíèå ïî τ ïðè n > 0, n-êðàòíîå äèôôåðåíöèðîâàíèå ïî τ ïðè n < 0 èëè
òîæäåñòâåííîå ïðåîáðàçîâàíèå ïðè n = 0:

;0,)(...)()(
)!1(

1)(*)(
0000

1 >=−τ
−

=ττ ∫∫∫∫
ττ

− ndttgdtdtdttgt
n

Dg

n

tt
n

n

;0),()(*)()(*)()(*)( |)(||)(||)(| <τ=τδτ=τδτ=ττ ngggDg nnn
n

.0)()(*)()(*)( 0 =τ=τδτ=ττ nggDg
Çàìåòèì, ÷òî ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè Dn(τ) ïðè ëþáîì n = 0, ±1, …

èìååò âèä .)( nL
n ssD −=  Îòìåòèì òàêæå, ÷òî

),()(*)()(*)()(*)( 0
)( τ=ττ=ττ=ττ +++ mnmnm

m
mnmn DDDDDDD

).()()(*)( 0 τδ=τ=ττ − DDD nn

(15)

Ïðèìåíÿÿ ê (11) ïðåîáðàçîâàíèå Ëàïëàñà, à çàòåì Ôóðüå, ñ ó÷åòîì ñâîéñòâ ïî-
äîáèÿ è òåîðåì î ñâåðòêå è î äèôôåðåíöèðîâàíèè èçîáðàæåíèé ïîëó÷àåì

),(),( sxxQssx nL −=σ

./),()/(),( 21 sqQ
d
dssqQ

dq
dssq nnFL =λλ

λ
==σ −−−−
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Òàêèì îáðàçîì, èçîáðàæåíèå Ôóðüå − Ëàïëàñà σFL îáëàäàåò òàêîé ñòðóêòóðîé:

).(0
2 λ=σ −− Qs nFL (16)

Èç ñîîòíîøåíèÿ (6) ñ ó÷åòîì (8) è (16) íàõîäèì

).()1,(),( 0
3 λλ= −− QGssqw FLnFL (17)

Ñëåäîâàòåëüíî, ïåðåìåùåíèå ïðåäñòàâèìî â âèäå

).(*)(),( 011 θτ=τ + QDxw n

Ñòðóêòóðà èçîáðàæåíèé (16) è (17) ïîçâîëÿåò ïðèìåíèòü ê íèì àëãîðèòì ñî-
âìåñòíîãî îáðàùåíèÿ èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå − Ëàïëàñà [4, 15], êîòî-
ðûé ñîñòîèò â ñëåäóþùåì. Ïóñòü íåêîòîðîå èçîáðàæåíèå FFL(q, s) ñ ïîìîùüþ çàìå-
íû q = λs ïðèâîäèòñÿ ê âèäó:

).()(,)(),()(),( τ=τ=λ=λ −n
nLLFL DgssghsgsF (18)

Òîãäà îðèãèíàë F(x, τ) îïðåäåëÿåòñÿ òàê:

,,),(ˆ),(ˆlim),( ][
0

iyxFFxF
y

−=ζτζ−τζ=τ
+→

(19)

ãäå ),(ˆ τζF  − àíàëèòè÷åñêîå ïðåäñòàâëåíèå ôóíêöèè F(x, τ):

.),(*)(
2

1)(*)(
2
1),(ˆ

1 θ−=λθ−τ
ζπ

−=
τ∂
λ∂

λτ′
π

−=τζ −− iihD
i

hgF n (20)

Èñïîëüçóÿ ôîðìóëó (20) è ïðåäñòàâëåíèÿ (16), (17), íàõîäèì

),(*)(
2

1),(ˆ 01 θ−τ
ζπ

−=τζσ + iQD
i n

).()1,(*)(
2

1),(ˆ 02 θ−θ−τ
ζπ

−=τζ + iQiGD
i

w FL
n

(21)

Èç ïåðâîãî è âòîðîãî óðàâíåíèé â (21) ñ ó÷åòîì (15) âûðàæàåì Q0(−iτ/ζ):

.
)1,(

),(ˆ*)(2)(),,(ˆ*)(2)( 2
010 θ−

τζτζπ
−=θ−τζστπζ−=θ− −−

−− iG
wDiiQDiQ FL

n
n (22)

Ïîäñòàâëÿÿ (22) â (21) è ó÷èòûâàÿ (8), ïîëó÷àåì ñâÿçè ìåæäó àíàëèòè÷åñêèìè
ïðåäñòàâëåíèÿìè äëÿ ïåðåìåùåíèé è íàïðÿæåíèé:

,),(ˆ*)()(*)(),(ˆ }{ ][ 10
1

2 τζστθθτ=τζ −−
−

+ nn DGDw

.
)(

),(ˆ*)(*)(),(ˆ
0

2
1 θ

τζτ
θτ=τζσ −−

+ G
wDD n

n

(23)

Èññëåäóåì ñêîðîñòíîé ðåæèì, ïðè êîòîðîì 0 ≤ v1,2 < cR. Ïîêàæåì, ÷òî â ýòîì
ñëó÷àå îïðåäåëÿåìûå ñ ïîìîùüþ àíàëèòè÷åñêèõ ïðåäñòàâëåíèé (23) ðåøåíèÿ íå
ÿâëÿþòñÿ åäèíñòâåííûìè. Ïóñòü àíàëèòè÷åñêîå ïðåäñòàâëåíèå äëÿ ïåðåìåùåíèé
èìååò âèä:

=θ−θ+=θ=τζ −−− 2/11
2

1
1* ][ ))((sgn)(ˆ),(ˆ vvxiww
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⎨
⎧

±→τ>τ−<−θθ+±
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21
2/11

200
1

1

21
2/1

0
1

20
1

1

][
][

))((
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yvxvxvv
yvxvvvxi

(24)
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Òîãäà ïðè −v1τ < x < v2τ ïåðåìåùåíèÿ ðàâíû íóëþ, òàê êàê

.0ˆˆlim ][ )()( **0
=θ−θ

+→
ww

y

Ïðè x < −v1τ, x > v2τ ïåðåìåùåíèÿ îòëè÷íû îò íóëÿ:

.2ˆˆlim 2/11
200

1
1**0

][][ ))(()()( −−−

+→
−θθ+=θ−θ vvww

y

Â òî æå âðåìÿ ïðè x < −v1τ, x > v2τ, êàê ñëåäóåò èç (10), íàïðÿæåíèÿ, ñîîòâåòñòâóþ-
ùèå àíàëèòè÷åñêîìó ïðåäñòàâëåíèþ, ïîñòðîåííîìó ïî âòîðîé ôîðìóëå â (23) ñ ó÷å-
òîì (24), ðàâíû íóëþ, à ïðè −v1τ < x < v2τ îòëè÷íû îò íóëÿ. Ñëåäîâàòåëüíî, ïðåä-
ñòàâëåíèå (24) äëÿ ïåðåìåùåíèé ïðèâîäèò ê íåíóëåâîìó ðåøåíèþ ïðè îäíîðîäíûõ
ãðàíè÷íûõ óñëîâèÿõ (4). Ïîýòîìó äëÿ îáåñïå÷åíèÿ åäèíñòâåííîñòè òðåáóåòñÿ çà-
äàòü äîïîëíèòåëüíîå óñëîâèå. Â êà÷åñòâå ýòîãî óñëîâèÿ ïðèìåì åñòåñòâåííîå òðå-
áîâàíèå íåïðåðûâíîñòè ïåðåìåùåíèé â îêðåñòíîñòè òî÷åê ñìåíû ãðàíè÷íûõ óñëî-
âèé:

).0(0),(),( 2,12,1 →ε→τετ−τε±τ mmm vwvw (25)

Ðàññìîòðèì ôóíêöèþ (àíàëèòè÷åñêîå ïðåäñòàâëåíèå)

=
θ

τζστθθττ
=

θ
τζτ

=τζΩ −−
−

+−−−−

)(ˆ
),(ˆ*)()({*)(*)(

)(ˆ
),(ˆ*)(),(ˆ
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22
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2 }[ ]
w

DGDD
w

wD nnnn

.
)(ˆ

),(ˆ*)()(

*

101 ][
θ

τζστθ
θ= −−−

w
DG n (26)

Àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ ïåðåìåùåíèé è íàïðÿæåíèé ñâÿçàíû ñ ôóíê-
öèåé :),(ˆ τζΩ

).,(ˆ
)(
)(ˆ

*)(),(ˆ),,(ˆ)(ˆ*)(),(ˆ
0

*
1*2 τζΩ

θ
θ

θτ=τζστζΩθτ=τζ ++ G
wDwDw nn (27)

Ôîðìóëû (27) è (19) ïîçâîëÿþò îïðåäåëèòü íàïðÿæåíèÿ è ïåðåìåùåíèÿ ïðè
çàäàííîé ).,(ˆ τζΩ  Äëÿ îïðåäåëåíèÿ ïîñëåäíåé èñïîëüçóåì åå àíàëèòè÷åñêîå ïðåä-
ñòàâëåíèå ïî ñêà÷êó ïðè ïåðåõîäå ÷åðåç äåéñòâèòåëüíóþ îñü ñ ïîìîùüþ èíòåãðàëà
òèïà Êîøè [4]. Ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (4) ìîæíî îïðåäåëèòü ñêà÷îê ôóíêöèè

),(ˆ τζΩ  âî âñåõ òî÷êàõ äåéñòâèòåëüíîé îñè, çà èñêëþ÷åíèåì òî÷åê x = −v1τ, x = v2τ.
Òàê êàê ïðè −v1τ < x < v2τ ôóíêöèÿ 

1
* )(ˆ −θw  íåïðåðûâíà ïðè ïåðåõîäå ÷åðåç äåé-

ñòâèòåëüíóþ îñü, à ïðè x < −v1τ, x > v2τ, êàê ñëåäóåò èç (10) è (24), ôóíêöèÿ ×θ−1

)(ˆ/)( *0 θθ× wG  íåïðåðûâíà ïðè ïåðåõîäå ÷åðåç äåéñòâèòåëüíóþ îñü, òî ñêà÷îê
ΔΩ(x, τ) ôóíêöèè ),(ˆ τζΩ  íà äåéñòâèòåëüíîé îñè îïðåäåëÿåòñÿ òàê:

=τζΩ−τζΩ=τΔΩ
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(28)

Îñòàåòñÿ îïðåäåëèòü âîçìîæíûå ñêà÷êè ôóíêöèè ),(ˆ τζΩ  â òî÷êàõ x = −v1τ è x =
= v2τ. Îòìåòèì, ÷òî äîîïðåäåëåíèå ôóíêöèè ñêà÷êà â ýòèõ òî÷êàõ ìîæåò îêàçàòüñÿ
ñóùåñòâåííûì äëÿ äàëüíåéøåãî èññëåäîâàíèÿ ëèøü â òîì ñëó÷àå, åñëè óêàçàííûå
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òî÷êè ÿâëÿþòñÿ íîñèòåëÿìè îáîáùåííûõ ôóíêöèé. Íî ôóíêöèÿ ñ íîñèòåëåì, ñî-
ñðåäîòî÷åííûì â òî÷êå, ÿâëÿåòñÿ ëèíåéíîé ôîðìîé èç ïðîèçâîäíûõ δ-ôóíêöèè Äè-
ðàêà [4]. Òàêèì îáðàçîì, ïðè x = −v1τ, v2τ

,)()(),(
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2
)(

1
)(1 ][∑

=

− τ−δ+τ+δτ=τΔΩ
m

k

k
k

k
k

k vxbvxx a (29)

ãäå ak, bk − íåèçâåñòíûå êîýôôèöèåíòû.
Ïðè ζ → ∞ äëÿ ôóíêöèé ŵ  è σ̂  èìåþò ìåñòî àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ

).()( 11 ),(ˆ,),(ˆ −− ζ=τζσζ=τζ OOw  Ñ ó÷åòîì G0(θ) = Ο(ζ−1) (ζ → ∞), )1()(ˆ* Ow =θ
(ζ → ∞) èç (26) ñëåäóåò )( 1),(ˆ −ζ=τζΩ O  (ζ → ∞), à çíà÷èò, ñóùåñòâóåò àíàëèòè-
÷åñêîå ïðåäñòàâëåíèå Ω̂  ÷åðåç èíòåãðàë òèïà Êîøè:

=
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Èñêîìûå ïåðåìåùåíèÿ è íàïðÿæåíèÿ òåïåðü ìîæíî îïðåäåëèòü òàê (òðåáîâà-
íèå íåïðåðûâíîñòè ïåðåìåùåíèé (25) ïðèâîäèò ê ðàâåíñòâó m = n):
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(31)
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Èç (31) âèäíî, ÷òî ðåøåíèå çàâèñèò îò 2(n + 1) ïðîèçâîëüíûõ ïîñòîÿííûõ ak è
bk. Ïóñòü n ≥ −1. Êàê ñëåäóåò èç (31), ãðàíè÷íîå óñëîâèå σ(x, τ) = 0 (x < −v1τ, x > v2τ)
âûïîëíÿåòñÿ òîæäåñòâåííî, íåçàâèñèìî îò ïîñòîÿííûõ ak è bk. Â òî æå âðåìÿ íîð-
ìàëüíûå ïåðåìåùåíèÿ w(x, τ), ïîñòðîåííûå ñ ïîìîùüþ (31) ïðè −v1τ < x < v2τ, îò
ýòèõ ïîñòîÿííûõ çàâèñÿò. Ïîýòîìó ak è bk îïðåäåëÿþòñÿ èç ôîðìóë (31) è ãðàíè÷íî-
ãî óñëîâèÿ w(x, τ) = f (x, τ) (−v1τ < x < v2τ). Ïðè −v1τ < x < v2τ ñêà÷îê ôóíêöèè )(ˆ * θw
ðàâåí íóëþ. Ó÷èòûâàÿ ýòî, èç (31) íàõîäèì
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Òàê êàê èíòåãðàëû â ïðàâûõ ÷àñòÿõ (32) íå îïðåäåëåíû, òî äëÿ îáåñïå÷åíèÿ
âûïîëíåíèÿ ãðàíè÷íîãî óñëîâèÿ w(x, τ) = f (x, τ) (−v1τ < x < v2τ) íåîáõîäèìî ïîëî-
æèòü ak = bk = 0, .,0 nk =  Ðàçðåøàþùèå çàäà÷ó ñîîòíîøåíèÿ ïðèíèìàþò âèä:
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,,ˆ),(ˆlim),(,,ˆ),(ˆlim),( ][][ )()(
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τζσ−τζσ=τστζ−τζ=τ
+→+→ yy

xwwxw
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*
1*2 τζΩ

θ
θ

θτ=τζστζΩθτ=τζ ++ G
wDwDw nn (33)
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=τζΩ ∫
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Ïîñòðîåííûå ôîðìóëû (33) äàþò ðåøåíèå ïîñòàâëåííîé çàäà÷è â ñëó÷àå, åñëè
ñêîðîñòè äâèæåíèÿ ãðàíèö îáëàñòè êîíòàêòà v1 è v2 íå ïðåâûøàþò ñêîðîñòü ðàñ-
ïðîñòðàíåíèÿ âîëí Ðýëåÿ cR.

Çàêëþ÷åíèå

Ïðåäëîæåí ñïîñîá àíàëèòè÷åñêîãî ðåøåíèÿ ïëîñêèõ íåñòàöèîíàðíûõ êîíòàêò-
íûõ çàäà÷ ñ ïîäâèæíûìè ãðàíèöàìè îáëàñòè âçàèìîäåéñòâèÿ äëÿ àáñîëþòíî òâåð-
äûõ âûïóêëûõ øòàìïîâ è óïðóãîãî ïîëóïðîñòðàíñòâà. Ïîëó÷åíû ðàçðåøàþùèå
ôîðìóëû äëÿ äîðýëååâñêîãî ñëó÷àÿ äâèæåíèÿ ãðàíèö îáëàñòè êîíòàêòà.
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NONSTATIONARY CONTACT PROBLEM FOR SMOOTH RIGID DIE
AND ELASTIC HALF PLANE ON SUB-RAYLEIGH INTERVAL OF INTERACTION

Lomunov A.K.1, Prjazhevskij R.D.2, Fedotenkov G.V.2

1Research Institute of Mechanics University of Nizhni Novgorod,
Nizhni Novgorod, Russian Federation,

2Moscow Aviation Institute (MAI), Moscow, Russian Federation

Within the flat statement non-stationary problem of the contact interaction of an absolutely rigid
die bounded by a smooth convex curve, with elastic half-plane is considered. The low of motion of
the die assumed to be known. Problem statement includes the equations of the plane theory of
elasticity in the potentials of elastic displacements, equations relating the potentials of the
displacements and stresses, the initial conditions and the boundary conditions of mixed type. It is
assumed that the contact is the contact is frictionless. On the basis of the principle of superposition,
the normal movement of the half-plane boundaries are represented by the convolution of the normal
stress with the influence function. The influence function is a solution of Lamb's problem. The
method of solution is based on the introduction of analytic representations of the unknown functions
and applying analytical algorithm of joint inverse of integral transformations of Fourier-Laplace. It
is essential to the function that described by the die movement was homogeneous. In the case of
movement of the contact region boundaries with speed not exceeding the speed of Rayleigh wave
propagation the analytical relations, permitting the task are obtained.

Keywords: nonstationary contact problems of the theory of elasticity, mixed boundary conditions,
moving boundary of the contact area, principle of superposition, integral transforms, generalized
functions, analytical representations.


